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DIRECTIONS  TO  THE  BINDER^ 


I.  The  Binder  is  desired  to  observe,  that  the  Vol.  consists 
of  different  sets  of  Signatures.  The  first  set  A,  B,  C,  D^ 
contains  the  questions,  and  is  to  be  placed  at  the  beginning 
of  the  Vol.  to  serve  as  a  Table  of  Contents  to  the  First 
Part. 

II.  The  First,  Second,  and  Third  Parts  of  the  Vol.  must 
follow  in  their  order.  The  two  sets  of  questions  of  Vol.  VI; 
(viz.  the  Signatures  A,  B)  which  are  stitched  up  with  the 
numbers  forming  the  Fifth  Vol.  must  be  preserved  apart  tili 
the  Sixth  Vol.  is  completed. 

III.  The  Cambridge  Problems  to  be  placed  after  the 
Third  Part. 


ERRATA  IN  THE  FIFTH  VOLUME. 

First  Part.    Page  6,  Formula  (14)  and  (16)  for  tan  -,  read  sin  — 

Formula  ( 15) for  tan  a,  read  tan  r. 

Formula  [(20)  ••.... . .  .../w  ^ ,   read  ^ ,  and 

for  Ja,  Ttad  ^x. 
In  the  Second  Part    Page  41  for  Article  VI,  read  Artiele  VI  (♦). 
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MJTHEMJflCJL  REPOSITORY. 


MATHEMATICAL  QUESTIONS. 
TV  Be  answered  in  Number  XVIII. 

I.    QUESTION  411,  by  Theodosius. 

Having  given  tlie  three  sides  of  a  spherical  triangle,  it  is  requiredv^o  find,  itk 
tenns  of  these  sides,  the  radii  of  the  inscribed  and  circumscribing  circles  and  the 
distance  of  their  centres. 

II.  QUESTION  412,  ^  GEOMETaicus. 

la  a  given  polygon  to  inscribe  another  of  the  same  number  of  sides,  having  its 
angles  respectively  equal  to  given  angles,  and  either  its  perimeter  or  area  a  giv^ 
magnitude. 

III.  QUESTION  413  »y  Awaltticus.  ^ 

Two  vessels  capable  of  containing  a  and  b  gallons  are  filled  with  nHxtures  of 
wine  and  water,  in  given  pro(>ortions  for  each  vessel  j  two  equal  measures,  c  gal- 
lons each,  are  6lled  at  the  same  time,  namely  one  from  each  vessel,  and  then 
emptied  into  the  other.  Supposing  this  operation  to  be  repeated  n  times,  what 
would  then  be  the  proportion  of  wine  and  water  in  each  v^sel  ? 

s    IV.     QUESTION  414,  by  Gallicui. 

Find  the  position  of  a  plane  so  that  if  a  given  triangle  be  projected  orthogra- 
phically  upon  it,  the  proiection  may  be  a  triangle  similar  to  a  given  triangle. 

'  V.  QUESTION  415,  by  Mechakicus. 

The  chord  of  an  arc  described  by  the  lower  extremity  of  a  simple  pendulum 
being  given  in  length,  it  is  required  to  determine  the  length  of  the  pendulum, 
when  its  vibrations  through  this  arc  are  performed  in  the  least  time. 

VI.  QUESTION  416,  by  Mechanicus. 

If  the  point  of  suspension  of  a  simple  pendulum,  instead  of  being  fixed,  be 
constrained  to  move  along  a  straight  horizontal  line  with  a  given  uniform  ve* 
locity,  it  is  required  to  assign  the  nature  of  the  curve  described  by  its  lower  extre- 
mity,  aud  determine  the  other  circumstances  of  its  motion. 

VII.    QUESTION  417,  by  Astronomicus. 

Knowing  the  declination  of  a  star,  and  the  time  of  its  rising  or  setting  for  aoy, 
determinate  place  on  the  globe,  it  is  required  to  determine  the  correction  which 
must  be  made  to  give  the  time  of  rising  or  setting  for  any  other  place  near  to  the 
fvftmet. 

VIII.    QUESTION  418,  by  Esinburgbnsis. 

An  obelisk  of  a  given  height  stands  on  an  inclined  plane  given  by  position : 
What  is  the  loau  of  that  point  on  the  plane  at  which  a  stajtue  of  a  given  height  or 
the  top  of  the  obelisk  subtends  a  given  angle  ? 

IX.  QUESTION  419,  by  Palaba. 

The  distance  of  the  centre  of  gravity  of  the  surfece  of  a  certain  solid  from  the 
vertex  is  equal  to  half  the  abscissa :  determine  the  nature  of  the  curve  by  the 
revolution  of  which  round  its  axis  the  surfiice  was  generated. 

X.  QUESTION  420,  by  Proteus. 

It  19  required  to  inscribe  a  triangle  in  a  given  circle,  such,  that  the  ratio  of  two 
of  its  si4es  shall  be  given,  and  the  rectangle  of  the  segments  of  the  other  side^ 
made  by  a  perpendicular,  from  the  opposite  angle  shall  be  the  greatest  possible. 

XI.    QUESTION  421,  by  ScANDiMiAMifs. 

Suppose  two  straight  lines  and  a  point  without  them  to  be  given  by  position  ; 
two  points,  given  by  position,  may  be  found,  such,  that  if  any  two  parallels  be 
drawn  through  them,  to  meet- the  lines  given  by  position,  one  of  the  diagonals  of 
the  tiapezium  thus  formed  shall  pass  through  the  other  given  point. 

A 


X  «   ) 

Xn.   QITESTION  422^  ^  LAruTiBiifM. 

|tisff«4ltraS  to  dmw  two  right  lines,  Iroai  tlw  ftcm^f  a  giteft  toiiielddldftyte 
terminate  in  the  curye,  so  that  these  iiaes  shall  have  a  given  ratio  to  each  oilier^ 
«jdA  shall  also  indude  a  given  angle. 

Xm.    QXTEStlON  423,  ^sr  C.  B. 

9tft  9a  fts 

In  the  dtcle  of  tbeiith  order  whose  equation  is  «  4-  y  k  a\  ,  any  point 
C  being  taken,  and  the  abscissa  and  ordinate  OF  and  CF  being  drawn,  if  the  tri- 
«Bgle  OCF  is  placed  in  the  situation  OEB,  (hen  the  point  B  shall  be  situated  in 
the  curve,  and  the  sum  of  the  two  arcs  DB  and  DC  shall  alwi^s  be  constanU 

XIV.    QUESTION  424,  by  Mr.  Cunu^pb,  R.  AL  C. 

Given  the  segments  of  the  base,  made  by  a  perpendicular  from  the  vertical  angles 
mnd  the  rectangle  of  the  other  two  si4es,  to  eonstract  the  plane  triangle  by  a  me- 
thod purely  geometrical. 

XV    QUESTION  425,  ^;ifr.CuNLiFrE)  It  M.  C. 

If  circles  are  described  upon  the  sides  of  a  plane  triangle  as  diameters ;  %n4 
perpendiculars  drawn  from  the  angles  to  the  sides  ^  the  segmfHU  of  ^ese  perpen- 
diculars, intercepted  by  each  side,  and  the  circnmfeience  of  its  respective  circle, 
WiU  be  equal  to  each  other :  required  the  demonstratioa? 

XVI.    QUESTION  426,  by  Laputiek^m. 

Suppose  two  given  weights,  appended  at  given  points,  to  a  flexible  line  of  a 
;g'iven  length,  considered  without  weight  and  fastened  at  the  ends  to  two  given 
points  in  t|ie  same  horizontal  line,  and  imagine  a  third  given  weight,  appended  to 
the  line,  between  the  other  two,  'but  at  liberty  to  slide  freely  thereon  by  means 
■of  a  ring  J  it  is  required  to  determine  the  position  of  the  ring,  and  the  points  in 
the  line,  to  which  the  other  two  weights  are  appended,  when  at  rest,  in  the 
«bove  mentioned  circumstances. 

XVII.    QUESTION  427,  by  C.  B. 

Prove  that  i  »   -1-r  —      ^   ^  +  —1-^  —  &c. 
2         cos'0        cos  20        cos  3d 

XVIII.    QUESTION  428,  6y  C.  B. 

fyo¥«  that  the^um  of  the  series  * 

1  i  • 


1.3 2«4*1         8.5«...2fi+3 


+  &c.  is  equal  to 


— ? 5  •  —  JL 1 hi d5c.  tontermsZ. 

1.2 mi  2  1  1  .0        1.3.5  1 

XIX.    QUESTION  429,  by  C.  ^. 

l*rOVe  that  the  series 

111 

^        ,:.  —  akc.  is  equal  to 


1.2.3...A        2.3.4  ....M+l  ^8.4 n+2 

t  .2 .  ..  («— 1)  (  *  1  2  »— 1  5' 

XX.    PRIZE  QUESTION  430,  by  MECHAHicCt* 

If  two  bodies,  connected  by  an  inflexible  and  iiiextensible  line,  be  placed  on 
«n  horizontal  plane,  and  one  of  them  be  constrained  to  move  in  a  straight  tine 
•given  by  position,  with  a  uniform  velocity  i  it  is  required  to  determine  the  cir* 
'cnmstances  of  the  motion  of  the  other  body,  and  the  nature  of  the  curve 
ttdesciibes. 


MuHoiu  io  tkefe  pMtUim  mtut  cotm  i9  hand  CP<^U  paid  J  by  the  first  day  of 
December^  1819. 


MATHEMATICAL  REPOSITORY. 

MATHEMATICAL  QUESTIONS. 
To  be  answered  in  Number  XIX* 

I.    QUESTION  431,  by  Palaba. 

A  and  B  trareUed  on  the  same  road  and  at  the  same  rate  from  H  to  L.  At  the 
SOth  mile  stone  from  L,  A  overtook  a  drove  of  geese,  whiclfi  were  proceeding  at 
the  rate  of  three  miles  in  tvro  hours  ;  and  two  hours  afterwards  met  a  stage  waggon^ 
which  was  moving  at  the  rate  of  nine  miles  in  four  hours*  B  overtook  the  same 
drove  of  geese  at  the  45th  mile  stone  and  met  the  same  stage  waggon  exactly  forty 
minutes  before  he  came  to  the  31st  mile  stone.  Where  was  B  when  A 
reached  L? 


il.    QUESTION  432,  ly  Palaba. 

The  curve  AVR  and  semicircle  APB  have  the 
«ame  al»ciss3»  the  ordinate  MV  »  taa  |  arc  AP : 
«rove  that  the  area  AMY  bs  twice  the  segn^ent 
AP. 


III.  QUESTION  433,  5y  Palaba. 

4  \ 

'  A  parabola  levoWes  round  its  axis,  which  is  vertical,  in  a  giyen  time,  and  the 
angular  motion  will  just  prevent  a  body  at  any  pcnnt  of  tiie  curve  firom  descending  i 
lequired  the  parameter  of  the  parabola  ? 

IV.  QUESTION  434,  by  Palaba. 

To  £vide  a  given  arc  (A),  less  then  a  quadrant,  into  two  such  parts  (p)  and  (<[} 
that  tan*";)  X   tan*  j  may  «  max. 

V.  QUESTION  435,  by  G.  V. 

Ji.  normal  at  any  point  of  an  equilateral  hyperbola  is  equal  to  the  distance  of  that 
foint  from  the  centre.    Required  the  demonstration. 

yi.  QUESTION  436,  by  G.  V. 

C  is  the  centre  of  an  ellipse  and  F  either  focus,  PH  a  tangent  at  P :  draw  the 
diameter  PCp  and  ;>F  meeting  PH  in  H.  Prove  that  pH  a  the  transverse  dia- 
neter. 

VII.    QUESTION  437,  *y  G.  V.  ^ 

P  is  any  point  in  the  diameter  of  a  circle  and  PB  a  perpendicular  to  the  diameter: 
draw  any  chord  PA,  and  a  tangent  AB  meeting  PB  in  B,  and  draw  BD  and  C£ 
(C  the  centre)  perpendicular  to  P A ;  then  P£  s  DA.  Required  a  demon- 
stration. 

VIII.    QUESTION  438,  by  Proteus. 

Within  a  given  triangle  suppose  another  triangle  to  be  inscribed,  by  joining 
Ihe- middle  points  of  its  sides  ^  and  again,  within  this  triangle^  suppose  another 
triangle  to  be  inscribed,  by  joining  the  middle  points  of  its  sides,  and  so  on  ad 
infinitum  t  What  will  be  the  limit  of  the  aggregate,  of  the  sum  of  the  squares  of 
.the  sides  of  all  the  triangles  so  formed  ? 

IX.    QUESTION  439,  by  Mr.  Cunlifpe. 

Let  any.  right  line  be  drawn  through  the  focus  of  a  given  conic  section,  tef* 
minating  in  the  curve ;  then  a  fourth  proportional  to  the  whole  line  and  the  tWo 
segments  thereof,  made  by  the  focus^  will  Always  be  of  the  same  constant  lengtlh. 
Required  a  demoxistiatioik. 


(  «  ) 

X.  QUESTION  440^  by 

4  Irlaiigle  being  fumn,  it  is  required  to  descri^  tliiBe  ciides^sa  thaleitoliiclflGle 
ihall  touch  the  oUier  two  and  a  side  of  the  triangle  at  the  point  o£  bisection. 

XI.  QUESTION  441,  by  .. 

Required  the  curve  that  has  at  each  point  the  radius  of  curvature  a  fourth  pro- 
portional to  the  abscissa^  the  ordinate,  and  a  given  straight  line. 

XII.  QUESTION  442,  hf  Palaba. 

To  determine  the  nature  of  the  curve  sucb  tteft  the  perpendicular  from  a  givett 
point  upon  the  tangent  shall  be  a  mean  propoitional  between  a  given  line  and  th* 
flftgemtnt  of  tiHe  axis  intercepted  between  the  tangent  and  this  same  given  point. 

Xnr.      QXTESTION  443,  6y  Pa&Aba. 

To  determine  the  equa^iioii  to  the  ciinie  whose  tangent  is  a  meaa  proportional 
between  the  segment  of  the  axis  intercepted  between  it  and  a  given  peint,  and 
that  aaaie  segment  augmented  bj  a  given  Un&i 

XIV.    QUESTION  444,  hy  Palaba. 

A  body,  urgjBd  by  a  force  perpendicular  to  the  horizon,  describes  the  quadrant 
of  a  circle.  Required  the  law  of  force  which  will  make  it  lecede  unilbrmly  from 
the  boriaontal  radius,  and  the  time  ^psed  and  the  velocity  acquired  at  any  point 
of  the  descent. 

XT.    QUESTION  445^  iy -«^ 

The  characteristic  property  e#Vlie  circle  is,  that  all  the  chords  wbicli  pass  throogh 
a  certain  determinate  point  in  its  plane  are  equal :  but  there  exists  an  indefinrte 
number  of  curves  which  possess  this  property.  It  is  required  to  find  the  most 
general  equation  to  curves  of  this  nature. 

XVI.    QUESTION  446,  iy  Hfr.  Cvkufpe. 

A  gtven  rod  or  beam,  has  one  end  su^ended  by  a  cord  of  a  glVen  lengtli,  fii^ 
at  a  given  point  above  an  inclined  plane  of  a  given  inelinatloni  it  is  required  t* 
determine  the  position  of  the  beam,  weight  sustained  by  the  chord,  and  pfessurtf 
Bjgainst  the  inclined  plane,  when  Uie  beam  is  in.equiUbrio, 

XVII.    QUESTION  447,  *y  G.  V, 

Find  the  rectiBcatJon  and  quadrature  of  the  magnetic  curves  vfhkh  is  such,  that 
if  lines  be  drawn  from  the  poles  to  any  point  in  the  curve  and  ^  and  ^  be  the  an. 
gles  they  maice  with  the  line  joining  them,  cos  p  4*  cos  4^  ss  c,  a  constant 
quantity^ 

XVIII.    QUESTION  448,  iy  £t ATeiTHEirBS. 

Required  a  number  consisting  of  six  digits  ahede/  such  that,  its  multiples  bf 
1,  2f  3,  4,.  &,  6  mtj  contain  amongst  them  the  following  arrangements  s  ^ 

a  b  c  d  «  / 

b  c  d  t  f  a 

€  d  e  f  a  b 

d  e  f  a  b<  c 

e  f  a  b  c  d 

.  f  a  b  c  d  e. 

XIX.    QUESTION  449,  by  EratosthenBs.' 

It  is  well-known  that  the  formula  «'«!->  4*  41  containa  a  great  number  of 
primes :  prove  that  when  x  is  of  either  of  the  two  following  forms  it  cannot  be  a 
jprime,  a?  ■=  53  a  +  S  and  a?  =■  97  a  —  8,  * 

XX.    PRIZE  QUESTION  450,  by  Mechanicus. 

If  the  beam  in  question  40t  instead  of  resting  upon  the  curve,  be  at  liberty 
to  slide  freely  over  the  prop  and  descend  by  the  force  o/  gravity,  it  is  required  tft 
determine  the  motion  of  its  centre  of  gravity. 

Soli^umg  to  iheH  fmstiofu  nmt  co)ne  to  hand  (post  paidj  by  thtftni  day  ^ 
Jtm^  1830. 
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To  he  answered  in  Number  XX. 
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I.     QUESTION  451»  by  Mr.  John  Baimbi,  Dewiburf. 

A  fentleman  has  a  triangular  field,  a  mile  round,  and  a  perpendicular  from  on« 
angle  cuts  the  opposite  side  in  extreme  and  mean  proportion.  Required  the  sidoi 
anl  area,  when  the  latter  is  a  maximum. 

n.    QUESTION  452,  h  Mr.  Nostt. 
If  (R)  and  (r)  be  the  radii  of  the  circles  inscribed  and  circumscribed  about 

plane  triangle.     Prove  R  f  s=:  __-£-—  ;  a,  ft,  c  being  the  tides. 

III.    QUESTION  453,  h  ^^-  NotTT. 
find  the  sum  oUihe  recuning  decimal  'qpppf  &c.  in  infimitum.    (q)  and  (p)  €tm* 
taining  (m)  and  («)  digits  respectively. 

IV.    QUESTION  454,  hy  A.  D. 
AB  is  a  common  tangent  to  two  circles  AH,  BK,  bisected  in  E.    £F  is  perpen- 
dicular to  the  line  of  the  centres ;  then  if  any  point  G  is  taken  in  £F,  the  tangents 
Wf  6K,  are  equal.    Required  die  investigation  ? 

V.  QUESTION  455,  fty  A.  D. 
AB  is  a  chord  in  a  given  circle,  bisected  in  C.   DE,  FG  are  any  two'  chorfs^  FEf 
IK*  are  joined.    Shew  that  CH  »  CK,  analytically. 

VI.  QUESTION  456j  by  tJkReo.  Mr.  \^.  Callov. 
Solve  the  following  equations: 
!•   Given  to  find  9  and  z  the  two  equations 

V— cw  s=  «4<4^  dft,   and—    as    {-7}. 
^   Given  to  find  x  and  sr  the  two  equations 

9  +ab  ^(^j   a&r  —  5i,    and  abz as  t-fa  •  «*• 
&  Given  to  find  x^  y  and  »,  the  three  equations. 

«4  -!•  «s  K  5c«9  —  5c' 
«■«  yH  =  d. 

VII.    QUESTION  457,  by  Mr.  John  Bottikworth. 

Let  ACB  be  a  giveji  semicircle,  CD  any  ordinate,  and  let  AC  be  joined.  It  is 
reqaired  to  determine  the  quadrature  of  the  curve  which  is  the  locu»  of  the  centre 
«f  the  circle  inscribed  in  the  triangle  ACD. 

VI1L    QUESTION  458,  by  the  Rm).  Mr.  L  Etams. 

It  is  recorded  that  Menechmus  was  one  of  those  ancient  mathematicians  wh« 
solved  the  delian  problem  by  two  methods  j  one  of  t^hich  was,  by  the  construction 
of  two  parabolas,  having  one  common  summit  with  their  axes  perpendicular  to 
each  other,  and  for  their  respeedve  parameters  the  sides  of  the  given  cube  and  double 
that  side;  then  the  two  ordinates  drawn  to  the  point  of  intersection  of  the  two 
^^ves  aie  two  mean  proportionals  between  those  parameters,  the  first  of  whicl^ 
Mlenechmus  discovered,  would  be  the  side  of  the  cube  sought.  Required  a  demon- 
^^o^KOL  ?  Se^  Bossuf  s  General  History  of  mathematics,  whence  the  above  originated. 

IX.    QUESTION  459»  by  Mr.  John  Baines. 
Admit  the  matter  of  a  planet,  whose  axis  is  to  its  equatorial  diameter  as  399  t« 
^9  wer^  in  a  state  of  fluidity  at  the  commencement  of  rotation.    Required  the 
^e  of  one  revolution  on  its  axis. 

X.    QUESTION  460,  by  Mr.  Comlifpb,  .R.  M.  C. 
Having  a  given,  even,  square  integer,  it  is  required  to  determine  a.certain  nil»- 
^of  integtn,  such,  that  if  they  are  severally  augmented  or  diminlihed  by  the 
^  iilttre,  Ihe  tevtral  lesults  shall  ail  be  rational  squaiei. 

C 


(     2    ) 

Xt.     QtfESTIOK  461,  hy  Mr.  Nostt-  :    , 

Suppose  Tand  <  to  be  parts  of  the  tangent  at  the  vertex  A  of  a  fectan^ulaf  hy- 
perbola (whose  semt-a;^is  ss  1)  cut  off  by  firies  CP,  Cp,  drawn  from  the  centre  U^ 
the  cuTve :    shew  that  if  sector  CAP  «  (n)  tiities  sector  OApf 

1  — T  tl  — on 

Xn.    ODESTION  462,  bp  Mr,  tnoMAS  W«lt*,  JDrtm/rfcf, 
Required  the  sum  S  of  the  in&nite  series 

*  +  r  +  T  +  7  +  7  +  *'• 

converging  ever  so  slowly,  by  a  direct  ihethod  purely  algebraical. 

XIII.    QUESTION  463,  hf  Mr  ADttK«PL««T. 
If  D  and  D'  be  the  lengths  of  a  degree  of  a  meridian  at  the  equator  and  at  the 
latitude  X  respectively ;  (o)  and  (b)  the  equatorial  and  polar  diameters: 

Then  '     "  -    -^ i,-^2!J5^ ' 

•       -    D  \i 


VKSr-'-*^] 


XIV.    aufiStlON  464,  hy  A.  D. 
If  any  number  of  plane  areas  P,  Q,  H,  flbc,  are  projected  on  the  same  plane,  th* 
sum  of  the  projections,  when  a  maxinlutn,  is  equsd  to  the  square  root  of  the  follow* 
ing  expression : 

J>*  +  Q»4.R2+  ...+2PQcoiPQ  +  21^Rco8pR4.  ...  +  SQR  cos.QR  + 

Required  proof. 

XV.  QUESTION  465,  by  Mr.  Cunlif^e. 
Let  two  given  weights  P  and  Q,  be  fastened  to  the  given  points  C  and  D  in  the 
string  ACD;  and  suppose  one  end  of  the  string  to  he  festenel  to  a  given  point*  A^ 
and  another  part  of  the  string  to  pass  over  the  pulley  B,  fixed  at  a  given  point  B,im 
the  horizontal  line  AB;  it  is  required  to  find  the  nature  or  equation  of  the  curve 
which  is  the  locus  of  D,  while  the  part  of  the  string  DB,  is  slowly  drawn  over  the 
pulley,  the  weights  P  and  Q  all  the  time  hanging  freely  in  the  vertkat  plane  AGDBh 

•XVI.     QUESTION  466,  by  Mr.  Cw«tiFFE, 
To  find  the  nature  of  such  a  cufve,  that  a  tangent  being  drawn  to  any  point 
thereof,  and  a  perpendicular  to  the  tangent,  from  a  given  point  in  the  axis,  th^ 
part  of  the  tangent  intercepted  between  the  point  of  contact  and  the  perpendicular^ 
shall  always  be  of  the  same  given  length.     *  • 

XVII.    QUESTION  467,  5^. JlfrCuNLiFr*. 
Prove  that  the  series 

tORthined  in  infinitum  is  equal  to  the  series 

1  C  ^  2n  ,  4«»  8«3  .^  I 

(1— a)«    ^    J*         (I— *)»   ^    (1— a?)4  (!—«)•  i 

continued  in  infinitum ;  and  find  the  sum  of  n  leading  terms  of  each  series. 

XVIII.  QUESTION  468,  by  Mr,  Nosyt. 

fteqtrired  the  ratio  of  the  time  of  describing  the  parabolic  aic  AP  to  the  time  oj 
fiHii]^  down  PS)  in  terms  of  SP  and  S  A.    A  being  the  vertex. 

XIX.  QUESTION  469,  hy  Mt.  Nosyt. 

/  Sum  (n)  terms  of  the  series  * 

cos  6  4-  2* .  cos  2t&  4*  S*  .  c68  30  +  &c.       *     ^ 
.,  XX.      PRIZE  QUESTION  470,  by  C.  R 

Two  persons,  A  arid  B,  play  at  «  headi  and  fails'K  A  has  the  privilege  of  regulat- 
ing the  bets  at  each  throw  which  he  does  thus :  To  the  consUnt  sum  »  he  adds  the 
n^  part  of  all  his  winnings  by  all  the  previous  throws,  or,  if  he  have  lost,  he  subtracts 
the  n<h  part  of  liis  toss  from  the  same  sum  u.  After  /» +  ?  throws^  out  of  which  p 
)hi«»  been  won  and  q  les^  what  is  the  amount  of  his  profit  ? 

SaEtaDBBBBSaBB 
SoluHoM  to  ihese  qMsthnt  mwi  come  to  lumd  (pott  pM)  hy  Hh^nt  day  qf 
Dumber,  1821. 
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MATHEMATICAL  QUESTIONS. 
To  be  answered  in  Hunger  XXI. 

1.    QUESTION  471,  by  G.  V. 

Draw  a  normal  to  s  given  parabola  from  a  given  point* 

11.    QUESTION  472,  6y  Phantom. 

In  a  plane  triangle  let  r  denote  the  radius  of  the  inscribed  circle,  R,  R'  aad 
R'^tlie  radii  of  the  three  circlet  touching  the  sides  of  the  triangle  externally  \ 

tkeo  will    ~  **  "JT  +  If  +  ip?}  required  a  demonstration. 

JIL    QUESTION  473,  «y  G.  V. 
Letthesidesof  a  tiianglebea,  6,  e  and  its  angles  A,  B,  C. 

tmt  that  <''-*-*  +  '^*  „      smA  +  aiaB+sinC 

4.  aiea  cos  A  -f^  cos  B  +  cos  C—  1  * 

IV.    QUESTION  474,  by  X. 

Determine  x,  y,  and  t  fiom  the  three  equations 

i*  +  xy  +  y*  =  a 

y*  +  y  s  +  «•  »=  « 
«,  &,  c  being  given  nnmbers. 

V.  QUESnON  475,  by  G.  V. 

Skev  how  a  straight  line  may  be  drawn  to  touch  a  given  circle  from  a  given 
point  either  in  thecircurafercnceor  witlioat  the  circle  by  meani  of  a  ruler  only, 
vitbont  employing  compasses. 

VI.  QUESTION  476,  hy  A.  B. 

If  from  the  extremities  of  the  base  of  a  spherical  triangle  perpendiculars  be 
drawn  to  the  arc  which  bisects  the  vertical  angle  :  Prove  that  the  rectangle  con- 
taised  by  the  sines  of  the  perpendicular:^  is  equal  to  the  rectangle  of  the  shies  of 
tbt  sigmcnts  of  the  base  made  by  the  contact  of  the  inscribed  circle. 

VII.  QUESTION  477,  by  A— B. 

To  find  an  oxpression  for  the  area  of  a  spherical  quadrilateral  inscribed  in  a 
small  carde  of  the  sphere  in  terms  of  the  four  sides  of  the  quadrilateral. 

VIII.  QUESTION  478,  Ay  G  V. 

If  on  A|  one  end  of  the  diameter  of  a  cirde  an  arc,  DHE  be  described  meeting 
the  circle  in  1>and  E,  and  the  chord  DE  be  drawn  meeting  the  diameter  in  F. 
Prove  that  the  space  between  the  arcs  OB  £  and  DHE  is  equal  to  AC.DF'^' 
CF.arcBD. 

IX.  QUESTION  479,  by  G.  V. 

Let  AA,  BC  be  two  straight  lines  given  In  position,  and  A«B  given  point*  in 
these  lines:  if  AV,  BV  be  inflected  to  a  point  V,  so  that  the  uogentx  of  the  angles 
VAC,  VBC  may  have  a  given  ratio)  what  is  the  locus  of  the  point  V  } 

X.  QUESTION  480,  Ay  iGNOTUs. 

Investigate  the  nature  of  the  curve  in  which  a  line  dra^rn  from  the  foot  of  the 
ovdiMle  perpendicular  on  the  tangent  is  an  invariable  magnitude. 

XI.  QUESTION  4S1,  by  Ionotus. 

Tmd  the  area  and  length  of  a  curve  whose  equation  is  (<>— Aj;-fy^)SaB 
««(««  +  yf). 


(  «  ) 

Xtr.    OtmSTlON  48i»  by  PllAirTfM. 
Find  the  sum  of  n  terms  of  the  series 

vrhere  9  denotes  a  dreHkr  ms  taiii«if  l» 

XIII.    QUESTION  4B3,  by  Mr  T.  S.  Datibs,  Bath. 

Let  any  three  circles'  (AX  (B)  fC}  ^  giNwn^  and  let  th^m  be  cut  by  atjy  other 
circlft,  the  three  chotds  which  |oin  the  extremities  .of  the  segments  cut  off  will 
form  a  triangle  whose  angles-  are  oa  three  ^yen  lines  r  and  if  any  two  circles  cut 
these»  the  two  chords  which  sve^in  (A)  intersecting  in  a,  those  ia  (B)  inceneetin^ 
in  bf  and  those  in  (C)  intersecting  in  c,  the  points  a»  &^  e  are  in  a  straight  line. 

XIV.    QUESTION  484,  by  G.  V. 

Find  tue  nature  of  a  curve  suckt  thet  the  eumliiitfal  spaces  conuine^  between 
any  three  ordtnates  to  the  axis  and  the  axis,  shall  be  to  one- another  as  the  arcs  of  the 
cunre  between  these  ordtrnftet*. 

XV.    QUESTION  485,  ^  A.  a 

Supposing  the  form  ofth&^arth  t'l  be  peifectly  opherical^  what  curve  must  a 
person  describe  on  its  surfocoso,  that  at  every 'point  of  his  journey  ^^he  may  be  at  the 
same  distance  from  London  lAnt  he  is  from  the  equator. 

XVL    QUESTION  4^6,  by  A.  B. 

If  from  a  point  perpendicuhtrs  be  drawn  to  four  straight  lines  given  by  position, 
it  is  required  to  describe  the  locu«  of  that  point  when  ther^tangle  of  two  of  the 
perpendiculars  has  to  the  sum  of  the  squares  of  the  otWer  two  a  given  ratio. 

XVII.    QUESTION  487,  by  Mr.  T.  Oai.lo#ay,  A.  M.  R.  M.  College 

Let  A  and  B  be  two  points  without  a  cirele  of  which  O  is  the  centre,  ^nd  let 
BO  X  OC  =  square  of  radius  and  AO  x  OD  =  square  of  ntdfte;  and  let  BD  alid 
AC  meet  in  E.  Then,  if  any  two  chords  FG  aiidHK  be  dfawn  through  £,  making 
respectively  equal  angles  with  OA  and  OB,  the  four  points  A,  F,  C,  G,  as  also 
the  four  points  B,  H,  D,  K,  are  situated  in  the  circumference  of  a  circle,  and  tHe 
diameter,  of  the  circle  AFCG  is  to  the  diameter  of  the  circle  BHDK  in  a  consiar)t 
ratio.    Required  the  demonstration  ? 

XVIII.    QUESTION  488,  by  Mr.  Galloway. 

Let  AB,  AC  be  two  given  straight  lines,  and  a  :  b  a.  given  ratio ;  two  other 
stra^ht  lines  aD,  AE  may  be  found,  such,  that  if  from  any  point  whatever  f  in 
the  plane  of  the  given  straight  line?,  there  be  drawn  PB,  PC,  PD,  P£  respectively 

perpendicular  to  AB,  AC,  AD,  AE,  then  PD*  4'  -»  P£*  is  to  PA  X  PB  in  a 

o 

conslant  ratio. 

XIX.    QUESTION  489,  by  PsaiCRrNATOR. 

Let  there  be  a  system  of  four  points,  accessible  (and  either  visible  or  invisible  from 
one  aaotiier).  Let  there  be  a  system  of  four  other  points,  inaccessible,  but  each 
of  them  visible  fhom  all  the  four  points  of  the  first  system.  The  angles  are  ob« 
served  ender  which  the  distances  of  aH  the  four  pointa  of  the  second  system  are 
seen  from  each  point  of  the  first  system :  required  the  positions  of  these  eight 
points  in  respect  to  one  another. 

XX.      PRIZE  QUESTION  490,  by  . 

Let  a  portion  of  the  surface  of  an  oblate  spheroid  be  projected  on  the  surface, 
of  a  |iven  sphete  in  such  a  manner  that  its  differentiaf  elements  and  their  projec- 
tions mai  be  similar  t  It  is  required  1st.  to  assign  a  relation  between  any  point  on 
the  spheroid  and  its  corresponding  poiuton  the  sphere  in  terms  of  their  respcottvte 
latitudes  and  longitudes ;  and  ^od.  to  determine  at  a  given  latitude  (he  ratio>  of 
the  corresponding  linear  elements  of  the  two  surfaces^  supposing  that  at  another 
given  latitude  it  approaches  thrnearest  possible  to  a  ratio  of  equality. 


Solutions  to  these  questions  must  come  to  hand  (post  paid)  by  the  first  day  9J 
S  epifmber^  18)18. 
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Solutions  to  Questions  proposed  in  Number  XVI. 


I.    QUESTION  411,  iy  Theodosius. 

Having  given  the  three  sides  of  a  spherical  triangle,  it  is 
required  to  find,  in  terms  of  these  sides,  the  radii  of  the  in- 
scribed and  circumscribing  circles,  and  the  distance  of  their 
centres. 

Solution,  ty  Mr.  Lowry,  R*  M.  CoUege^ 

Let  ABC  be  a  spherical  triangle,  o  the  centre  of  the  inscribed^ 
and  H  the  centre  of  the  circumscribing  circle. 

Draw  the  arcs  op,  oq,  or, 
and  HG  perpendicular  to  the 
sides  of  the  triangle,  and  join 
AH,  Hc  ;  CO,  BO  and  AO  by 
arcs  of  great  circles* 

Let  tf,  h  and  c  denote  the 
sides  opposite  to  the  angles 
A,  B,  and  c,   and,  put  s  zz 

;  then  BP  ==  br  = 


tf  +  r  — 6 


n  J  —  *,  CQ  =: 


>  '  w 


_*•«  +  A  —  tf  J  ^  b+c — a 

cp  =    ^  1      ".   „„  —  ^-— Cjand  AQ  =  Aa  =  ■  =«— 4. 

Vol.  V.  Part  i*  a 


(  •  ) 

By  the  rule  in  spherical  trigonometry  for  finding  an  angle 
from  the  three  sides,  we  have 


B  /sin  (j— fl)  sin  f  J — c) 

-  or  tan  obp  =:    4/  \ : — ; — ■ — Jr^ — - 

2  y         Bin  s  sin  [s  —  0) 


and  in  the  right-angled  triangle  opb, 

tan  OP  =  tan  obp  sin  bp 

.=  tan  OBP  sin  (^  —  i)  J 
therefore,  by  putting  r  for  the  radius  op, 

£an   r    =      /«n(s  ^a)s\n(s-hsm  (s- c) ^ 
V  sin  J 

Again^  to  find  the  radius  of  the  circumscribing  circle.  It  is 
evident  that  this  circle  also  circumscribes  the  rectilineal  triangle 
formed  by  the  chords  a\  b*  and  c'  of  the  arcs  a,  b  and  r,  and 
that  the  angle  a'  b  c'  made  by  the  chords  a\  (/  is  equal  to 
half  the  spherical  angle  ahc,  for  it  is  equal  to  half  the  plane 
angle  at  the  centre  of  the  circle  •described  about  a'  V  d^  and 
this  is  equal  to  the  spherical  angle  ahc,  because  H  is  the  pole 
of  the  small  circle  vrhicli  passes  through  a,  b  and  c. 

Now        a^  =  2  sin  \a 

V  -=.  %  sin  \h 

^r'  z=  2  sin  \c^ 

and,  by  plane  trigonometry^ 

sin  a'  "&  d   (angle  made  by  the  chords  a^  c',) 

4/  { 4a^c^»  —  [a'^  +  c^'  —  V^Y \ 

or  sin  CHC    =:  A- — ,  .  ■        ■   ^ 

2a  V 

a/  \  16  sin*   -  sin* 4(sin*  -  +  sin*  -   —  sin*  -  ) 

_  V      I  2  2       ^^         2  2  2/ 

—  ■ — ■*•        '"'      "■■ ■ — ' ' — ■ ■  ■■■  I.,  ■,,..,.■ II  ■  , ■  , 

.    a    .     r 

4  sin  ~  sin    «^ 
'2  2 

By  substituting   1  — *  cos  a,  t  —  cos  ^,  and  1' —  cose  for 
their  equals,  2  (sin  -  j  ,  2  (sin  -  j    and  2  (sin  -  j  ,  and  putting 

y  =   2  y/  Jsin  s  sia  (s —  a)  sin  (j  —  b)  sin   {s  —  c)\  i 
the  numerator  in  the  above  expression  becomes 
\/  [f^   +  2  (1  -  cos  a)  (1  —  cos  b)  (1  —   cos  c)l     or 

\/  J/*  +  i6  (wn  l.sin  -    sin  ^  J  ;  " 


(    8    ) 


therefore  sin  gch  =:  - 


^  5/»  +  ,6  (sin  I  (in  t  sin  ff^  ^ 

_. - ^_ . _^ —  ■ — • — — ^^^^^^^*^»       A 


4  sin  —  sm   * 

^2  2 


.       ft 

Sin  - 
n  «  sin  CG  2 

But  sin    HC   =    -: =r    -: ;;- ; 

sm  GHC        sin    GHC 

therefore,  putting  R  for  the  radius  of  the  circumscribing  circle, 
we  have, 

,    a     .     b     ,     c 

4  Sin  ~    sin  —  sin  — 

2  2  2  Mjy% 

V^J/*+i6(sin^in.   sini^  J 
whence  we  derive 

*  ./      .      • 


cos   K    = 


y^  l/*  +  i6(sin  I  sin  -  sin  i){ 

and 


(y) 


.    a   .    ft    .     ^ 
4  sm  -  sin  —  sin  — 

2  2  2  s^x 

tan  R   =    — -y ♦  l^J 

These  expressions  are  the  same  as  those  found  by  Lagrange, 
iu  a  memoir  on  spherical  triangles,  published  in  the  •*  Journal 
De  Tecole  Polytechnique,"  a  translation  of  which  is  given  in 
the  first  volume  of  the  Repository.  ^         . 

Next,  to  find  ho  the  distance  of  the  centres.  Since  the  arcs 
OQ  and  HG  are  perpendicular  to  AC,  they  will  meet,  when 
produced,  in  the  pole  E  of  the  great  circle  AC,  and  EQ,  EG  will 
be  quadrants,  and  eh  and  eo  &e  complement*  of  HC  and  oq  ; 

also  GQ,  which  is  equal  to  ^-^^^^ ,  will  be  the  measure  of  the 

angle  heo.    Therefore,  by  trigonometry, 

cos  HO  =  cos  HE  cos  OE    +  Sltt  HE  SlU  OE  COS    — 

c  —  a 
=  sin  HG  wn  R  +   cos  eg  cos  r  cos  -  ^  ■'■* 


• 

(    4 

) 

Now  to  find  sift. 

and  COS.  of  hg^  we  have 

\ 

cos  HG  r: 

COS 

R 
b 
2 

COS 

and  therefore 

t 

sin  HG  = 

-   ..,    .      .J*  ffi 

>s* 

6 

-           6  ^(^' 

Q 

• 

cos  — 

2 

«■ 

substituting  these  values,  we  have 

sin  r  \/  (cos coss  r)  +  cos  r  Cos  a  cos 

2                    "^                                        2 
cos  HO  Z= T . 

COS    — 
2 

All  has  been  now  found  that  is  required  by  the  question,  but  on 
considering  the  problem  a  little  further,  I  have  been  led  to  the 
discovery  of  several  properties  of.  spherical  triangles  which 
have  not,  I  believe,  been  noticed,  and  many  of  which  are  re- 
markable for  the  analog}^  they  have  to  some  well-known  pro-* 
perties  of  plane  triangles. 

If  we  conceive  the  side  a  to  be  produced  till  it  becomes 
equal  to  ^,  and  a  perpendicular  erected  to  meet  bo  produced  ; 
this  perpendicular  will  evidently  be  the  radius  of  a  circle,  which 
will  touch  b  and  the  two  other  sides  a  and  r,  when  produced. 
If  r*  be  put  for  the  radius  of  this  circle,  and  r"  and  r*"  for  the 
radii  of  the  circles  described  in  a  similar  manner  to  touch  a  and  c 
and  the  other  two  sides  produced,  we  shall  have 


tan  r'  =  tan  obp  sin  s 

sin  s  sin  (s  —  a)  sin  (s  —  c) 


=v 


sin  (j  —  b) 
tan  1^^  =:  tan  o  aq  sin  s 

^ .  /sin  s  sin  [s  —  b)  sin  (j  —  c) 
"~  ^   "^  sin  (j  —  a)  ' 


fi) 


(8) 


(3) 


tan  r^^^zz  tan  OCQ  sin  j 

_  i/wn  s  sin  (s  -—  b)  sin  (s  —  a) 
""  •^  sin  {s  —  c) 

multiply  each  of  these  equations  by  equation  [a]  then, 

tan  r  tan  r  zz   sin  (j  —  a)  sin  {s   —  c) 

zz  sin  AQ  sin  qc  (4) 


is) 

tan  r  tan  i^'  =r  sin  {s  -^  i)  sin  {s  —  c) 

=  sin  BP  sin  PC  (5) 

tan  r  tan  r'"  =  sin  (s  -—  ^)  sin  (s  —  a) 

==  sin  BR  sin  ar.  (6) 

Again,  by  multiplying  equations  (1)  (2)  (3)  two  and  two* 
wcljave 

tan  r'  -tan  r^^  =.  sin  J  sin(>  —  c)  ,  (7) 

tan  r'  tan  y^  =  sin  j  ^in  (j  -*  a)  '  (8) 

tan  /^  tan  r'^'  zz  sin  s  sin  (jr  —  i)  (9) 

and,  by  addition, 

tan  r^  tan  r^'  H-  Un  r^  lian  r"^'  +  tan  r^^  tan  r''/ 

=  sin  J  I  sin  (j— c)+  sin  ($ — a)+  sin  (5— i)  ?.         (10) 

This  last  equation  suggests  a  pretty  enough  theorem  relating 
to  plane  triangles,  which  I  do  not  recollect  to  have  seen  nottcbd, 
namely,  that  the  sum  of  the  rectangles  of  the  radii  of  the 
circles  described  to  touch  the  three  sides  of  a  triangle  externally, 
taken  two  and  two,  is  equal  to  the  square  of  half  the  perimeter 
of  the  triangle. 

Again,  by  multiplying  together  equations  (1)  (2)  (3)  and  re- 
collecting that  y—  2  a/  i  sms  sin  {s  -  a)  sin  {s  -  b)  sin  (5  -c)  K 

wc  have 

/ 

tan  r  tan  r"  tan  /^^  c=  sin  j  x    "^t 

2 

and  multiplying  equation  (o)  by  sin*  ^, 

tan  r  sm    j    =  sm  r    >c   — ; 

therefore  , 

tan  K  tan  r^^  tan  r'^  =  tan  r  sin*  j,  (11) 

Also, 

tan  r  tan  /  tan  r^'^tan  r'^^  =  tan  r*  sin*  s\  (12) 

Letp  be  put  for  the  perpendicular  from  b  upon  i,  then 

.    sin  p  =  sin  a  sin  c, 

but  sin  c  =  - — ^^— : — 7  , 

,  sm  asm  v 

f 

therefore  sin  p  =:   -~— r  » 

'^  SIB  ^ 

but  from  equation  («) 

2  tan  r  sin  ^  rr  /; 
therefore,  by  substitution, 

sin  ^  sin  p  =s  2  tan  r  sin  t.  (13) 
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By  comparing  equationg  (a)  (J)  we  have  also 

a   .    i    .    c 
2  tan  ^  sm  —  sin  ^ 

tanrtanR  = i-—^ 2..  /,.i 

sin  J  *   ^' 

Again,  since        sin  b  =r  i — ^. , 

sm  a  sin  c  .    - 

and  s  tan  r  sin  s  :=.f^ 

,  sin  a  sin  c  sin  B 

we  have  tan  r  = r— ,  r  i  c) 

2  sin  /  ^   ^' 

a^    ,      b     .     c 
4  cos  —  sin  —   SIB  — 

And  tan  b  =  — ■-. : : .  (x6J 

sin  a  sm  r  sm  b  *   ^ 

.,  tan  BP 

Also  tan  BO  =: 


cos  GBP 


/       L>A  /       sm  tf  sin  r         ,    . . 

r=  tan  (j—  b)y  ^. : — j^ 7- .  / 17) 

^  ^    sin  / sin  (j  —  i)    ^  ^^ ' 

rr      ^     -.  *      f  \k/       sin  a  sin  ^  ,   _^ 

Tan  CO  =:  tan  is  —  c)l/  -: r--- .  f  18) 

■^    sm  ^  sin  (j  —  c;    * 

•T"       .  -.       *      /  N  4  /       sin  ^  sin  f  . 

Tan  AO  =  tan  (i—  a)  y  -: ^ — ; -.  f  10) 

V        "^    sm  J  sm  (j— ^i)  ^  ^' 

Let  A  be  put  to  denote  the  area  of  the  spherical  triangle  ABC, 
then  (notes  to  Legendre*s  Geometry), 


sm  — 


L 


4.   *"    4  COS  \a  cos  \b  cos  \c* 

therefore,  from  equation  (^), 

a     .      b     ,      c 
sin  —   sm   —  sm  — 

,  2  2  2 

tan  R  sm  1a  z: 7 : 

A  o  c 

cos   —  cos  -      COS   — 
2  2  2 

and,  consequently,  • 

a         b         c 

tan  -   tan  —  tan  - 

.     -  222 

sm  JA  = *- .  (20) 

^  tan  R  *     ' 


11.    QUESTION  412,  b^  Geometricus. 

A  mistake  was  made  in  transcribing  this  question  for  the 

£ress,  by  putting  **  inscribe"  instead  of  circumscribe :   It  should 
ive  been 
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About  a  given  polygon  to  circumscribe  another  of  the  same 
number  of  sides,  having  its  angles  respectively  equal  to  gives 
angles^  and  either  its  perimeter  or  area  a  given  magnitude. 

Solution,    by  M.  Lhuilier,  taktnjtom  the  AnnaUs  de 

Mathimatiqucs.  . 

As  the  process  which  I  shall  develope  for  the  solution  of  each 
of  these  problems  is  exactly  the  same  whatever  may  be  the 
number  of  sides  of  the  proposed  polygon,  and  as  the  operations 
differ  only  in  their  lengthy  and  in  the  number  of  terms  which 
compose  the  equation  to  which  the  process  leads  :  I  shall,  for 
the  sake  of  brevity,  give  only  the  developement '  for  the 
quadrilateral*. 

Let  A  BCD  be  the  proposed  quadrilateral.  It  is  required  to 
circumscribe  it  with  a  quadrilateral 
ahci^  the  sides  of  which  ah^  bc^  ci^ 
da  pass  respectively  through  the 
angular  points  a,  b,  c,  o  ot  the  first 
quadrilateral,  when  the  angles  a, 
h,  c,  d  are  given  and  either  the  peri« 
meter  or  the  area  of  the  quadrila- 
teral abed. 

Let  the  angles  ot  the  given  poly* 
gon  be  designated  by  A,  B,  c  and 
D  respectively,  and  those  of  the 
required  polygon  by  a,  ^,c,^.  Also, 
let  X  denote  one  of  the  angles,  as 
aAB,  made  by  a  side  of  the  given 
polygon  and  the  adjacent  side  of  the 
polygon  sought,  then,  by  means  of  this  angle  and  the  angles  of 
the  polygons,  we  can  express  the  *  mutual  inclinations  of  the 
other  corresponding  sides  of  the  two  polygons. 

We  find,  in  effect,  successively,  putting  unit  for  the  measure 
ofa  right  angle. 


aAB 

CCD 
dOA 

aBA 

COG 

dki>. 


a  - 
a  - 
a  - 

8  - 

2  - 

a  - 

1  - 


B  +  ar, 

9  +  *■ 
B  +  *- 


c  +  jr, 

c  +  tf  —  D  +  ;iF, 


(a  +  i  —  B  +  a:), 

(a  +  i  +  c  —  B  -*  c  +  J?), 

(tf+i+C  +  d— B  —  C- 


I>  +  x)l 
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I 

from  which  there  sesults 

sin  (a  +  x) 

Aa  zz   AB   .  .-- — ^^ 9 

sm  a 

,  sin(tf  4-  ^  —  B  4-  x) 

B>    =1     BC    .    :■ ^-^ : T = » 

sm  a 
sin  (a  +  ft  -h  c  —  B  -  c  ^  x) 

sin  c 


cc    ==  CD 


Dflf  =   DA   .  —  ^ -[—^ > 

sin  a 


AB    =    AB 


be   zz    BC 


CD    =    CD 


dA    =     DA 


sm  a? 
gin    a  * 

sin  (a  ■}-  h  -4-  ar) 

sin  i 

sin  (tf  +  6  —  B  —  c  +  a?) 

sm  c 
sin  (/I  +  ^  +  c  —  B  -^  c  —  D  4-  J?) 

%ind 


Problem  u    When  the  perimeter  ql   the  required  polygon 

is  given. 

From  the  preceding  we  have 

sin  X  +  sin  (a  +  x) 


Aa  -I-  ^B  =  AB  • 


sm  a 


sin  (d  —  B  +  ap)  4-  sin  {a  A-  b  —  ^  ^  x) 
B&  +  6c   =:  BC    .    — 1- ^^ ■         — 

sin(a4-6— tB  —  c+JF)  +  sin(^i-|-fe+g--B— c-fa?) 

cc  +  CD  =  CD  .  — . ^^^^  . 

td  +  dA  = 

sin(tf!-^4-c»-B--c-D-fa:)4-sin(fl  +  &4-c4-^/'-B-c-D4-J^) 
DA.- :^^  —  • 

taking  the  sum  of  these  quantities,  and  remarking  that,  in  general, 

sin  2 -f- sin  (i -4- 2)  n     '      rri     *     »\      ' 

: — j-> -=:  cosec  Ik  sm  (Ik  +  2), 

sm  k^ 

we  find 

ah  -^  be  '•\'  cd  '^  da  = 

AB  .  cosec  .  \a  sin  \a  +  jc), 
-4-  BC  .  cosec  .  \h  sin  (a  •+-  i*  -^  b  Hr  ^), 
-J- CD  .  cosec  •  ic.siu  (a  +  6  -4-ic  —  b  —  c  -4-«), 
4-  DA  .cosec  .  id  sin  (a  +  i  Hr  c 4-  |d  —  B  —.  c  —  D  +  a:). 
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From  this  flows  the  following  construction;  founded  on  ttie 
properties  of  the  centre  of  mean  distances. 

At  a  point  s  in  the  straight  line  S£^  make  the  angles  £$A,  £S&, 
ESr,  ES^,  respectively  equal  to 
theangles|a,  a  +  |6»  a  ^  b 
+  k,a  +  b  +/  +  id,  by 
turning  always  in  the  same 
way.  On  the  straight  lines 
si,  sc,  sd  make  the  angles 
bsEfCSC^dsD  respectively  equal 
to  the  angles  b,  b  4-  c,  b  + 
c  4-  D,  by  turning  always  the 
same  way,  but  contrary  to  the 
first. 

On  the  straight  lines  as,  sb, 
sc,  SD  let  there  be  taken  the 
lengths  SA,  sb,  sc,  sd  respec- 
tively equal  to  ab  •  cosec  fa, 

Bc .  cosec  ifi,  CD  .  cosec  |c,  da  •  cosec  irf,  and  find  the  centre 
z  of  the  mean  distances  ot  the  extremities  a,  b^  c,  d  from 
these  lines,  and  about  z  as  a  centre,  with  a  radius  equal  to  a 
fourth  part  of  the  given  perimeter,  describe  a  circle. 

From  the  point  s  let  a  tangent  be  drawn  to  this  circle,  and  the 
angle  formed  by  this  tangent  and  the  straight  line  S£  is  the  angle 
« sought. 

Remark.  The  given  perimeter  must  not  be  greater  than  the 
quadruple  ot  sz;  When  it  is  less,  the  problem  will  admit  of 
two  solutions.  • 

Problem  s.     When  the  area  of  the  required  polygon  is  giveut 

From  the  fonpulae  above,  and  the  known  expression  for  the 
^rea  of  a  triangle  in  terms  of  two  of  the  sides  and  the  included 
angle, 

**-«  a  sin  «  gin  (a -+- «) 

sin  a  I 

4Bk=2BC* .  ri»(^-B  f^)sm(a+6-B4-*) 


Sins 


4Ccdi;:2Cd' 


Sin  (ahb — b  —  c+jc)  8in(a+i+^ — b  — C^  ar) 


sm  c 


«a(«+  6-l-r— b  — c4-«)sinra4-54-^+d— B  —  c  — d+;v) 

-•  III         II      ■     .1  ■ — -  .1.  ■       I   ■ ■ii...»  .      ■     .1  >  ^ 

sin  cf 

By  adding  these  equations,  member  to  member,  and  adding  to 
^c  two  members  of  the  resulting  equation  quadruple  the  surface 
o(  the  polygon  abcd,  and  remarking  that  in  general 

Vol.  v.  Part  x*  b 
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sin  z  sin  (k  +  «) 
sin  k 

we  shall  find 


«)  _  cos  A-  cos  ftdi-f-:?)  .    col  a  (fi^-i;) 

*-•  — •    "■'■■■■       .      /  ZI»  cot  A  — ; >  '         ■ 

a  Sin  i  '  2  sin  i 


4a&ciz:4ABCD  4- ab'  •  cot  tf+BC\  cot  6+ cd\  cot  r+DA*.  cotrf 

^»  AB*  •  cosec  a  cos  2  (fa+  ^) 

•^  EC* .  cosec  I  cos  2  (a  -t-  i  J  —  B  +  a?) 

•—  CD* .  cosec c  cos  2(tf-^6  +  |c—  B  —  c  — a?) 

»—  DA*  .  cosec  €?  COS  2  ftf  +  ft  +  c  4-  \d B C D  +  Jt). 

:  From  which  flows  the  following  construction,  founded  also 
on  the  properties  of  the  centre  of  mean  distances. 

At  the  point  s  on  the  straight  line  SE|let  the  angles  esa,, 
csft,  Esr,  'Esd  be  made  respec- 
tively equal  to  the  angles  ^\a^ 
2  (fl  +  xft).  2  (iz  +  ft  +  ic). 
2  (a  +  ft  4-  c  f  \d)^  by  turn- 
ing always  in  the  same  way. 

On  the  straight  lines  sft,  sr, 
^d,  let  the  angles  ftsB,  esc,  ^sd, 
be  made  respectively  equal  to 
the  angles  2b,  2  (b  4-  c),  2  (b 
4-  c  4-  d),  by  turning  always 
in  the  same  way,  but  contrary 
to  the  first. 

From  quadruple  the  excess 
t)f  the  ^rea  of  the  polygon  sought 
above  that  of  the  polygon  given, 

subtract  the  sum  ab*  .  cot  a  4-  BC*  •  cot  6  4-  CD*  .  cot  c  4- 
da'  •  cot  d^  and  let  the  remainder  be  equal  to  the  rectangle  of 
the  two  straight  lines  /  and  m. 

Let  thew  squares  on  the  given  sides  ab,  bc,  cd,  da  be  con* 
verted  into  rectangles /having  for  one  of  their  sides  one  of  th© 
straight  lines  as  m ;  and  let  the  other  sides  of  these  rectangles  be 
a,  /3,  y,  J  respectively. 

On  the  straight  lines  sa,  sb,  sc,  sd  let  there  be  taken  from 
the  point  s  the  lengths  sa,  sb,  sc,  sd,  respectively  equal  ta 
a,  cosec  a,  /3  cosec  b^  y  cosec  c^  ^  cosec  dm 

Find  the  centre  z  of  the  mean  distances  of  the  points  A,  b,  c,  d» 
tnd  from  z  as  a  centre,  with  a  radius  equal  to  ^/,  let  a  circle  bQ 
described. 

From  the  point  8  let  a  tangent  be  drawn  to  this  circle,  and  at 
ihe  same  point  s,  a  perpendicular  to  this  tangent ;  the  angle 
formed  by  this  perpendicular  and  the  straight  line  sa  is  double" 
i^f  OP  the  angle  sought. 


(  i«  ) 

Remark.  We  draw  from  this  construction,  consequenct^* 
relative  to  the  second  problem,  analogous  to  those  which  we 
deduced  from  the  construction  to  the  first  problem. 

III.    QUESTION  413,  by  Analyticus. 

Two  vessels  A  and  b  capable  of  containing  a  and  b  gallons 
are  filled  with  nyxtures  of  wine  and  water,  in  given  proportions 
for  each  vessel;  two  equal  measures,  c  gallons  each,  are  filled 
at  the  ftame  time,  namely  one  from  each  vessel,  and  then 
emptied  into  the  other.  Supposing  this  operation  to  be  repeated 
ft  times,  what  would  then  be  the  proportion  of  wine  and  water 
in  each  vessel  ? 

Two  Solutions  taken  from  the  Annates  de  Mathematiques* 
First  Solution,  iyM.  Lhuilier. 

Let  X,  x^^  x^^,  be  the  quantities  of  water  which  remain  in  the 
vessel  A  after  any  three  consecutive  operations,  and  v,  y\  V^ 
the  corresponding  quantities  in  the  vessel  B. 

Then  by  the  operation  for, changing  the  quantities  of  water 
in  the  two  vessels  from  x  and  y  to  x^  and  v^  there  will  be 

extracted  from  A  a  quantity  of  water  eqdal  to  —  Xt  aad  from 


a 


4  '  c 

I  a  quantity  equal  to   r  Y  ;  we  have  therefore 


;c'=:    3;-^rX  +  -iY, 


b 

and  similarly 

x'^=  x'  ~  ^  x'+  |y^j 

we  have  also 

X    +    Y    =    x'   +    Y^; 

diminating  therefore  y  and  y^  from  these  three  equations 

therefore  the  successive  quantities  of  water  contained  in  the  first 
vessel  fonu  a  recurring  series  of  the  second  order  of  which 
the  scale  of  relation  is 

B8 
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an  equation  of  diSerences  of  the  first  order  between  the  tw<^ 
variables  x  and  z,  of  which  the  co-efficients  are  constant,  and  of 
which  the  integial  is 

e  being  a  constant  arbitrary: 

Or  because  2=0  corresponds  to  x    =:  a,  therefore 

? 

a  +  /J  .  aft— /3tf 

a  =  tf  .  — : — r  +  c;  whence  C  zz  ■      /  ■*  ,    . 

•nd  consequently 

^     -  ^     «  +  /^    1    «^  — /^^  r.         ^        ^  \? 

Hence  if  we  denote  simply  by  x  and  Y  the  quantities  of  water, 
and  by  x^  and  \'  the  quantities  of  wine  contained  in  the  two 
TesseU  respectively  after  the  »th  operation,  and  by  a'  and  /3^  the 
quantities  of  wine  contained  in  th^  two  vessels  before  the  first 
operation^  by  observing  that 

X+x'  =  a+a'zifl,     X  +  V=a+/3, 
Y  +  y'  =  /3  +  /3'  =  6,     X'  +  Y'  :;;  a'  +  /3^ 

we  find 

a  +  o  a  -{-  0  a  0/ 

•  _  *     «  •'•/^  ah  — Pa  c  cy 


H 


Note  by  the  Editor  of  the  Annales* 

■ 

From  the  equation 

X  -fi-i—  '^\x     4.  ^^^"^^^       - 


we  deduce 


*  See  Traits  ^l^mentaire  de  calcul  difi^reatiel  et  de  calcul  lateral  de  If.  LacroiXy 
2me.  ed.  p.  57S. 
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5  +  a        '■         a  i/j  +  jT       ^        , 

whence  by  subtracting  and  transposing 

an  equation  of  the  second  order,  from  which  may  be  deduced 
that  of  M.  Lhuiher. 

For  integratinfl;  put  x     =  P   ,  whence  x  ==  ^ 

5  + «        .       . 

X  zz  p         ,    which  give  by  substitution  amd  dividing 

by  A 

whence 

therefore 

x^=M+N(i--f—  ^)^, 
J  a  0/ 

The  constants  M  and  K^are  determined  by  an  equation  of  the 
ilrst  degree,  from  the  initial  state  of  the  mixture. 

IV.     QUESTION  414,  *y  Gallicus. 

Find  the  position  of  a  jplane  so  that  if  a  given  triangle  be  j)ro- 
jected  orthographically  upon  it,  the  projection  may  be  a  triangle 
timiiar  to  a  given  triangle. 

First  Solution,  hy  Mr,  Lowry. 

Let  0,  b  and  c  denote  the  sides  of  the  triangle  which  is  to  be. 
projected,  a\  V  and  c'  the  sides  of  the  triangle  to  which  the 
projection  is  to  be  similar,  a  and  /3  the  given  angles  made  hy 
the  sides  a,  h  and  a'  h^ ;  (pt  d  and  -4/  the  angles  that  the  side* 
<f  b  and  c  make  with  their  respective  projections.  Then  the 
sides  of  the  projected  triangle  will  be  expressed  by  a  CQS  (p, 
h  cos  4  and-<:  cos  4 ;  and  we  shall  have 


(    i6    ) 

a^_  :  b^  :i  a  cos  (p  :  h  cos  9 

or        CPS  9  ::;::  -Tj  C05  f  •   .  (l  j 

In  like  manner 

cos  \J/   —   -7-  COS  (p;  fa) 

a-c  '  ^ 

and  for  a  third  equation  we  have 

a  sin  9  —  b  sin&  —  c  sin  ^J/.  {3) 

By  squaring  this  last  and  transposing, 

a*  sin*  (p  -h  b^  sin*  d  — »  e*  sin'  4/  z:  2tf  J  sin  (p  sin  d, 

"and  putting  for  sin^  (p,  sin*  d  and  sin*  >{/  their  vahies  in  terms  of 
the  cosines  found  in  equations  (1,  2)   we  get^  after  dividing   - 
by  2aft, 

^b Vb[        2a-6-   .      )  '^^    ^  =  *'"^-*'^  * 

or     cos  «  —  -7^  cos  p  cos"  $  r=  sm  (p  sm  0 

by  puttmg  for    — f — r and  — ^ — 7^7 their  eouals 

2a0  2a  O^ 

COS  a  and  cos  Q. 

Again  by  squaring  this  last  equation,  substituting  cosines  for 
fines^  and  making  proper  reductions,  we  get 

.  a'^b''\-a'V^—2aba'b' cos axiosl^      ,  a^i*sin«a 

cos*  $  —  aT/>»     •    a  "A cos  (pz: ~-  ^    . . 

To  abridge  the  expressions  a  little,  put 

?</*  :;=  <2^'i*  +  a^V*  —  2aba  V  cos  a  cos/3, 

then,  by  completing  the  square, 

d'  ±  y/{i'—a'*h*d*b'*  sin*  a  sin*  /?) 
cos    ^  _  -  -^i-^^ — 

I 

or 

4/  5^'  ±  ^/(^*  —  fl^i*4«i'«  8in»  a  §in«  /S)  J 
c:os  (p  =  ±:  Ji — ^ — . — = ^j-^. — = u.  ,A. 

fipd  therefore 

\/U^±  ^/{d^  —  «'*&*«•»"*  sin*  a  sin*  /S)  ? 

cos  9  =:  ±  X — I. ,,        ^  ,  f  ^ 

fl6si9/3  ^ 


(    »7    ) 

These  cxp^fesriSng  may  He  fahhit  iimplifii^a  fey  dohrtasHng 
that  a  b  sin  a  and  a'  b^  sin  j8  are  the  double  ateas  df  thfe  glVeJi 
triangles;    wherefore  if  A  and  a^  be  put  \oi  those  qdiintitiei 


we  shall  have 


—  jL,  w     *  : f  I  ■■?■  ,'   i  ? 


COS  $  =  ±    ■= ,/    .    '-^ 

and 

COS  0  =  ±  Jl— 1 ,.     ;     vj 2.  , 

aO  sin  /? 

The  angles  ^  and  ^  being  found,  the  relative  position  ot  the 
given  triangle  and  the  plane  of  projection  is  ali^o  determined. 

SjfcoND  Solution,  ly  M.  Lnv iLitK,  froM  the  AnnaUi 

de  Mdihimatiques* 

M.  Lhuilier  begins  his  solution  by  resolving  the  problems 
contained  in  the  two  following  lemmas. 

Lemma  1 .  To  fihd  two  straight  lines  bX  which  we  know 
tEe  rectangle  and  the  difference  of  the  squares. 

Lemma  s.  Two  parallel  straight  lines  Ak\  bb'  being  given 
in  position,  and  also  a  point  p  given 
on  the  same  plane  with  these  Tines. 
It  is  required  to  find  a  point  x  in  one 
of  them  as  aa'^  such  that  joining  px 
and  drawing  xz  perpendicular  to  PX 
to  terminate  in  the  other  paraHel  in 
z,  the  difference  oi  the  squares  of 
xz  and   PX   may  be  a  constant  magnitude. 

The  first  of  these  problems  hiust  be  well  known  to  our  readers 
and  we  shall  leave''  out  M.  L — *s  solution.  The  second  pro- 
blem obviously  reduces  to  the  first  by  drawing  pa  and  2Y 
per]^endicular  to  aa',  for  then  the  rectangle  and  difference  of 
the  squares  of  ax  and  yx  are  given. 

M.  L.  then  proceeds  with  the  following  problem. 

To  cut  a  given  triangular  prism  by  a  plane  in  such  a  manner 
that  the  section  shall  be  given  in  species. 

Let  B  be  a  given  point  in  one  of  the  sides  bb''  of  a  triangular 
priim  of  which  the  other  two  sides  arc  aV  gc\  It  is  required 
to  Cut  this  prism  by  a  plane  passing  through  B  so  thai  the  section 
flUlV  be  given  in  species. 

Let  BXY  be  the  section  required, 
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-,  Amiysis,    From  the  point  b  on  the  plane  of  the  face  opposite, 

draw   the    perpendicular 

yp.     Fr^m  the  point  p,  b 

in  the   common   section 

of    this    face    with    the 

plane    sought,  dr<|w   the 

perpendicular  pzand  join 

BZ.     The  line  bz  is  the 

height    of    the    section, 

taking  xV   for  the  base 

and    B    for   the    vertex. 

The  triangle  bxy  being 

given  in  species,  the  ratio 

xz  to  ^Y  is  known,  and  therefore  the  point  z  is  always  in  a 

straight  line  given  by  position  parallel  to  a  a''  and  cc'',  and  on 

the  plane  of  these  straight  lines  ;  let  this  be  the  straight  line  dd'. 

The  ratio  of  xz  to  bz  is  also  given,  and  therefore  if  on  the 

$a;aig(u  line  xz  we  lay  off  zv  equal  to  bz,  the  point  v  will 

also  be  found  in  a  straight  line  given  by  position^  parallel  to 

DD^  and  in  the  plane  of  A  a'  and  cc^     Let  ee'  be  this  straight 

line. 

This  being  d6ne,  the  difference  of  the  squares  of  BZ  and  px 
is  equal  to  the  square  oi  the  given  line  bp,  the  difference  of  the 
•puares  of  z  v  aind  pz  is  equal  to  the  square  of  bz,  and  the  lines 
pz,  zn  are  perpendicular  to  one  another,  therefore  these  tines 
«ire  determined  by  lemma  2.     . 

Whence  this  construction. 

From  the  point  b,  draw,  upon  the  face  opposite,  the  per- 
pendicular tf  p.  On  this  face  let  two  straight  lines  be  determined 
(parallel  to  the  sides  of  the  prism,)  such  that,  taking  any  straight 
line  on  the  plant  of  this  face,  the  parts  of  this  line  comprized 
between  the  first  parallel  and  the  two  sides,  may  be  in  the  given 
ratio  of  the  segments  made  on  the  base  of  the  section  by  the 
perpendicular  let  fall  from  the  vertex  upon  the  base;  and  that 
the  part  of  the  same  straight  line,  comprized  between  the  twp 
parallels,  may  be  to  the  part  of  this  line,  comprized  between 
the  first  and  one  of  the  sides,  in  the  given  ratio'  of  the  height  of 
the  same  triangle  to  the  corresponding  segment  of  the  base. 

Let  dd'  and  be'  be  these  two  parallels.  Determine  in  the 
first  by  lem^a  (2)  a  point  z  such  that,  drawing  from  this  point 
two  straight  lines  perpendicular  to  one  another,  the  one  zp^ 
terminating  at  p,  the  foot  of  the  perpendicular  bp,  and  the  other 
zv,  terminating  in  v  upon  ee',  so  that  the  difference  of  the 
squares  of  these  two  lines  may  be  equal  to  the  square  of  bp« 
The  section  XBZ  which  passes  through  the  point  B  and  through 
the  straight  line  2  v  is  the  section  sought. 
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Application  to  the  proposed  problem. 

.  Let  the  projection  given  in  species  be  takep  for  the  base  of 
a  right  prism ;  let  this  prism  be  cut  by  a  plane  in  such  a  manner 
that  the  section  shall  be  similar  to  the  given  triangle.     The  base* 
of  the  prism  and  the  section  are  to  one  another  at  the  projection ' 
required  is  to  the  given  triangle. 

Cor.  A  parallelogram  being  proposed,  we  may  project  it 
orthographically  in  such  a  manner  that  its  projection  shall  be  a 
parallelogram  given  in  species.  In  particular,  we  may  project 
a  parallelogram  orthographically  so  that  its  projection  shall  be  a 
square. 

We  may  find  immediately  the  angles  that  the  sides  bx  and  BY 
make  with  the  side  3b'  and  consequently  the  inclination  of 
the  plane  of  the  given  triangle  and  that  on  which  it  is  projected. 

Let  the  sides  b  a  and  bc  of  the  section  perpendicular  to  the 
sides  adjacent  to  the  point  B,  be  designated  by  a  and  r,  the 
angle  which  they  include  by  j3,  the  angles  b'bx  and  b'by  by 
X  and  y,  the  angle  b  of  the  triangle  xby  by  6,  and  lastly  th^ 
ratio  of  the  sides  b^l  and  by  by  that  of  a  to  y,  we  have 

a  ==  BX  sin  x,        c  r:  BY  sin  y 
knee 

a  :  c  =:  tf  sin  Jir :  y  sin  y,  whence  c  sin  «  z:  y  sin^ ; 
therefore 

•in  y  =:  -  sin  X,    cos  j'  =  y^(i  —  -^  sin*  9c). 

Or,  in  the  solid  angle  formed  at  B^  by  the  angles  b'bx,  b^b^, 
XBY,  we  have 

^         cos  6  —  cos  X  cos  y 

cos    />     =      ; -, . 

sm  K  sm  y 

Putting  for  sin  y  and  cos  y  their'  values,  and  reducing, 
we  find 

c  cos  /3  sin*  a:  ==  y  cos  6  -^  cos  jr  ^^(y* '—  c*  sin*  x), 

disengaging  this  equation  from  its  irrationality,  and  plotting  for 
cos*  X  its  value  i  —  sin*  x^  it  becomes  after  proper  reduction, 

c*sin*|3sin*;c  —  (c*-^2tfycos  Jcos^+y')  sin'  «  +  y*  sin' ft  =  oj 
we  obtain  from  the  same 

y  sin'0  tin  ♦^  ~y*(c*—  %cy  cos  6  cos  ^ +y*)  8in";f + cV  sin*  J=Ob 

<2  a 
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When  we  hj^ye  determined  the  angles  »  and  y^  we  have  de- 
termined the  ratio  of  the  dimensions  of  the  triangle  to  be  pro- 
jected,to  those  of  its  projection,  and  therefore  we  have  deter- 
mined the  ratjo  of  the  surfaces  of  this  tris^ngle  and  its  projection : 
but  this  ratio  is  th^t  of  radium  to  the  cosine  of  tbe  4ngM  of 
inclination  pf  the  tvfo  planes,  therefore  this  incUaatip^  is  also 
known. 

Third  Solution,  by  M.  Tedemat,  ff^om  the  Annaks 

'       de  Afaihemafiques.J 

X^et  ACB  be  the  triapgle  to  be  projected,  9\nd  stippose,  which 
is  permitted,  that  thp  plane 
of  projection  passes  tbr^pgh 
the  point  ^ ;  let  co  b^  t^p 
imtersection  of  the  plane  o| 
this  projection  with  the  plane 
of  the  triangle  aob^  and 
f rojn  the  poii^ts  A,  b»  let  fa,!!, 
on  tbe  plane  of  projection 
the  perpendicular*  A  a^',  bb", 
and  join  ca'^  cb^',  a^^  b'^ 
the  triangle  Af^  c  b'^  is  the 
projecuon  of  the  triangle 
ACB,  and  the  prolongations 
of  the  straight  lines  ab,  a^^b  '' 

meet  in  the  s^me  point  d  in  the  straight  line  which  is  the  inter- 
section of  the  planes  of  the  two  triangles.  Prolong  the  lines 
ca'',  cb'''  to  a'  and  b''  till  cA^  and  cb^  are  respectively  equal 
to  the  two  sides  about  the  angle  equal  to  C  in  the  triangle  given 
in  species,  to  which  the  projection  of  abc  is  to  be  similat. 
Joining  a'b',  this  line  i^  parallel  to  Af^2f\  and  a'cb'  lis  the 
triangle  ^ven  in  species. 

The  triangles  acb,  a^cb^  being  given,  let  us  suppose, 

CA  =  fl,  cb  =:  6,  angle  acb  =:  7,  ab  =  c 
ca'  ==  a',  cb'  =  h\  angle  a'cb'  =  y\  a'b'  irc', 

designating  by  X  the  unknown  ratio  between  the  homologous 
sidfes  of  the  two  triangles  a  cb%  a'''cb'',  ivc  have 

CA''  =  ^a^  cb'^  =  \h\  hf'js!'  =  -Kd 

we  have  also 

area  of  acb  =:  |^  sin  X»  area  of  a^'^cb''^  ^  |xVi- sioy^ 


(  **  ) 

If  therefore  we  Ic^g^^I'y  :^  theippU^gtjim  of  ifce  two  planes, 

we  have 

\*a^l/  sin  ^  zz  ab  sin  y  cos  9.  (i) 

Making  A  a''  =  a?,  bb'^'zs  y,  the  right-angled  triangles  AA^'c, 
twf'c  4nil  tbe  quadrilateral  aa^^'^'^^b  give 

the  last  equation  ^eiog  subtracted  from  the  sum  of  the  other, 
two,  we  have 

and  dividing  by  2  and  squaring 

;i'y  =L  a»  6*  cos*  r  —  ?X*  a i^ 'A'  cos  y  cos  /+  X*  a'"*'*  cos*/ ; ' 

cquatinjg  this  value  of  /y  with  that  which  results  fronj  ih^ 
inukipltcatipn  of  the  two  first  equations*  and  changing  c^sioes 
and  sinesy  we  find  , 

X*«  •  6'»  sin*  y-[aH'  •-a  ^qfhVcot  y  cos  y'+a^6?  )K* + fl*Z^*s!»V=o; 

and  lastly,  substituting  fo^  X'  its  v^luegiy^^ii  J^y  equation  (|)g 
we  have 

a^afVl/  sin  y  sin  7'  cos^  d  —  « &(tf*6'>  —  ^aafbf/  cos  y  cos  / 

+  a'^h')  cos  9  +  a^ofh'V  sin  y  sin  y'  ?:  o. 

Thi^  equation  bei^  resolved,  gives  the  value  of  eos  6*, 
from  whence  we  deduce  that  of  X  by  means  of  equation  (i), 
we  then  haye  x  and  yt  by  the  equations 

«*  =  ^*  —  X«tf^    >•=&*-  X«i'*, 

and  we  then  know  the  anglfs  bcb'^s  unci  Hm  9JPgl«  k«ing 
determine,  we  have 

sin  BCB^' 

sm   BCD  ==    — : — A —  f 

sin  9 

and  lastly^ 

tan  B^'CD  =  tan  bcd  cos  9, 

we  can  then,  without  trouble,  construct  the  vespeottve  i&tua- 
tions  of  the  two  triangles  acb  and  Af'c^f^. 


•    Note  \>y  x\\9  ^^\tm  9^  ^.M  Aw^l«i 

Suppose,  for  abridging, 


.(      2«      ) 

••y  —  taafhV  cos  (y  +  /)  +  y***  =  m% 

tf*^"*  —  %aa'lV  cos  (y  —  /)  +  «'•*'  =  n«  ; 
wbence 

«»« *  -  aaa'AJ'  cos  y  cos  /  +  a'^l*  =  *  (m*  +  »•) ; 
9aafbl/  sin  y  cos  y  =f  |  (m*  —  h*)  ; 
the  values  of  cos  d  take  this  very  simple  foi'm 

cos    fl    rz    ^ — 5 ^     =    — •::::—  ; 

er,  as  the  adoption  of  the  upper  signs  leads  to  an  absurdity^ 
C08  0  >  1,  we  may  write  simply 

.  M   —    N- 

cos  %  n  : 

M    +    N 

and  which  furnishes  this  very  remarkable  construction: 

•*  Find  a  mean  proportional  between  ca  and  cb'  and  another 
**  between  cb  and  ca^  ;  make  these  lines  the  two  sides  of  two 
«^  triangles,  oi  which  the  included  angle  is  in  the  one  the 
•*  sum,  and  in  the  other  the  difference  of  the  angles  acb  and 
••  a'cb'  ;  then  if  we  construct  a  right-angled  triangle  of  which 
^  the  hypothenuse  is  the  sum^  and  one  ol  the  sides  about  the 
^  light  angle  the  difference,  of  the  third  sides  of  these  triangles. 
**  the  angle  opposite  to  the  other  side  about  the  right  angle^ 
^  is  the  measure  oi  the  inclination  of  the  two  planes. 

This  question  was  also  answered  by  No v-an G lus« 

V.    QUESTION  415,  by  Mechanicus. 

The  chord  of  an  arc  described  by  the  lower  extremity  of 
a  simple  pendulum  being  given  in  length,  it  is  required  to 
determine  the  length  of  the  pendulum  when  its  vibrations 
through  this  arc  are  performed  in  the  least  time. 

Solution^  hy  M.  J.  F.  Francais,  ffrom  the  Annates  dc 

Maihemaiigues.J 

Let  si  be  the  length  of  the  given  chord,  2«  the  amplitude 
of  the  corresponding  oscillation,  r  the  unknown  length  oi  the 
pendulum,  and  Q  the  angle  that  it«  direction  makes  with  the 
vertical  at  any  epoch  /•  Supposing  the  initial  velocity  to  be 
nothing,  and  designating  gravity  by  g^  it  is  known  that  we 
have 


^  =  V^  ik)  •  '•(CO.  V-  CO,  «) '  f'> 

we  have  also 

r  sin  a  zz  a;  (2) 

by  meant  of  which,  if  we  eiioiinate  r  from  (s),  we  have 

^    \hJ     4/JiiinT(co«  e -.  COS  a)  J 

Integrating  between    0   r:  a  and  6   =   o,  and  designating 
by  ST  the  time  of  a  whole  oicillatioa  we  find*. 

IT  =  «  V/.(|)  •  ^  •  (i  +  A.  8in«  i«+  A.«a*i«  + 

A,  sin»i*+);  (4) 

the  coefficients    A,»    A.,  a,,   •••    &c.  being  given  by  the 

folbwing  law : , 


A  =5* -8 -5  >•»♦'>«-'?*. 


(5) 


By  considering  t  as  a  function  of  a,  differentiating  cqua^ 

dx 
tion  (4)  under  this  point  of  vieW|  and  equating  -j-  to  zeroj 

•  ** 

we  find*  after  proper  reduction, 

1  =  B|  sin*  |a  +  Ba  sitt*  !«  -H  B9  sin*  |a  +    .. .     (6) 

sn  equation  in    which   the  coefficients    b^*  b.^  Bj,  &c.  are 
derived  by  the  following  law : 

B    =  -*-= ; .     A    .  (7) 

«      4«*  —  4«  +   1  »  *^' 

Equation  (6)  is  not  susceptible  of  exact  or  direct  solution^ 
but  by  reversion  of  series  we  find  sin  |a  =:  0*3382^^,  whence 

«  =  ^7V  33''r  and  r  =  jjrjp^  =  1.356813  ^i  equation  (4) 

gives  also 


8T  rr  5  1/  (")  •   **^26i05  =    4/ 


^  o  ,  986547 


r'    .>  ^     ■  

*  The  4etaib  of  the  integration  ma;  be  seta'  at  page  416 »  yoL  1,  fi| 


N 


(     «4    ) 

But  is  this  -  value  of  dT  really  9  ifaihiAiirm  ? 

For  answering  this  que^ti<yn'\^e  re^aMc  firsf,  that  if  we  make 

d 
a  zz  o  or   a    =   i8o^  we  find  equally  2T   z=    -  zr  00;  so 

that  the  value  in  questi6n  is'  found  comprized  between  two 
nuLxmai  aiVd  this  h  the  character ,  of  a  true  mimnram ;  but 
it  is  only  by  calculating  the  particular  values*  that  we  can  be 
assured,  with  cefiaioty,  that  their  doejs '  n6t  exist  others  be- 
tween th^se  Kfdits.  ^ 

By  supposing  successively  a  zz  71^  and  a  =r  71**  15', -we  find 

2T  =0!  y^(2|^  i-S3639;}ra«idflT  =  ^^^(1).  f •136376'; 

whence  we.  see  thkt  the  value  found  above  is  Ies$  than  either 
of  these  two  between  which  it  is  cbmprized. 

VL    QUESTION  416,  l^  Mechanicus. 

m 

If  the  point  of  suspension  of  a  simple  pendulum,  instead  of 
being  fixed,  be  constrained  to  move  along  a  straight  horizontal 
Ihie  with  a  given  uniform  velocity^  it  is  re(|uired  to  assign 
the  nature  of  the  curve  described  by  its  lower  extremity, 
and  determine  the' other  circumstahcfes  of  ici^  motion? 

Solution,  ly  iA,  Dubuat,  /Jrom  the  AnndUs  dc  Mathi^ 

matiques,J 

The  co-ordinates  of  the  moveable  point  of  suspehsidti  beirfg 
x\  tf  and  those  of  the  lower  extremity  x,  y^  the  differential 
equations  of  condition  are,  by  putting/  b  for  the  constant 
velocity  of  the  point  of  suspension^ 

(x'  —  xj  (djK—  d*)  +  iy'  ~  y)  (dy'  —  dy)  =  o, 

Ay'  =  o.    Ax'  =  lit. 
We  have  afeo^  the  equations 

which  are  those  of  the  motion  of  the  pendulum  ;  its  length 
and  its  mass  being  each  taken  zr  1,  its  gravity  rz  g^  and 
the  iftdetetminate  m*  being  the  tension  ot  its  rod.  The 
elimination  of  /a  gives 


(  •^  ) 

Let  <  —  «  3=  aia^t  7^  ~  >  ~  wsf;  if  tie  tnbsdnqle 

these  values  in  g-,,  -g^,  the  preceding   equaUPn  ^QIM» 

^  =  -  ^  .in  ^ 

iecaust.       -^  s:  o  and  -jir  s:  o, 
at  at\ 


the  integral   of  which  is 

(^j    IT  2g  (c  *l-  cos  (p). 

The  constant  c  is  determined  by  the  condition  that  at  iht 
{beginning  of  the  motion,  the  pendulum  it  in  a  vertical  situation, 
and  this  gives  x' — x^io,  sin  9^0,  cos  f  =r  I9  and  cons^uei^tly 

^  —  djf  d^  ,         dx       rw^,  ,  t     •        .  .t_ 

— -t: zz    ~  zz  a  —  T- .    The  angular  velocity  at  the 

origin  of  the  motion,  is  therefore,  equal  to  the  given  velocity  b^ 

dx 

kss  the  velocity  ^   of  the  pendulum  according  to  the  axis 

of  Xy  but   thia  being  nothing,   as  it  is  easy  to  prove  from 

theequalloDf  of  .condition,  it  results  that  the  value  of  Tit  *^ 

the  beginning  of  the  motion  is  reduced  to  h. 
Substituting  this  value  in  the  above  integral,  and  making 

cos  9  =  1,  we  find  c   =  —    —   1,    which   gives    for   the 

differential   equation  between  f  and  /• 

d<p  =  d/ -/2^<~  —  t  +  cos  f  >*, 

an  equation  which  is  also  that  of  the  motion  of  the  simple 
pendiilum  with  a  fixed  centre^  of  which  the  length  is  1,  and 

its  velocity  at  the  lowest  point  ^  • 

Now  let  ^  ^  F  (/)  be  the  expression  of  the  angular  velocity 
in  a  function  of  the  time,  we  have,  becauiie  k  zz  li  and 
/  =   1. 

X  =  li  —  sin  I  F(/)?*  y  =  1  —  cos  J  F  (/)|. 

Such  is  the  general  solution  ;  and  we  shall  now  notice  some 
paiticular  cases. 

1st.  If  £>  =  o  the  radical  is  imaginary,  and  there  is  not 
any  angular  velpcity  or  the*  pendulum  remaitis  at  rest.     But 

▼OL.   V»   PAAT  !•  D 


(    «6    ) 

if  b^  ttitCead  of  htittg  o»  be  very  little  with  regard  t^  g,  the 
variable  cosine  ^  is  always  less  then  unity,  so  that  the  quantity 
uncier  the  radical  it  positive;  sin  (p  is  therefore  always  very 
little  and  the  abscissa  x  differt  very  little  from  the  abscissa 
jr^,  and  the  ordinate  y  very  little  from  unity.  The  pen- 
dulum therefore  rests  very  near  the  vertical. 

find.    If  the  velocity  b  is  such  that  —   s=:  s,  the  difer* 

cntial  equation  between  dip  and  d^  is  integrable^  and  we  have 
the  expression  of  x  and  ^  in  a  function  of  the  time  under  a 
finite  form  without  transcendents, 

3fd.  Lastly,  if  the  vertical  amplitude  of  the  oscillation 
Js  equal  to  radius  or  if  b*  rr  2g  the  equation  between  d^  and 
ii  is  of  the  very  simple  form  d^  zz  dt  ^^(ug  cos  f ) ;  but  this 
It  not  integrable. 

Nov-AKGLUS  answered  this  question. 

VII.    QUESTION  417,  by  Astronomicus. 

.Knowing  the  declination  of  a  star,  and  the  time  of  its  rising 
or  setting  for  any  determinate  place  on  the  globe ;  it  is  requirea 
to  determine  the  correction  which  must  be  made  to  give  the 
time  of  rising  or  setting  for  any  other  place  near  to  the  former. 

Solution,  by  M«  Benjamin  Valz, 
(From  ike  Annates  de  Matkematiques.J 

Let  z  be  the  zenith  distance  of  the  star 
D  its  declination  I  ^"^1*  + 

p  the  height  of  the  pole  or  iu  latitude  {"^^^jl 
H  the  horary  angle    /^^^J^  ^ 

In  the  spherical  triangle  formed  by  the  pole,  the  zenith 
and  the  star,  we  have  by  a  known  formula, 

cos  z  =   tin  D  sin  p  +  cos  P  cos  d  cos  h  ;  (1) 

whence  we  draw 

cos  z 
COS  K  =  —  tan  D  tan  ?  +  •  •  («) 

cos  D  COS  p  ^ 

For  finding  the  change  that  the  variation  of  p  may  occasion- 


(    t;    ) 

in  the  value  of  h,  we  most  differentiate  thi<  equation  relatiTe 
to  those  quantities  considered  as  the  only  variables^.this  givei 

J  dp  t  cosz  sin  P? 

sm  H  cos    p   I  cos  B     y 

but,  as  we  propose  to  make  use  of  this  formula  for  the  epoch 
only  of  the  apparent  rising  and  setting,  an  epoch  in  which  % 
differs  very  little  from  90**',  eos  z  will  differ  very  little  from 
zero,  we  may  therefore  be  permitted  to  suppress  the  second 
term  of  the  binomial  and  consequently  write  simply 

,  dp  tan  D  #  ^ 

dH    =      r s •  fa) 

•Sin  H  cos*  P  "' 

For  simplifying  the  expression,  and  avoiding  at  the  same 
time  the  trouble  of  finding  the  declination,  we  may  substitute 
(or  tan  D  its  value  deduced  from  equation  (t),  supposing  cos 
z  to  be  leit  out ;  that  is  to  say. 


cos  H  ,  . 

tan  »   zz —  ;  (4) 

tanp  '  ,       **' 


we  then  have 


dH  =  —  -: : = : •       (5) 

sm  p  cos  p  tan  h  sin  2P  tan  H  *" 

Such  is  therefore  the  correction  that  must  be  applied  to  the 
rising  and  setting  at  any  given  place,  to  give  the  proper  rising 
and  setting  at  another  place  near  to  the  former.  However 
simple  this  calculation  may  appear,  it  will  still  be  found  trouble* 
some  to  have  to  repeat  the  operation  each  time;  it*  will  there- 
fore be  more  convenient  to  form  a  table  of  corrections,  having 
for  argument  the  declination;  but  the  preceding  formula  is 
not  the  most  commodius  for  this  purpose-  A  more  simple 
way  will  be  to  make  use  of  two  rectilineal  triangles^  that  it 
to  say,  by  neglecting  the  last  term  in  formula  (2).  We 
then  have  ijie  two  equations, 

cos  H  =:  —  tan  d  tan  p,  cos  h'  =  —  tan  D  tan  f^}     (6) 

from  whence  we  draw,  by  the  elimination  of  d, 

,  tan  p'  .  . 

eos  K  =1  cos  H  • ;  {7) 

tan  p  *'' 

a  formula  from  which  it  is  easy  to  draw  the  correction  H^  -->  H 
with  facility^    To  find  the  alteration  which  may  be  occasioned 

9   A 


fey  tbt  iM^leeted  tentn,  we  obtain  by  differentiating  e<{iiation  (i) 
relim?to  H  and  £»  considered  as  the  only  variablesi 

•  ds  sin  z 

"*  Cos  D  co»  p  sin  H  ' 

or  more  simply,  because  z  approaches  very  near  to  go*, 

dz 


AH    rr 
We  have  similarly 


COS  D  COS  P  sin  H 


dn'  r=  .   . ?. 

COS  D  cos  P    81  n  H 

and  dH^  '*-  dn  IS  the  error  of  the  preceding  result. 

Applying  these  formulae  to  the^  horizon  of  Montpellicr, 
which,  by  its  distance  from  Paris,  gives  for  France,  one  of  the 
greatest  reductions,  we  shall  see  that  even  in  this  case  the 
part  which  we  have  neglected  has  very,  little  influence  on  the 
correction  found. 

P,   for  Paris zz  48^  50'  14'^;     log.  tan.  005835 

•^   P^  for  Montpellier  =:    43    36    16;    log,  tan.   y 97883 

,         tan  p'  ^  o , 

log. . ==  9*0aO48 

°     tan   p         ^  ^     T 

,   ,        .  'cos  H  =  —  tan  D  tan  p 

.  ,  tan   p' 

cos  H^  :=  cos  H  . » 

tan    P 

tin   f -:10*05«S5  tan  P «.  10-05835 

tan.  dfccl.  sun  =  9-63761  25^   28*  tan  dec!,  moon  ^979927    28*   45' 

—  co«  H  =s  969596  U9^  46'  -.^  cos  H     »9-79762    1«8» 4«' 

!^^   m.  9-9SP4>  i^  =^9-92048 

tan  P  tan  P 

—  cos  H*  «  9  61644  114^\2S'  —    cos    H*  <»=9-718TO    121^  SO 

H'— H  =  5«  '21  H'— H  =    7^  tZ 

A  ~  ^'^  ^^"^A^  ^  «  0*^  29m,  5 

dH.        ^'l      ^.dH.  "^ 


COS  D  COS  P  sin  H  '  cos  D  cos  P  sin  H'  * 

dX«B(S50*:  1  51851  l-5l861dZ5=-24'=:  1  38021  1S8021 

C.  cos  D«=  0  03749  0  03749  C  .cos  D=  0-05714  005714 

C  .  cos  P  -s  018158C .  cosP'  -»  0 14019  C  . cosP  =  0  18158  C.  ros  P'l*  01401^ 
C  .  sin  H  B  006145  C  .8inH'«!004069  C  .sin  H=  010868  0  .,sinH'  cs  006923 

4Hb 

62',95»l-79903dH'=$4',56«:l-73688dH=:-53^,41a^l72761dH'«44',S3=l  64677 
dH'^dH«:^0o8',40  dH'— dH«  +  0'9r»08 


For  the^sun  dz  is  pofitive»  and  equal  to  the  horizontal  retrae* 
tion  (33M;  but  for  the  moop  this  term  becomes  negative  and 
equal  to  (24'),  the  difference  between  the  refraction  and  the 
mean  horizontal  parallax  (57^)*  We  have  chosen  the  greatest 
declinations  of  the  sun  and  of  the  moon,  because  the  corrections 
are  then  < the  greatest,  and  we  then  see  that  (even  in  this  extreme 
case)  the  term  neglected  alters  the  results  only  by  half  a  minute 
of  time.  It  will  be  proper  however  to  take  in  this  term  wheii 
the  declination  exceeds  30^*  This  formula  will  be  found  in- 
sufficient if  the  declination  be  nearly  equal  to  the  c:>mplement 
of  the  height  of  the  pole.  In  this  case  we  must  have  recourse 
to  finite  diflTerences,  if  it  is  worth  the  trouble^  but  the  direct 
calculation  appears  then  to  be  the  shorter. 

.  We  shall  now  calculate  the  change  of  parallaxes  and  of 
declination  and  of  right  ascension,  which  may  have  taken  pUcc 
between  the  two  settings  and  the  two  risings* 

It  is 'easy  to  be  assured  that  the  two  first  give  a  difiereiiOl 
absolutely  insensible.  The  change  of  declination^  for  the 
moon,  has  an  influence  of  only  o^*oj  of  time  and  may  therefore 
be  neglected.  We  shall  now  examine  that  ot  the  right  ascension. 
Let  L  be  the  hour  of  setting  of  the  moon,  c  the  correction  to 
be  applied,  and  d  the  difference  of  the  terrestrial  meridians* 
we  have. 


[(right  ascen.  moon-right  ascen.  sun)  to  epoch  t]  =:H, 

L+r-[(right  ascen. moon-right  ascen.  sun}to  epoch  [  L+c-d?)]  zz  h\ 

c=z  h' —  H  +  d  (right  ascen.  moon  —  right  ascen.  sun)  (c—</). 

For  reducing  these  formulae  to  tables,  it  will  be  best  to 
empk>y  the  mean  motion  oi  the  moon  relative  to  the  ecliptic, 
by  considering  this  circle  as  the  mean  plane  of  motion  of  this 
star  with  respect  to  the  equator ;  and  making  again  the  reduc- 
tion to  this  last  circle.  For  effecting  this,  the  right-angled 
sphericaJ  triangle  gives»  by  making  ^  .  =:  the  obliquity  oi  the 
ecliptic  and  i  =.  the  longitude,  the  two  equatioi^s 

tan  (right  ascen.)  zzz  cos  s  tan  /,     cos  f  :r  cos  (right  ascen.)  cos  D» 

Differentiating  the  first  and  substituting  again  the  value  ot 
cos  (right  ascen.)  taken  in  the  second,  we  have 

J  ,  .  ,  ^  ^      d/ .  cos  6  cos*  (right  ascen.)  d/  cos  e 

d  (right  ascen.)  ;;: , \r^ n—i    -s        -r — • 

^  ^^  ^  cos  I  cos*  p 

Or^  reckoning  simply  the  mean  motions  on  the  equator  only, 
we  have 

_^  _  ..        ,         .       r  of  the  moon  =:  ia**»  t76 

loean  diamal  motion  |  ^j  ^^  ^^  _   ^^^  /gg 


diiFerence   or  relative  motion  of  the  moon  is*,   190 
that  which  is  made  in   a  minute  of  time     q\  j;o8» 

Therefore    r  =  dH  +  o^  508  — ^^^^^^ —  • 

We  may  easily  see  that  these  corrections  are  not  the  same 
for  the  south  declination  as  for  the  norths  the  greatest  difference 
being  about  two  minutes  of  time. 

NoY-ANGLUS  also  scnt  a  solution* 

VIII.    QUESTION  418,  by  Edinburgensis. 

An  obelisk  of  a  given  height*  stands  on  an  inclined  plane 
given  by  position:  What  is  the  locus  of  that  point  on  the 
plane  at  which  a  statue  of  a  given  height  on  the  top  of  the 
<>belisk  subtends  a  given  angle  ? 


First  Solution,  by  Mr.  Lowrt^ 

Let  AB  represent  the  obelisk,  bc  the  statue  at  the  top  of  it, 
and  AKK^  a  straight  line  drawn 
from  the  foot  of  the  obelisk,  in 
any  direction,  on  the  given 
inclined  plane :  And  first,  let 
it  be  required  to  find  the  points  - 
k  and  yJ  in  the  line  akk.^ 
where  the  statue  would  be  seen 


under  a  given  angle  ^.     If  we 

conceive  a  segmewof  a  circle 

to  be  described  on  bc  to  contain 

the  given  angle,  it  is  evident 

that  this  circle  will  intersect 

ak'   in  the   points   required. 

Let  o  be  its  centre^  and  join 

pc,   OK,    OK^    ao,  bk,   ck, 

and  draw  on  and  oh  perpendicular  to  OB  and  ak^  ;  then  bq 

and  ilyJ  will  evidently  be  bisected  in  D  and  h. 

Put     0  =  CD  =:  half  the  height  of  the  statue  | 
I  zz  AB,  the  height  of  the  obelisk  ; 

then     CO  =  OK  =  ok^  =  - 


am«F 


OP  s:.  n  cot  « 


(  »o 

AO  =  1^  |(«  +  *)•  +  tf^  cot*  a,  ^ 

a 
tan  CAO    =  — r—.  cot  «• 

tf  +  * 

For  simplyfying  the  expressions  which  are  to  follow,  put 
r  :=  CO,  r^  zz  ao,  /3  :=    Z.  cao  or  angle  whose  tangent  it 

,  cot  «^  and  ^  =:  the  angle  cak  ; 
then, 

OAK  ZZ  ^  —  j8 

OH  =:   r'  sin  [p  —  0) 
AH  s  r'  cos  (f  — 13) 
XH  =  hk'  =  ^  {H  —  /•  sin*  ((p  —  /S)^ 
snd,  therefore,  since 

AH  :=:  AH  -«  HK 

and 

AKf  =:  AH  +  HK, 

wchave 

AK  zrr'cosfip— /3)— y/Jr*  — r^sin*{$— ^)J     (i) 

AK'.=  r'cosCip— /S)  +y/Jr»  — r'*8in*((p  — ^)5.   (a) 

When  the  line  ak^  touches  the  circle,  the  part  under  the 
ndical  vanishes,  and  we  have 

AK   =  AK'  =  V  cos  ((p  —  /3). 

It  is  evident  from  the  above  equations  (i,  2)  that  there  are 
two  distinct  curves  that  will  answer  the  question,  and  that  the 
distance  between  them,  reckoned  on  ak%  is 

=:ay/Jr'  — f^*sin*(^-^)|. 

From  these  expressions  we  can  also  find  as  many  points  in 
the  curves  as  we  please,  for  if  we  draw  any  line  A K  on  the  plane, 
and  measure  the  angle  cak,  we  shall  obtain,  by  calculation, 
the  values  of  AK  and  ak',  corresponding  to  that  position  of  ak^ 
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Or  we  may  caiily  determkie  the  v^ilues  of  thege  lines  by  con- 
struction, by  drawing  ak'^  to  intersect  the  circle  and  make  with 
AC  the  proper  angle.  A  distinct  notion  of  the  forms  of  the 
curves  may  be  obtained  by  supposing  the  circular  segment 
CBKK''  to  revolve  round  the  line  BC  ;  for  the  intersection  of 
this  circle  with  the  plane  will  evidently  trace  out  the  two  curves 
fti  ibat  plane.  When  the  circle  touches  the  plane  at  the  lowest 
point,  the  curves  will  touch  each  other  at  that  point;  but  if 
the  given  angle  be  so  large  that  the  circle  ceases  to  touch  the 
plane,  before  it  comes  to  the  lowest  point,  the  curves  will  mce^ 
or  rather  approach  indefinitely  near  to  each  other  in  twQ  points, 
and  there  is  then  no  part  of  the  plane  below  these  points,  where 
the  statue  can  be  seen  under  the  given  angle. 

In  the  case  when  the  plane  x$  horizontal,  9  is  a  right  angle, 
and  the  values  of  ak  and  AK^'in  equations  (1)  (2)  become 

r'^infi  —  V(r«  —  V*  cos*  p)  (3) 

and 

/  sin  /S  +  v^(r*  —  r^*  cos*  0)  (4) 

which,  being  constant  quantities,  indicate  that  the  curves  are 
in  this  case  circles;  and  the  distance  between  them  is  then 
2^{r*  —  ^^  cos*  /3),      When    |his    distance    vanishes    or 

T  A 

COS  fi  =:   -  =:   ■ — — ^    J  ,     the 

^  sin  a  ^  ^(a  +   tf.    +    a*  cot*  /3 J 

circles  coincide,  and  the  statue  is  then  seen  under  the  greatest 
angle  possible. 

So  far  we  have  only  obtained  the  equation  of  the  curve  in 
terms  of  ai/  and  the  angle  which  that  line  makes  with  the 
vertical  AC;  but  to  find  the  equation  in  terms  of  Ai;^  and  an 
angle  in  the  given  plane,  let  am  be  the  intersection  of  the 
given  plane  and  the  horizontal  plane  that' passes  through  a.  Let 
KE  be  perpendicular  to  the  latter  plane,  and  kf  prependicular 
to  AM  ;  then  £f  will  also  be  perpendicular  to  am,  and  the  angle 
£FK  will  be  the  inclination  of  the  given  plane  to  the  horizon. 
Put  y  =  this  angle,  d  .=:  angle  kaf  andx  1=  ak;  then,  toind 
the  relation  between  z  and  6,  we  have« 


z  sin  6  =:  KK  = 


K  E       ^     Z  cos  p 


Sill  y  Sin  y 

whence 

cos  p  zz  sin  y  sin  0 

s\n  if  zz  v'(i  — *  sitf  y  sin*  B) 


^' 


+ 
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COS  (f~0)zz  sin  y  sin  0  cos  ^  +  sm  /S  \/{t  —  sin*  y  sih*  0) 
sin  ((p  —  /3>  z=  cos  /3  y'fi  ~  sin'  y  sin*  d)  —  sin  y  sin  d  sin  fi 
and  substituting  these  values  in  equations  (i),  (b),  we  get, 

2  =  r^  ^  sin  7  cos  /3  sin  0  +  sin  ^  >/(i  —  sin*  y  sin*  0)  I     {§) 

s/  \  r'—r^'[ cos  /3^(i  —  sin*  y  sin*  0)  —  sin  y  sin  08in  ^]*| 

which  equation  exhibits  the  value  of  %  in  terms  of  0  and  knoWil 
quantities. 
When  0  zz  o,  we  have 

2  r=  r'  sin  /3  ^  /(r*  —  r^  cos»  /S) 

agreeing,  as  it  ought  to  do,  with  the  expressions  (3)  and  (4) ; 
and  these  two  values  of  z  give  the  points  where  the  curves  cut 
the  horizontal  line  am.  It  is  evident  from  equation  (6)=thit 
the  curve  is  a  line  of  the  fourth  order. 

Second  Solution,  by  the  Proposer. 

Let  BC  be  the  obelisk,  ABthe  statue,  dce  the  inclined  plane, 
E  a  point  in  the  locus.  The  angle 
AEB  is  by  hypothesis  given  in 
magnitude.  Bisect  ab  in  o  ;  join 
Eo,  and  draw  ef  perpendicular  to 
AC.    In  the  triangle.AEB,  we  have 

AE  X  £B  X  sin  £  zi  twice  area  = 

2AO  X  ef: 

But     2  AE     X     EB     X    cos   B     = 
AE«  +  EB*—  AB*  z:  a(0E«  —  AO*). 

Hence,  dividing  the  sides  of  the 

former  equation  by  the  sides  of  the  latter,  each  by  each»  wc 
obtain  ^ 


tan  £  = 


2AO    X'  EF 


OE*  —  AO*' 

or  tan  £  (oe*  —  ao*)  =  cao  x  ef. 

Pot  the  given  lines  co  zr  A,  and  AO  =  a\  the  variable  line 
CK  ~  r ;  the  given  angles  aeb  ::;=  e,  arid  ACD  n  a,  (ACD  being 
supposed  the  angle  which  AC  makes  with  the  giveii  plane  dce,) — . 
Also  put  the  variable  angles  ace  zz  0,  and  dce  zz  (p.  Then 
We  have 

OE*  =z  A*  f  r«  —  fiAr  cos   , 

Of;*  ~  OA*  =  A*  —  ^'  —  2hr  cos  0  +  r*, 

and  CF  =  r  sin  0* 
Vol.  v.  fart  i.  e 
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Therefore,  by  substitution,  we  obtain 

tan  6  (A*  —  fl*  +  r*  —  2ri  cos  6)  =  2ar  sin  d : 

But  by  spherical  trigonometry  cos  6  =r  cos  a  cos  f , 

and  therefore,  sin  6  =  v^(i  —  cos*  «  cos*  9), 

Hence,  substituting,  and  squaring  both  tides  of  the  equation, 
we  have 

tan*  E  (A*— o*+r* — 2krcos  a.  cos  ({))'  =:  4aV(i — cos*  a  cos' (p). 
Draw  EH  perpendicular  to  CD  5  make  ch  =  ;r,  eh  =:  ^, 
then 

f *  =2  af*  +  y*,  and  r  cos  ^  zz  x. 

The  preceding  equation  therefore  becomes, 

t*n»8  (**  -  «*+**+  y*—  2A«cos  flp)'  =  ^a\ix*  +  y^—x*  cos* a). 

If  'the  plane  be  supposed  horizontal,  so  that  the  angle  a  be* 
comes  a  right  angle,  then  cos  a  =  o,  and  the  equation  becomes 

tan«  6  (A-  —  a'  4-  «•  +  /)*  =  4a'  (**  +  y'); 
or,  putting  r*  for  *'  +  y%  and  resolving  the  equation,  we  find 

tan  €  r      ^tan   e-  ''^ 

Hence  it  appears  that  when  a  is  a  right  angle,  the  locus  re- 
quired is  a  circle  whose  radius  is  determined  by  the  above 
formula. 

Nov«ANGLUS  likewise  sent  a  solution  to  this  question. 

IX.    QUESTION  419,  hy  Palaba. 

The  distance  of  the  centre  of  gravity  of  the  surface  of  a 
certain  solid  from -the  vertex  is  equal  to  half  the  abscissa ;  detef'- 
mine  the  nature  of  the  curve  by  the  revolution  of  which  round 
its  axis  the  surface  was  generated. 

FiKiT  Solution,  hy  Palaba,  the  Proposer. 

* 

By  the  question  y-^  =1  - ;  a?  and  y  being  the  co-prdinateg 
and  %  the  corresponding  arc. 

•••  J  yxz  zz  —  fyz  %  take  the  fluxion. 
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lake  the  fluxion  again,  making  i  constant 

•• 

.••  yx%  +  ^;rz  =o,  oxy  z  +  ^i  c=  o,  •••  y%  =  ci, 
or  >V(*'  +i')  =  «  .-.  >V  +  y^'  =  c*x» 

.-.  ((/  -  ;r)'  =  £:•  -  /  and>r»+  (c^  -  *)»  =:  c«; 
and  therefore  the  curve  is  a  circle* 

Second  Solution,  by  Nov-anglus.  « 

Let  the  cjuestion  be  generalized  by  supposing  that  the  centre 
of  gravity  is  required  to  divide  the  axis  in  any  constant  ratio. 
The  general  expression  for  the  distance  from  the  vertex,  of  the 

centre  of  gravity  of  a  superficies  is  -^U— .     An  obvious  me- 
thod of  making  ^-^-J-^  constant  is  to  assume  yz  zz  ax  &•    By 

tubstituting  and  taking  the  fluents,  (which  need  no  correction 
if  the  superficies  and  abscissa  be  supposed  to  begin  together,) 

~^  =    — -r-T- ,  and  the  distance  of  the  centre  of  gravity  from 

ft  I  ■  1 
the  vertex  is   z= — : —  x.    In  order  therefore  to  make  this  dig* 

tance  to  the  whole  abscissa  in  any  given  ratio  m:    i,  take 

n  zz  HI—  y  and  the  differential  equation  of  the  curve  will 

1  —  Tfl, 

n 

be  >  \/(x*  +  y*)  =  ax  x.     In  several  cases  the  relation  of  the 
fluents  may  be  expressed  in  finite  terms. 

1.  When  n  =  1,  the  equation  becomes  y  V(A*  +/*)  =  «^^» 
and  belongs  to  a  triangU^  in  which  the  ordinate  vanishes  with 
the  abscissa,  and  in  which  a  is  =  secant  x  tangent  of  the  angle 
inade  by  the  base  and  hypothenuse.  The  generated  superficies 
is  that  of  a  cone  and  the  distance  of  the  centre  of^  gravity 

ft  "t-  1 

2.  When  «  z:  o, becomes  =   },  and  is  the  case 

proposed.    Here  the  differential  equation  is  y\/(i*+i*)  =  «*i 

X  St 
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uid  belongs  to  a  circular  arc  to  radius  =  a.  But  as  there  is 
nothing  which  requires  y  to  vanish  when  x  and  the  superficies 
become  ~  o,  the  superficies  required  may  be  either  a  whole 
sphere^  or  any  part  of  one  contained  between  two  parallel  planes. 

X.    QUESTION  420,  by  Proteus. 

It  IS  required  to  inscribe  a  triapgle  in  a  given  circle,  such, 
that  the  ratip  of  two  of  its  sides  shall  be  given,  and  the  r-ectangle 
of  the  segments  of  the  other  side,  maie  by  a  perpendicular, 
from  the  opposite  angle^  shall  be  the  greatest  possible. 


Solution,  by  Mr.  Lowry. 

Let  ACB  be  the  triangle  required,  cr  the  diameter  of  the  cir- 
cumscribing circle  and 
o  its  centre.  Draw  bd 
perpendicular  to  cf,  and 
produce  it  to  meet  AC 
in  E,  and  the  circle  in 
K  :  join  CK,  AF  and  bo, 
ajid  draw  cp  perpen. 
dicular  to  AB,.  and  EH 
parallel  to  af. 

Because  bdk  is  per- 
pendicular to  OF,  the 
angles  cbe,  cab  are 
equal  to  one  another, 
each  being  equal  to  the 
angle  ckb;  wherefore 
the  triangles  ach  and 
BC£  are  similar,  and 
AC  :  CB  : :  CB  :  ec, 
or  AC  is  to  EC  in  the 
duplicate    ratio   of    the 

sides;  but  AC  :  EC  ::  cF  :  CH,  therefore  cf  is  to  ch  in  the 
duplicate  ratio  of  the  sides;  and  consequently  ch  is  a  given 
line. 

Again,  the  right-angled  triangles  apc,   bdcTT  and  also  bpc, 
EDC  are  similar;  wherefore,  by  alternation, 

Ap  :  BD  ::  AC 

PB  :  D£  : :  bc 

and       Ap.PB  :  bd. ds  ::  ac  :  ec. 


:  BC 
:  EC 


»• 
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a  given  ratio  ;  therefore  when  ap.pb  is  a  maximum,  bd.de  is 
also  a  maximum.  Moreover,  because  hec  is  a  right  angle, 
the  point  e  will  be  in  a  semicircle  described  on  the  given  fine 
CH ;  we  have  therefore  only  to  draw  be  at  right  angles  to  cf, 
10  that  the  points  »,  e  may  be  in  the  semicircles  ceh,  cbf]| 
and  the  rectangle  ed.db  a  maximum. 

At  E  and  b  draw  the  tangents  em  and  bn  to  meet  fn  in 
M  and  N;  then  ED.  db  will  be  a  maximum  when  mn  is 
bisected  in  d,  for  it  will  evidently  be  greater  than  the  rectangle 
ot  the  segments  of  any  other  line  parallel  to  eb  and  terminating 
in  the  tangents,  therefore,  much  more  will  it  be  greater  than  the 
rectangle  of  the  segments  terminating  in  the  circles  which  are 
wholly  included  between  the  tangents. 

Let  G  be  the  centre  of  the  circle  ceh  and  join  eg.  By 
the  properties  oi  the  circle  and  right-angled  triangle 

DG  •  UU   z:  ED*  Zi  CD  .  DH, 
D6  .   DK   =    DB*  ZZ  CI>  •  0F, 

therefore,  because  dn  zr   dm, 

DO   •    DF   =1    DO    •    DH. 

t 

Whence  this  <:onstruction : 

Take  cf  to  cii  in  the  duplicate  ratio  of  the  sides,  and  upon 
CF  and  CH  as  diameters  describe  the  circles  afbc  and  ceh. 
Bisect  CF  andcH  in  o  and  c,  and,  by  Prok  IV.  ef  LawsofCs 
Determinate  Section^  find  the  point  d,  so  that  dg.  dfzido.dh* 
through  D  draw  db  perpendicular  to  cf;  join  bc,  and  draw 
CEA  to  mept  the  circumscribing  circle  in  a,  then  acb  is  the 
triangle  required,  as  is  evident  from  the  Analysis. 

It  may  be  proper  to  remark  that  this  solution  is  not  materialiy 
different  in  principle,  from  some  other  solutions  that  have  been 
given  to  this  question  in  another  place* 

Expressions  for  the  sides  and  perpendicular  of  the  required 
triangle,  in  terras  of  the  given  quantities,  may  easily  be  obtained 
from  the  preceding  analysis. 

For  if  d  be  put  zz  cf  the  given  diameter,  r  zz  CH,  atob  the 
given  ratio  of  ac  to  gb,  then 


therefore,  because 


DG 

Zl 

CD 

r 

■•■■  «•» 

2 

■ 

DO 

~ 

if 

2 

CD 

DH 

:r 

r 

—  CD 

« 

Df 

=: 

d 

—  CD 

DG  • 

DF 

m^^ 

DO  .  D 

H, 
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This  it «  very  elegant  and  remarkable  property  of  ilie  triangle 
required,  and  ironi  it  we  can  easily  deduce  the  values  of  the 
angles. 


tan' 

B  =:  ■ 

i  -  Bin^  B 

tan' 

A     = 

sin*  A 

I  —  sin'  A 

si 

In'  B 

.           sin^A 

therefore  ,      _^  _ 

1  —  sin  B  1  —  sin'  A 

and,  by  reduction, 

3  sin*  B  +  3  sin'  a  —  4  sin*  a  sin'  A  =  b. 

But  sin  A  =    -  sin  B,  therefore  by  substitution,  the  above 

equation  becomes 

«'  f   i'       .  .  o'       .  . 

3  .   — ri  ■  -■  .  Sin'  A  —  4  .  ji  .  sin*  A  =  8, 

and  by  completing  the  square. 

sin  A  =  *  /  3('''  +  ^')  +  y'lg"*  -  '4"*^'  +  9^*) 
whence 

si!iB=  .  /  3'"'  +  ft')  +  ^(9"*  -  t4<"^'  +  9**) 

Second  Solution,  iy  the  Proposer. 

Let  ACN  represent  the  required  triangle,  then  cp,  the  diameter 
of  the  circumscribing  circle  is 
given  by  the  question.  Let  ac 
and  CN  be  the  two  sides  which 
have  the  given  ratio ;  then  per 
similar  triangles  cap,  cnl  ; 
CA  :  CN  ::  CP  :  CL  a  given 
ratio  by  the  question ;  Wtiere- 
fore  CL  is  given,  and  by  an,  3, 
page  117,  part  s  oi  the  4th  vol.' 
of  the  Repository,  cl  X  cm 
=  CP',  whence  cm  Becomes 
Known  ;  and  therefore  c,  L  and 
M  are  three  given  points  in  the 
same  straight  line, 

Kow  CP  being  a  diameter  of  the  ch-cumscribing  circle,  ai 
before  adverted  to,  its  periphery  will  pasi  through  the  point. 
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c,  ▲,  p»  /,  N,  because  cap»  c/p,  and  cnp  are  right  angles. 
Therefore  by  the  known  property  of  the  circle  C(j  >c  ft/  =  A(j  X 
gN  z:  the  rectangle  of  the  segments  of  the  base  A(j  and  QH* 
But  by  art.  lo,  page  119,  part  ii.  vol.  iv.  of  the  Repository^ 

^f=i    QL    X    QM. 

Now  take  Qf  at  right  angles  to  CQ,  and  such,  that  (j/^«  =:  ql  X 

QM,  then  the  locus  of  /'  will  be  an 

equilateral  hyperbola  whose  principal 

axis    is    LM   (see    Emerson's    Conic 

Sections,  prop.  6,  Hyperbola).  To  the 

principal  transverse  axis   LM  describe 

the  equilateral  hyperbola   Lt^z ;    and 

lappose  the  line  Yt^x  drawn  to  touch 

the  curve  in  t\  and  terminate  in  the 

Knes  CM,  cz  in  y  and  x.     When  the 

rectengle  CQ  X  q/  z:  cq   x    Q^  = 

Ap  X  QN  is  a  maximum,  the  line  YX 

will  be  bisected  at  the  point  of  contact 

f ,  and  therefore  CQ   =r   qy^  (seethe, 

icholium  to  theorem  8,  Simpson  on  the  max.  ct  min. 

Let  o  be  the  middle  of  lm,  or  the  centre  ot  the  hyperbola, 
then  by  prop.  15,  Emerson  on  the  hyperbola,  OY  X  Ofts:  ox' ; 

^        a.  a        • 


o 


OQ  =  OY  +  Yft  =:   OY   + 


OC  —  OY 
2 


OY  +  OC 


therefore 


OY  +  OC  , 

OY   X   OQ  =  aY    X  ■  =  OL*. 


or,  OY  X  (OY  +  OC)  =2  >c  OL*,  which  determines  the  point 
Y;  and  q  is  the  middle  of  YCyand  therefore. CQ  or  the  perpen* 
dicular  of  the  triangle  acn  becomes  known,  whence  the  problepi 
may  be  easily  constructed. 


XL    QUESTION  42 1»  by  Scandinianus. 


Suppose  two  straight  lines  jand  a  point  without  them  to  be  given 
by  position;  two  points,  given  by  position,  may  be  found,  such, 
that  if  any  two  parallels  be  drawn  through  them,  to  meet  the 
lioes  given  by  position /  one  of  the  diagonals  of  the  trapezium 
thus  formed  shall  pass  through  the  other  given  point. 

V«L.  V.  PAKT  I.  f 
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Solution,  by  Mr.  Lowrt. 

Lcit  AE  and  AP  be  the  straight  lines  given  by  position,  P  the 
^ven  point,  q  and  r  the  points 
which  are  to  be  found,  such, 
that  if  any  two  parallels  (Jc, 
RB  be  draWii  through  them  to 
meet  Xf  and  A£  in  the  points 
c,  n>  B  and  D,  the  diagonal  bc 
of  the  trapezium  chbd,  thus 
formed,  shall  pass  through  the 
given  point  p. 

To  determine  the  position  of  the  points  q,  r,  let  us  consider 
the  extreme  cases,  namely,  when  b  and  c  coincide  with  a,  and 
when  they  are  at  an  infinite  (^stance  from  that  point. 

When  RB  coincides  with  ra,  qc  must  coincide  with  ^a,  for 
if  it  meet  af  in  any  other  point  c^  the  points  a,  c'  and  p  would 
not  be  in  a  straight  line,  which  is  contrary  to  the  hypothesis. 
The  points  a,  r  and  q  must  therefore  be  in  a  straight  line. 
Again,  when  rb  is  parallel  to  ae,  let  qc,  which  is  then  also 
parallel  to  ae,  meet  af  in  c^';  the  point  b  being,  then  at  an 
infinite  distance  from  a,  the  line  c^^'p,  must,  to  agree  with  the 
hypothesis,  be  parallel  to  ae  ;  therefore  the  points  c",  p  and  (j 
are  in  a  straight  line,  or  pq  is  parallel  to  ae.  In  the  same 
manner,  by  supposing  QCto  be  parallel  to  af,  it  appears  that  f& 
is  parallel  to  af.  Therefore,  if  .through  the  given  point  p,  two 
straight  lines  be  drawn  parallel  to  the  given  lines,  and  any  straight 
line  be  drawn  through  a,  to  meet  them  in  a  and  Q,  these  points 
vill  satisfy  the  conditions  of  the  question.  These  points^ 
however,  have  been  found  by  tracing  the  law  of  continuity  ' 
only,  in  the  extreme  cases  when  ab  and  AC  were  nothing,  or 
infinite*  It  remains,  therefore,  to  prove  that  the  points  b,  C 
and  p  are  in  a  straight  line  for  every  position  of  the  parallels 
ftO,  RB, 

Let  QC  meet  pr  in  k  ;  then  by  reason  of  the  parallels  br,  hq, 

BR  :    DR  ==  CK  ::  HQ  :  cq, 
but  (Euc.  vi.  a.)    H<j  :  cij  ::  ac'^  :  cc'^  ::  rp  :  pk; 
therefore,  by  equality  of  ratios, 

BR  :  CK  : :  rp  :  KP : 

consequently  the  points  fi,  c  and  p  are  in  a  straight  line. 

This  porism  may  be  supposed  to  Imve  been  discovered  in 
resolving  the  following  problem,  viz# 
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^*Q  and  R  are  .two  given  poiots,  aad  AE,  Af  two  straight 
lines    given    by 
position.      It    is  E     B A  H        H  €^ 

required  to  draw 

through  Q  and  a, 

two  parallels,  qc 

snd  RB»  to   ter* 

jBinate     in     the 

given  lines  in  c 

and  B,  so  that  the 

line  BC  may  pass 

through    a  given 

point    p."     This 

problem  may  be  resolved  either  geometrically  or  algebraically,  and 

It  will  be  found,  in  both  ways,  that  in  general,  it  admits  of  two 

solutions,  but  that  when  the  given  points  have  a  certain  position, 

it  becomes  indeterminate  or  admits  of  an  indefinite  number  of 

solutions.     I  shall  give  the  algebraical  investigation  her^,  in 

preference  to  the  geometrical,  because  there  are  qot  many  ex^ 

amples  in  any  of  our  books  in  which  algebra  is  applied  tp  thf 

discovery  of  porisms. 

From  the  points  p,  r  and  Q  draw  po,  RH,  QG  parallel  to  AF» 
meeting  a£  produced  in  i>,  H  and  Q  ;  also  draw  AH  p^r^U^l  %9 
QC  or  RR,  meeting  rh  in  n.' 

Put  AD  zz  a,     PD  =  /3. 

AH  ~  a,      RH  =  6, 

AG  =:  a\     QG  =  b\ 
aad  GK  =  ^; 

then  because  of  the  parallels  and  the  similar  triangles  akh*  AK9 ; 

ax 


and 


AC .=•  b'  ^Xt  HN  =  -7* 

,      ax         a'ly  —  ax 

RN=:# ;•    =    -f \* 

a'  at      ' 


Again,  because      nh  :  ah  ::  rn  :  A9» 

ax  a'h  —  ax 

or  — 7  :  a  : :  — ^—i —  :  A3 ; 


AB  IS  = 


a' 
afb  —  ax 

X 


But,  the  points  b,  c,  and  p  being  in  a  straight  line^  the 
triangles  bag,  bop  are  equiangular;  therefore    . 


afb--*ax  .  », 


•  * 


afb  —  ax 


•   +  «  }  i3> 


F    % 
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or  (tf'l  —  ax)  /J  =  (y—x)  [afb—ax  +  ax), 

and,  by  reductiont 

(«—«)«*  +  {Vx-^afh  —  Va  +  afi)  x  +  ha'V—^ba'  zz  o. 

This  equation  being  resolved,  we  shall  have  two  values  of  jr 
that  will  answer  the  question.  But  to  find,  whether  there  is.  a 
porismatic  case  or  not,  or,  under  what  circumstances  the  problem 
oecomes  indeterminate^  we  must  consider  that  in  that  case  x 
will  be  indeterminate.  Now,  x  will  evidently  be  indeterminate 
in  the  above  equattbui  when  the  following  conditions  are  tut* 
filled,  viz* 

dL  —  »  ZZ  Of 

Vat  —  all  —  Va  +  tf j3  =:  o. 

WV  —  ^hJ  =  o. 

Trom  the  first  condition,  we  have  azz  «or  adttah,  which 
*  shews  that  the  point  r  is  in  the  straight  line  pd.  From  the 
third  we  have  ^^  =  i8  or  qg  =:  pd,  which  shews  that  the  point 
Q  is  in  the  straight  line  qp  parallel  to  ae.  Again,  from  the 
second  condition,  puttings  :=  olzsAV 'ssl&s  we  have^a  zna'h^ 
or  AH  :  HR  : :  AG  :  gq,  which  shews  that  the  points  a,'  r 
and  Q  su'e  in  a  straight  line. 

Second  Solution,  hy  M.  Schumacher,  of  the  Universiiy 
of  Copenhagen,  (from  the  Annates  de  MathematiquesJ. 

Let  c  and  C^  be  two  sides  of  the  angle,  s  its  summit,  o  the 
given  point,  ?  and  p^  the  two  points  sought,  d  and  d""  the  two 
parallels  drawn  respectively  through  these  points,  and  lastly  k 
and  K^  their  respective  intersections  with  c  and  c^  it  is  required 
to  determine  the  points  p  aud  p^  such,  that  in  whatever  common 
direction  the  two  parallels  be  drawn,  the  point  o  may  be  always 
in  a  straight  line  with  the  points  k  and  k  • 

Let  the  summit  s  of  the  given  angle  be  taken  for  the  origin 
of  the  co-ordinates,  its  side  .c  for  the  axis  of  x  and  its  side  c^ 
for  the  axis  of  y. 

Designate  the  ordinates 

of  the  given  point  o  by  a,    $^ 

of  the  point  sought  p  by  x',  y\ 

of  the  point  sought  p'  by  x"',  y\ 

The  equations  of  the  two  arbitrary  parallels  d  and  i>\  drawn 
through  p  and  p^  are  of  the  form 
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y  — y  =  N  (*  —  «0       y  — y  =  N  (4f  —  Jr'O 

where  N  remains  indeterminate. 
We  find  from  this,  for  the  co-ordinates 

of  K ,  N^  — y,        o ; 

ofK' o,       y  —  N;r^^ 

The  equation  of  condition,  for  three  points  (A-^y),  {^\y% 
{x'^\  y"^)  in  a  straight  line  being, 

^  (/'  —  j^'O  +  ^'  if'—y)  +  ^"'  (y  — /O =0, 

it  gives  when  applied  to  the  points  o,  K^  vJ 

whence 

an  equation^  which,  by  reason  of  n  being  Indeterminate,  may  be 
parted  into  the  three  following^ 

*'Mx'-a)=o,    /(y-iS)=o, 

y''  (;r'  —  «)   +  J^y  ~j3;t^  =0; 

the  problem  is  therefore  indeterminate,  since  it  furnishes  threo 
equations  only  between  the  four  co-ordinates  x\y\x^\  y*\  of 
the  two  points  sought  p  and  p'. 

The  two  first  equations  cannot  be  satisfied,  unless  by  one  of 
the  four  systems  of  value 

ix''  =  o,      Cx"  =  o.      ix'  =  a      ix'  =  a   ' 

h'  =  o,    (y''  =  A     (y'  =  o    i/'  =  e. 

Of  these  four  systems,  it  is  only  the  first  and  the  last  that  can 
agree  with  the  third  equation.  t 

The  first,  which  expresses  that  the  point  p  is  on  the  axis  of  x 
and  the  point  P^  on  the  axis  of^,  changes  the  third  equation  to 
*'(y'^— /3)  -r'*y^=i  o ;  which  shews  that  the  two  points  p  and  p' 
are  in  a  straight  line  with  the  point  o  ;  also,  ;n  this  manner, 
the  points  sought  are  the  intersections  of  th^  two  sides  of  the 
angle  with  a  straight  line  drawn  in  any  manner  whatever,  through 
the  given  point. 

In  the  last  systcmi  which  expresses  that  the  points  sought  axe 


{    4«    ) 

on  the  pafalheU  to  the  t¥^  axes  wfakk  ptss  througk  o,  it  reduces 
the  third  equation  to 

j^/y -, /3;c' =  o,    or    «V— -yVrro, 

which  shews  that  the  points  P  and  p'  are  in  a  straight  line  with 
tbe  origin  s;  and  shews  that  in  this  second  case,  the  points 
sought  are  the  intersections  of  a  straight  line  drawn,  in  any 
manner,  through  the  summit  of  the  given  angle  with  the  lines 
drawn  through  the  given  point  paralleitd  the  sides  of  that  angle. 

It  was  answered  by  Noy«ANGLUS, 

XII.    QUESTION  422,  hy  Laputiensis. 

It  is  required  to  draw  two  right  lines,  from  the  focus  of  a 
given  conic  section,  to  terminate  in  the  curve,  so  that  these  lines 
shall  have  a  given  ratio  to  each  other,  and  shall  also  include  a 
given  angle  ? 


First' Solution,  ly  Mr^  Lowry. 

Let  F  be  the  focus  of  the  given  conic  section  guk»  fh  and 
Fk  the  lines  to  be  drawn,  hav- 
ing the  ratio  of  m  to  »j,  and 
containing  a  ^iven  angle.  Put 
«  =1  the  semi-transverse,  e  = 
the.  excentricity,  c  =.  the  given 
angle,  6  z?  the  angle  gfh; 
then,  by  the  property  of  the 
^urve. 


FU 

= 

^1*- 

e* 

a  +  e 

cos  0 

V  ir    — ^ 

a 

a*- 

e^ 

X    Ik            MM. 

+  €COS 

i^^c) 

therefore 

t 

• 

:  », 


a  +  ^  cos  d  '  a  '\'  e€os{9  +  c) 
or  ma  -{-  mecosd=^  na  +  ne  cos  {B  +  c); 

but  cos  (0  +  c)  =:  cos  6  cos  c  ^  sin  9  sin  c ; 

therefore 
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I 

ma  +  me  tros  B  zzna+  m€o%  9  <m  e  •-*-  msin  &  sia  ^, 
or  putting,  for  the  present. 
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n  sm  € 
weli2wrc  \ 

i  -^y  cos  6  =:  tin  0^ 

or  i*  4-  sWros  6  +  ^  cos*  «  =:  i  —  coi*i9; 

therefore 

cos*  e  +    va  .       COS  6  =  ^sr— Jf 

yd'  +  1  •— i* 

and  cos  a  zz  bd  +  ^  -k--j- ; 

> 
or,  if  we  now  restore  the  values  of  i  and  d^  we  shall  have  cos  IP 
in  terms  of  the  given  quantities  a,  e,  tn^  n  and  c.  « 

The  problem  may  be  resolved  in  the  same  manner  when  F  k 
any  other  point  than  the  focus,  and  GHK  any  other  curve;  and 
also  when  the  lines  iH  and  fk  are  required  to  terminate  in 
different  curves :  For  we  shall  still  have 

FH  =:  some  function  of  d  zzf(B)^ 

and  for  the  same  curve* 

FK  1=  the  same  function  of  (0  +  c)  ~/(0  +  0> 

or  for  a  different  curve, 

FK=  F  (a  +  O 
therefore       /  (B)  :  /(O  +  c>or  f  (0  +  c)  ::  m  :  m 

The  question  may  also  be  answered  in  a  different  manner  by 
determining  the  locus  of  one  of  the  points  H  or  k  when  the  other 
is  in  the  given  curve. 

It  IS  well-known  that  if  from  a  given  point  two  straight  lines 
be  drawn  to  contain  a  given  angle  and  have  a  given  ratio  j  and 
one  of  them  terminate  in  a  straight  line  given  by  position, 
the  other  will  also  terminate  in  a  straight  line  given  by  position ; 
or  if  one  of  them  terminate  in  a  circle  given  in  magnitude  and 


(    4«     ) 

position;  the  other  will. also  terminate  in  a  t:ircle  given  fa 
magnitude  and  position.  These  are  two  of  tfee  well-known 
loci  of  Apollonius,  and  it  is  easy  to  perceive  that  the  proposition 
is  general,  or  that,  if  one  of  the  lines  terminate  in  a  curve  of  any 
kind  given  by  position,  the  other  will  terminate  in  a  similar 
curve  which  will  also  be  given  by  position.  , .    .    .         . 

Let  F  be  a  given  point,  ghe  a  curve  of  any  kind  given  by 
position,  FH  and  fk  lines  con- 
taining a  given  angle  and  having 
a  given  ratio ;  if  ph  terminate 
in  the  curve^GHE,  fk  will  ter- 
minate in  a  similar  curve. 
Through  F  draw  any  line  gfd 
to  meet  the  curve  in  g,  and 
draw  FB  to  make  the  angle 
6FB  equal  to  the  given  angle 
hfk;  take  fg  to  fb  in  the 
given  ratio  of  ph  to  fk,  and 

through  B  describe  a  curve  bks  similar  to  ghe  and.  similarly 
situated  with  respect  to  fb  as  Ghe  is  with  respect  to  gf;  this 
curve  will  be  the  locus  of  the  point  r:  For  the  angle  gfb 
being  equal  to  hfk  by  construction,  the  angle  gph  is  equal  to 
the  angle  bfk;  therefore  Fft  and  fk,  wherever  drawn,  make 
equal  angles  with  the  respective  axes  ^g  and  fb,  and,  therefore, 
by  the  nature  of  similar  curves, 

PH  :  FG  ::  FK  :   fb, 
or,  by  alternation, 

FH  :  FK  : :  FG  :  fb,  the  given  ratio. 

The  application  of  this  proposition  to  the  question  is  obvious  ; 
for  if  FB  be  drawn  to  make  the  angle  gfb  equal  tp  the  given 
angle,  and  FG  to  FB  be  taken  in  the  given  ratio,  and  a  conic 
section  similar  to  the  given  one,  and  having  f  for  the  focus,  be 
descril}ed  through  B,  it  will  intersect  chk  in  k,  one  of  the 
required  points;  then  i{  fh  be  drawn  to  make  the  given  angle 
with  FK,  PH  will  have  to  J K  the 'same  ratio  as  gf  to  bf«  the 
given  ratio  by  construction. 

The  point  of  intersection  of  the  curves,  when  they  are  conic 
sections,  may  be  found  without  actually  describing  the  curve 
BK8 ;  for  if  perpendiculars  be  drawn  from  k  upon  the  directrices 
of  the  similar  curves,  it  is  evident,  since  the  determining  ratio 
is  the  same  and  the  point  k  common  to  both  curves,  that  those 
perpendiculars  are  equal,  and.  therefore  the  line  drawn  from  K 
to  the  intersection  of  the  directrices  will  bisect  the  angle  made 
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by  tbeotat  tliat  point.   Ilia  coosickraNon  wggeilidwioHoifl^g 
very  Mtnple  constrncrion : 

Let  AO  be  the  directrix  of  the 
given  conic  section,  draw  fe  to 
make  the  angle  afe  equal  to  the 
^ven  one,  and  take  af  to  fe  in  the 
given  ratio;  draw  £M  perpendicular 
to  TE  meeting  ad  in  b;  draw  ok 
to  bisect  the  angle  mdA|  and  k  if 
the  point  required* 

From  what  has  been  done»  it  is  obvious  how  we  may  resolve 
the  problem;  when  two  conic  sections,  or  two  curves*  of  anjr 
kind,  and  a  point  are  given  by  position;  and  it  is  required 
to  draw  from  the  given  point  two  straight  lines  to  terminate 
in  the  curvet,  so  as  to  contain  a  given  angle  and  have  a 
^ven  ratio.  From  the  preceding  proposition  we  are  also  led  toft 
more  general  one.  namely,  if  from  two  given  points  two  atraig^ 
lines  be  drawn  to  contain  a  given  angle  and  have  a  given  latio^  and 
one  of  them  terminate  in  a  curve  of  any  kind  given  by  position, 
the  other  will  terminate  in  a  similar  curve  which  is  also  given  by 
position. 

Secon'D  Solution,  iy  Mr.  Cunliffe. 

Let  AVB  be  the  given  conic  section;  F  its  focus;  V,  its 
principal  vertex;  ctd  its  directrix 
cutting  Fv  at  right  angles  in  t.  Form 
a  triangle  afb^  having  the  sides^,  Jb 
in  the  given  ratio  of  the  lines  from  the 
focus  to  the  curve,  and  the  angle  a/b^ 
equal  to  the.  given  angle  included  by 
those  lines,  and  join  ab;  then  the 
triangle  afi  will  be  manifestly  given 
in  species* 

Tzktfb  tp  bd  in  the  given  ratio  of 
IV  to  vt;  also  take^a  to  ac  in  the 
same  given  ratio.  Then  with  the 
centres  b  and  a,  and  respective  radii 
bd^  ac  describe  two  circular  arcs,  and 
draw  cd  to  touch  these  circles  in  d  and 
c :  also  draw  //  perpendicalar  to  cd. 

Now  draw  fb  meeting  the  curve  in  B^  and  making  z.  tfb  iz 
Z.  i/h :  also  draw  c A  meeting  the  curve  in  A,  and  making  ^  tfa 
r:  z.  ifa^  and  the  thing  is  done* 
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Demanstration.  Draw  AC  and  bd»  at  righuangles  to  the 
directrix  ctd.  Then,  by  the  construction  and  the  property  of 
the  directrix, 

iTB  :  BD  ::  FA  :  AC  ::  FV  ;  vt  wjb  :  bd  w  fa  :  ac\ 

and,  by  alternation, 

rB  :  F A  : :  BD  :  AC  : :  ^s  \  Jb  \\  vr  x  hi  \\  Jh  \  fa  \\  hd x  ac^ 

and  therefore   fb  :    fa    w  fb  :  ^i  the  given  ratio  by    the 
construction. 

Therefore  the  two  lines  fa,  fb,  drawn  from  the  focus  f,  of 
the  given  conic  section,  and  terminating  in  the  curve,  include 
the  given  angle  a/&,  and  are  in  the  given  ratio  oi  Ja  iofb. 

Third  Solution,  by  Mr.  Andrew  Johnston,  ^/?«c/^r 

of  the  Academy  at  Montrose.) 

Let  the  straight  lines  be  x  and  ^,  let  dzz  distance  of  the  focus 
from  the  directrix,  and  let  x  the  nearest  to  d^  make  with  d  the 
angle  z*  Let  the  angle  contained  by  the  lines  =:  a,  their  ratio 
as  1  :  m,  and  the  determining  ratio  of  the  curve  as  i  :  n* 

Then  x  =      .    ■  .  xf  zz 


n  '{-  cos  z*  n  +  cos  {a  +  z) 

But  a/  z=  mxp  therefore  ; — : — :    =    — : , 

n  +  cos  (a  +  z)  n  -\-  cos  z 

or  II  +  cot  z  zz  mn  +  m  cos  (a  +  2),  or  (m  —  1)  li  =  cos  z 
-—  m  cos  (a  +  «)  rr  cos  z  —  m  cos  a  cos  z  -{-  mn}n  a  sin  2* 
Let  cos  a  =:  c,  sin  a  =:  j,  and  cos  2  =:  y. 
Then  (m-^  t)n  =z  y  —  mcy  +  ms  y/ ^  —  y». 


Wherefore      v'  1  —  v*  =  y  + 


mc  —  1  {m  —  i)  n 


ms     "  ms 


-        mc —  1  fw  —  1)  « 

Let    =    A,' -—  =  b. 

ms  ms 


Then  t/\  —  y*  =  Ay  +  b,  1  —  y*  z:  A  V  +  ^K^y  +  b* 
whence  (a*  +  1)  y*  +  sab;^  =  1  — b%  and 


—  AB  +  i/l  +  A*  —  b*  r    .    .- 

/  =    '^x^  ji^ »  ®^»  substituting, 
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_  — n(m—  i)(mg— i)  ±  ms  t/t — fl»gc+«i^— «*(ffl--.il^ 
—.  1  —  ^mc  +  »»*  — — —  • 

Ur.  Johnston  also  answered  Questions  418,  419,  and  410. 
XIII.     QUESTION  423,  by  C,  B. 

9i*  ©•  9^ 

In  a  circle  of  the  «th  order,  whose  equation  is  jf  +  y  zz  a  , 
any  point  c  being  taken,  and  the  abscissa  and  ordinate  of  and 
CF  being  drawn ;  if  the  triangle  cof  is  placed  in  the  situation 
OEB,  then  the  point  b  shall  be  situated  in  the  curve,  and  the  sum 
of  the  two  arcs,  db  and  DC,  shall  always  be  constant. 

First  Solution,  by  C,  B»  the  Proposer. 


u 


OW  It  IS 


Let  OF  =r  jj^  CF  z=  y;  then  y  =  (a     -^  x     )2» 
first  to  be  shown  that  if  ok  zz  CF, 
then  BE  the  ordinate  at  £  is  equal 

-i 
to  OF.    Since  Be,z=z(a     -oe  **)^». 

Put  for  OE  its   value  CF    zz 
[a  —  X    )2«    then    be    =: 

^a    — [a      —  X    32»»  ^  ii»  zz  ar,  which  was  to  be  proved. 

Also  since  kb  =  0£.r:  CF  and  ko  =  bb  =  of,  and  Band  c 
are  two  points  in  the  curve  it  is  symmetrical  relative  to  the  .two 
axes  Lo  and  od;  therefore  the  arc  lb  is  equal  to  the  arc  CD, 
and  the  sum  of  the  two  arcs  bd  +  CO  is  always  equal  to 
BD  -f-  LB,  which  is  constant. 

Second  Solution,  by  Nov-anglus. 

Because  x  and  y  enter  alike  into  the  equation,  it  is  obvious 
that  when  x  is  made  zzy^y  must  become  zz;r : 
that  is,  if  the  absciss  o£  be  set  off  1=  the 
ordinate  fczz  OE^,  the  corresponding  ordinate 
KB  roust  be  equal  to  the  absciss  of  zz  ec^ 
Hence  if  ofc  be  placed  in  the  position  oeb, 
B  must  be  a  point  in  the  curve.  Again,  if  e'c 
be  supposed  izbe,  the  arc  D^'c  must  be  equal 
to  the  arc  DB  ;  for  if  these  arcs  are  generated 
by  the  motions  of  s^c  and  eb  from  d^  and  d, 
£'c  will  be  always  equal  to  eb  at  equal  distances  from  the  centre 

a  2 
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o.  The  arc«  arc  therefore  determined  by  precwely  the  same 
conditions,  and  must  be  equal.  Since  DC  =  job^  cd  +  db  =: 
j)]>^  =:  a  constant  quantity. 

XIV.    QUESTION  4^4,  by  Mr.  Cunliffe,  R.  M.  C. 

Given  the  segments  of  the  base,  made  by  a  perpendicular  from, 
^he  vertical  angle,  and  the  rectangle  of  the  other  two  sides,  to 
construct  the  plane  triangle  by  a  method  purely  geometrical 

FiBST  Solution,  by  Mr.  Lowry. 

* 

Suppose  that  ABC  i%  the  triangle  required,  in  which  are  given 
the  segments  ae,  eb  of  the 
base,  and  the  rectangle  of  O^ 

the  sides  AC  •  cb. 

Make  ef  =  eb,  and  join 
CF ;  then  c  f  is  rzCB  and  the 
angle  AFC  —  cbo.  Draw 
CB  jio  make  the  angle 
FCD  r:  AFC  or  CBD,  then  the  angle  at  p  is  evidently  =  acf» 
and  therefore  the  three  triangles  cbd,  acf  and  acd  are  similar* 
f rom^  the  first  two  we  have 

^  AC  :  AF  ::  CD  :  cb, 

therefore  ac  •  cb  =  af  •  cd  ; 

but  AF  is  a  given  line,  being  equal  to  the  difference  of  the  given 
segments,  therefore  CD  is  a  given  line. 
Again,  from  the  triangles  acd  and  BCD, 

AD  :  CD  ::  co  :  bd. 


or  AD    .   bd  =:  CD*. 


Hence  this  construction :  Having  made  ae  and  be  =:  the 
given  segments,  and  taken  ef  =  eb,  find  CD  so  that  the  rect- 
angle AF  .  CD  may  be  *=:  to  the  given  rectangle,  and  produce 
ab  to  D  so  that  AD  .  DB  may  be  rz  CD* ;  from  d,  to  the  per- 
pendicular EC,  apply  CD  of  the  given  length,  join  AC  and  bc 
and  the  triangle  is  constructed. 

Because  ad  .  bd  —  cd%  ad  :  CD  ::  CD  :  bd,  and  since 
the  angle  at  d  is  common  to  the  two  triangles  ACD  and  BCD, 
th^y  are  similar;  therefore  the  angle  acd  =  cbd  =r  afc,  and 
consequently  the  triangles  acf  and  BCD  are  similar;  therefore 
AC  :  AF  ::  CD  :  cb,  or  ac  •  cb  =  af  •  CD  r=  the  given 
rectangle. 


(  s»  ) 

Sbcokd  Solution,  by  Nov«anglus« 

Let  AB  be  the  base  and  DC  the  perpendicular  which  is  to  past 
through  the  vertex  of  the  required 
triangle.  From  e  the  middle  oi  ab 
raise  the  perpendicular  ef,  and  make 
AB  .  EF  equal  to  the  given  rectangle 
of  the  sides.  Join  df  ;  and  with  the 
centre  A  and  radius  AC,  equal  to  a  mean 
proportional  between  a  Band  df  f  de, 
intersect  Dc  in  c,  join  bc  and  ABC  if 
the  triangle  required. 

By  construction 

AC»  =  AB   .  (DF  +  ©B), 

snd  by  a  well4cnown  property, 

AC«  — CB*  =  AB   .  BOB; 

therefore,  by  subtraction, 

CB*   =  aIb  .   (DF  —  DE)» 

Whence  AC.CBis  =  ABXa  mean  proportional  betweew 

DF  +  DE  and    DF  —   DI>*      But  f DF  4-  DE>  .  (DF  —  DE)  ZZ 

ef\  therefore  ac  .  cb  =:  ab  .  ef. 

Third  So^.ution,  hy  Mr.  Cunliffe. 


Let  AC B  represent  the  required  triangle  circumscribed  by  a 
circle,  ef  being  a  diamtter 
bisecting  the  base  ab  in  m  ; 
draw  £c  cutting  a  b  in  l  ; 
also  draw  fc  which  continue 
till  it  meets  ab  produced  in 
N ;  draw  CH  at  nght-d  ngles 
to  EF,  and  c  o  perpendicular 
to  ab.  The  right-angled 
triangles  ecf  and  lcn  are 
similar,  therelore  ef  :  hc  : :  ln  :  CD,  and  hence  Ln  x  hc  =: 
iN  X  MD  zi  EF  X  CD.  '  But  it  is  well-known  that  ef  x  CD  =: 
AC  X  bc  ;  therclore  ln  x  mdzzacX  bc  a  given  magnitude 
by  the  question.  But  md  being  half  the  diflFerence  ot  the  givea 
segments  ad  and  bd  is  given,  wherefore  lm  becomes  known. 


^ 

r 

Si 

I 

A^r        M 

/L  3 

V 

B 


« 
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Now  by  the  property  of  the  circle  el  x  lcitalx  lb  =  (aw[ 
4  ml)  X  (am  —  ml)  n  AM*  —  ML^  Again  the  angles 
XMN  and  ECN  being  right-angles  a  circle  will  pass  through  tlie 
points  £,  M,  C9  N^  and  therefore  by  the  property  of  this  circle 
EL  X  LC  =  ML  X  LN,  and  Consequently  ml  x  ln  z=  am" 
—  ml';    add    ml*  to  each   side,   and   then  we^  shall  have 

ML*  +   ml    X    LN    =:  ML    X    (ML  +    LN)    ZZ     AM*,    which   18 

given  by  the  question,  and  from  whence  we  determine  ml;  and 
hence  ld  becomes  known,  which  renders  the  construction  ot  the 
problem  very  easy. 

The  construction  may  be  as  follows  : — 

Having  found  ln,  ml  and  ld  by  means  oi  what  has  been 
deduced,  upon  ln  as  a  diameter  describe  a  semicircle,  draw  de 
perpendicular  to  ln  meeting  the  circumference  in  C.  From 
the  jpoint  m,  which  is  now  given,  set  off  ma,  mb  each  equal  to 
•half  the  given  base,  and  join  ac,  bc  ;  then  acb  is  the  required 
triangle^  as  sufficiently  appears  from  the  foregoing  analysis. 


XV.    QUESTION  425,  iy  Mr.  Cunliffe. 


By  some  inadvertency  this  question  has  been  improperly 
enunciated,  it  was  intended  u>  have  been  as  follows  : 

If  perpendiculars  be  drawn  from  the  angles  to  the  opposite 
sides  of  a  plane  triangle,  the  three  rectangles  of  the  segments 
of  these  perpendiculars,  made  at  the  point  of  their  intersection 
will  be  equal  to  each  other. 


Solution,  hy  the  Proposer. 

ACB  is  a  plane  triangle  ae,  bf  and  CD 
perpendiculars  from  the  angles  upon  the 
opposite  sides ;  i  the  point  of  intersection  of 
the   perpendiculars':    then  by   the  question 

AI   X    IE  zz  BI    X    IF    =  Cl    X    ID. 

Demonstration,  afb  and  aeb  are  right-angles,  therefore  a 
circle  whose  diameter  is  ab  will  pass  through  f  and  £  ;  and  by 
the  propeny  of  this  circle  Ai  X  ie=:bi  X  IP,  and  for  a  like 
reason,  a  circle  whose  diameter  is  ac  will  pass  through  £  and  D  ; 
and  by  the  property  of  this  circle  aixi£  =  cixii>;  sind 
consequently  ai   x  IE  —  bi   X  if  :z  Cl  X  id.  (^.E.D. 

It  would  be  easy  to  shew  that  the  property  enunciated  in  the 
question,  could  only  have  place  in  an  equilateral  triangle. 

This  question  was  likewise  ansxoeredby  Nov-anglus.  , 


i    S5    ) 
XVI.  .  QUESTION  426,  by  Lawtiensw. 

Suppose  two  given  weights,  appended  at  given  points,  to  a 
flexible  line  of  a  given  length,  considered  without  weight  and 
fastened  at  the  ends  to  two  given  points  in  the  same  horizontal 
line,  and  imagine  a  third  given  weight,  appended  10  the  tintf 
between  the  other  two,  but  at  liberty  to  slide  freely  thereon  bf 
means  of  a  ring ;  it  is  required  to  determine  the  position  of  the 
ring,  and  the  points  in  the  line,  to  which  the  other  two  weights 
are  appended,  when  at  rest,  in  the  abovementioned  circum- 
stances ? 

First  Solution!,  ty  Mr.  Lowry. 

Let  A  and  £  be  the  points  in  the  horizontal  line  to  which  the 
ends  of  the  string  are  fastened ; 

B,  c  and  D  the  points  where      j^^ E G        K 

the  given  weights  p,  q  and 
R  are  appended. 

It  is  evident  that  the 
points  A,  B,  c,  D  and  £  must 
be  in  the  same  vertical  plane ; 
and  since  the  weight  q  is  at 
liberty  to  slide  freely  ^ilong 
the  string  till  the  whole 
system  is  in  a  state  of  equi- 

librium,  the  tensions  of  the  strings  BC,  DC  must  be  equal,  and 
also  the  angles  bcg,  dcg  made  by  these  strings  and  the  vertical 
line  CO. 

Let  a,  6,  c  and  d  denote  the  respective  tensions  of  the  strings 
AB,  BC,  c  D  and  be  ;  then  the  point  b  is  kept  in  equilibrio  by  the 
three  forces  a,  i  and  p  ;  the  point  c  by  the  three  forces  i,  c  and 
q;  and  the  point  d  by  the  three  forces  r,  d  and  R;  we  have, 
therefore,  by  the  principles  of  statics, 

-  P  :  6  ::  sin  abc   :  sin  abf, 
b  I  a  ::  sin  gcd  :  sinscD; 
therefore 


p  :  Q  :;  sm  abc  sm  OCD  :  sin  abf  sin  bcd. 
And  in  like  manner 

R  :  i2  •  •  51^  ^"^G  sin  GCB  :  sin  edh  sin  BCD* 
But  GCD  =  0CBy  and  bcd  z:  sgcb; 


w 
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therefore  sin  BCD  =  a  cos  ocp.sin  gcb  ; 

and  p  :  Q  :;  sin  abc  :  a  sin  abf  cos  gcb, 

R  :  Q  ::  sin  EDO  :  «  sin  edh  cos  GCB. 
Put  p  rz  the  angle  abf,  4"  ^  ki>h» 

0  ZZ  GCH  r:  PBC  =  RBC  } 

then    ABC  =;  iSq**  — (fl  — <p)  and  edc  =:  iSo*"  — (8  —  ^'^ 

therefore  sin  abc  =:  sin  (d  —  ^) 

tin  EDO  =  sin  (6  —  4')» 
and  ire  have 

p  :  Q  ::  sin  (6  —  ^)  :  2  sin  9  cos  69 

R  :  (J  : :  sin  (e  —  4^)  :  2  sin  4'  «os  d, 

«in(0~^)    _    2P 
sin  $  cos  6    "^    li  * 

sin  (B  ^  4>)  -^    aR 

5in  4  cos  (^    "^  ii  * 

But  « 

stn  (a  **-  (p)    _   sin  9  cos  (p  _  tan  6  ^ 

sin  (p  cos1?   ^    sin  (p  cosd  '^  tan  ^ 

sin  (0  —  nJ/)    _    sin  6  cos  4/      ,         _  tan  ^  ^^ 
sin  4/  cos  0     ""    sin  4^  cos  d  ""  tan  + 

therefore 

tan  9  Q 

*?l^    =    iS   +, (8) 

tan  4^  Q 

To  obtain  another  equation,  put  A  =  AE.of  =  Ab,  3  =  dC^ 
and  y  =:  BC  +  CD  the  remaining  part  of  the  string;  then 

AF  =;  a  sin  <p,  EH  =1  /3  sin  4't 

FH  zz  k  —  «  sin  9  —  /3  sin  4*» 

But  FH  =  (BC  +  CD)  sin  *  =  >  sin  9; 

therefore  y  sin  ^  =  /^  -*<  as  sin  ^  —  3  sin  4^.  a..  ••  (3) 


(  a  ) 


From  the  equationi  (i)  (s)  i%)  wecannow  finilthtaiiglct 

9  and  %^. 

By  putting 
we  have     , 
therefore 


7w  =  —  +  1  and  «  =:  —  +  i« 


*      ^       tan  6     ,        ,  tan  6 

tan  9  = p  tan  ^  :x 

Vi  n 


ftiaf  = 


tanO 


y^(w»*  +  tan*  a) 

•     ,  tan  B 

sin  w  n  "I  ■   1  ■  .*  ^>  t 

^      y'lii"  -♦-  Un*  e)* 

and  substituting  these  values  in  equation  (3)  it  becomes 

a  tan  0  g  tan  6 


ain  0  =  A  -« 


y^{m*  4-  tan*  6)  V(«'  +  tan*  0)  *     . 

From  this  equation  we  may  find  0,  and  thenf  9  and  %p_  become 
known,  and  consequently* also  the  position  of  the  points  b^  • 
and  D«  « 

For  the  tensions  at  a  and  £»  we  have 

sin  DBC  .  sin  9 


a  =   P   X 


sin  ABC 


=  P  X 


.        _.      sm  RDC 


sin  (ei  -—1 9) 
sin  0 


sin  £DC  sin(«  — >}/) 

When  A£  is  not  horizontal,  if  we  put  c  tor  the  angle  it  makii 
with  the  vertical  bf,  equation  (3)  becomes 


vsinB  _  ,        »  sin  f 


P  sin  4" 


sm  c  sm  c  sin  c 

the  other  two  equations  remain  the  same  as  before. 

Second  Solution,  ty  Nov-akglus. 

Let  DF  be  the  given  horizontal  line,  and  a,  b^  g  the  positioa 
of  the  three  given  weights,  when  in  equilibrio. 

If  the  body  c  were  removed  and  a  fixed  pully  substituted  in  its 
place,  round  which  the  string  acb, 

might  have  a    free    motion,  the      j)  q.  H  if 

position  of  a  and  b  would  evidently 
not  be  altered.  Hence  the  ten- 
sion^ of  the  parts  aG|  bc  must  be 
equal,  Since  these  two  tensions 
are  equal  and  are  kept  in  equi- 
librio by  a  fore  c  acting  vertically, 
their  resuftant  must  be  in  a  vertical 
line;  and  therefore;  as  they  are  equal  they  must  make  equal 

VOL.  V.   ?ART    I.  H 
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Mgi^  with  thai  venicat :  tlnat  U,  the  angles  gac,  hbc  (drawing 
AQ,  BH  perpendicular  to  df)  must  be  equal.  Draw  Gn  par* 
allel  to  DA  and  produce  bh,  ac  to  meet  inm. 

Because  the  body  A  is  kept  at  rest  by  its  own  weight,  acting 
in  the  direction  ag»  the  tensipn  of  »a,  acting  in  the  direction 
G«,  and  that  of  ca,  acting  in  the  direction  a«,  the  three  forces 
must  be  as  these  three  lines,  respectively,  or  as  the  sines  of  their 
opposite  angles  ;  that  is« 

A  :  tens    ad  :  tens  ac  : :  stn(DAG4-CAC)  :  sm  gag  :  smDAG. 

In  like  manner,  (putting  gac  for  its  equal  hbc  and  tens     AC 
for  tens   bc,) 

B  :  tens  $f  :  tens  AC::  sin(^BHl^GAc)  :smGAC  :  sm  fbh. 

3ut  the  tensions  of  da  and  ¥9  are  the  same,  in  a  «tate  of 
fquilibifium,  whether  q  be  supjposed  moveable,  or  tastened  at  At 
.point   c;  hence  (Bridgets  Mechanics,  p.  324.)  we  have  the 
following  properties :  ,  . 

tens  ad:  sin f£lu::  tens   af  :  sin  DAG  ::  a^b^c  :  sin  (fbh 

+  gad). 

Put  sin  dag  =  X,  ftia  rH«[  r:  y>  and  sin  GAC  =  z,  we  have, 
after  making  the  proper  substitutions  and  reductions  (cos  gac 
tesag  negauve)  the  two  following  equations : 

LSzs/Xi—x*)^x^/it—z')l  =^5^V(i  -yO-y^(i-«*)? 


^^•(1— x*) +*•(*- y*)^- 


A  +  B+  C 

These  two  equations  are  wholly  independent  of  the  length 
of  the  lines  df,  da,  &c.  To  obtain  a  third  equation  involving 
these  lines,  put  da  s=  a,  bf  =  £,  ac  ^t-  cb  z=  c  and  df  =  a. 
Then  since  Am  is  =  ac  •4-  cb,  and  Amfi  =  supplement  of  GAC, 
ae  p  (AC  +  CB)sin  GAC  =:  cz  3=.  GH.  Likewise  dg  =  da 
X  sin  DAG  =  ax,  and  hf  =.  bf  sia  HBF  s  irym  Hence  ouc 
third  equation  is 

ax  +  by  ^  cz  z^  d» 

If  a  numerical  solution  were  required,  the  usual  methods  of 
approximating  to  the  values  of  two  unknown  quantities  from  twd 
equations  might  be  employed  with  the  two  first.  In  making 
suppositions  tor  the  values  of  x  and  y  and  substituting  in  those 

equations^  wherever  2  occurs,  it^.  value  ■  ~j  -^"T.Mn    must  bc 

c 

employed. 
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Thirb  Solution*  iy  Mf*  CuNLirrE. 

Let  ADFHB  represent  the  position  of  the  string,  when  the 
weights  are  in  equiKbrio,  in  the 
circumstances  mentioned  in  the 
question ;  that  is,  having  its  ends 
fastened  to  the  gtven  points  A 
and  B  in  the  horizontal  Kne  ab; 
and  the  given  weight  p,  being 
hsientd  at  a  given  distance 
AD,  front  A ;  v^i  the  giveit 
weight  R,  fastened  at  a  given 
distance  BH,  from  b  ;  and  the 
ring  to  which  the  giv^n  weight 
Q  is  attached,  at  liberty  to  $hde 
freely  upon  the  string. 

Draw  DC,  fe  and  hg  perpendicular  to  the  hqrizontal  Un^  ab. 

The  ring  f  being  at  liberty  to  slide  freely  upon  th'e  string, 
when  the  cquilibnum  takes  plaire,  it  is  obMietus^  that  the  angle 
£FU  is  eq^ual  to  efd,  that  is,  the  line  F£  bisects  the  angle  dfh. 
Produce  HP  to  meet  CD  in  if«    Then,  because  of  the  pafilUels 

DN,HR,  , 

angle     dnf  n  fhm  alscj  an^Ie  ndf  z:  efb  =  efh  ; 

therefore     dnf  n  ndf,  and    FN   c=   fd;  and,  consotjuendiji, 

HN  =  AF  -+-  FM  z:  HF-|»-^D  =  a  giveitlengtbi- 

When  the  weights  are  in  equilibrio,  they  will  be  toeach  bt^er 
respectively,  as  foUows :  that  is, 


the  weight  p,  wiU  be  as  -r 


sm  A|^F 


smADF 


II  ■'  ■»! 


Sm  ADC  S|B  CDf 


sin  Aoc  sm  Etu 


,     ,  •   t  ^  sm    DF»  sm  2EFH 

and  the  weight  o,  as.   .     '   —    zz   -^-^ , 

^  sm    fiVH  sin'  EFH 

and  the  weight  r,  will  be  as 

sin  FHB  sin  fhb 


!T-^ 


sm   BHG   sm   GHF 


sm-  BHO  sin  fiFH 


The  denionstration  of  the  foregoing  properties  may  be  seen 
at  prop.  66^  andcoroK  g,  of  £mer-son*s  Mechanics^ 


Thex^foxe 


sin  ADF  ^  sm  aEFH 
^        sm  ADC        iin  EFH 
H   fl 


• 
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am  ft£f  H  ^  sin  adf 

whence  t  x      ,  =  o   x  -; — ~— • 

ssn  EFH  SmADC. 

<in  FHB    '  sin  2gFH 

^^^^  *   •  ^   •   SuTiiiG   •     sin  £FH  ' 

sin  fiEFH         ^   ^  sin  fhb 

Put   AB    =:    «,    AD  as   *,  BH  =   C,   HN    =    Hf   +    FD  1=  in 

sin  /•  ADC  =:  x^  sin  /.  bhg  =  y,  and  sin  Z.  efh  =  v;  the 

radius  being  !• 

B7  the  principles  <5f  trigonometry 

sin  Z.  ADr  =  tr  •(!  —  *•)—*  •  (*  —  «'*). 

because  the  angle  cdf  being  obtuse  its  cosine  is  negative. 
And,  for  the  same  reason, 

tin  /.  FHD  r=  »  •(!  —  y)  —J'  •(!  —  »•)• 

Also,  sin  2  4.  EFH  =5  fl»  \/(t  —  v% 

From  whence  there  will  be  had 


tin  980  J'  9 

and,  by  means  of  these  values,  the  expressions  ^ 

sin  a  EFH  ^  sin  kt^v 

^  ^     sin  EFH        ^      sm  adc 

sin  flEFH  _         »i"  B"g 
"<*  •      *  ^    sin  EFH  -  '^  ^  sin  BHO 

before  deduced  become 

and       SB  /(» -»•)  =  <J  p  /(»  -  /)  -  «  v'C* -  O  f 
vlience  --^  >  ■       „    ^     =  i " 


C   ^t    ) 

ft  »  3f 

Puttin?  m  ^=  ? ^  and  n  r=   -^ ^  the  two  last  cam* 

6  ^  ft  > 

tions  become 

-i/(i  — »*)  =   ^  and  -  ,/(i— v*)=:J-i £-1^ 


from  the  first  of  which    x = 


y 

* 

V 


amd  from  the  other    y  zz  — i  .      .  ■     .  ■   .  ^ 

Now  draw  hl  parallel  to  ab  meeting  cd  in  l;  then  cepts 
HL :  and  by  the  principles  of  trigonometry  and  what  has  beea 
deduced, 

AC  zz    AO    X  X  s;    6a?  =  —7-7 ■ r« 

BG  =  BH  X  jf  ss  ry  1=     ^;  ■■  '    ^^         ' '    ^ ; 

and  |IL  =::  CG  =r  HN  X  v  =  c/v, 

and  therefore        AC  +  cc  4-  C9  =;  ab^    that  is 

^ bv \ ^j^ 

V^{»»*—> (»•  —  !){      "^    y/}«'— t^W-i){  ""^^ 

and  from  this  equation  we  may  find  v,  and  from  thence  x  and  y 
may  be  found,  which  will  give  (he  position  of  f,  o  and  h. 

Or  without  referring  to  Mr.  Emerson's  book  of  mechanics, 
the  properties  upon  whidh  the  solution  of  the  question  dependi, 
may  be  investigated  in  the  following  manner.  It  was  remarked 
that  when  the  equilibrium  takes  place*  the  angle  efh  ^  efd« 

Praw  A^  and  B»  perpendicular  to  ab^  and  ipeeting  vd  and 
?H  produced  in  m  and  n  respectivetv. 

By  the  prineiples  of  the  resolution  of  forces,  the  weight  of 
the  body  p,  ^nd  its  tension  of  the  string*,  in  the  direction  fo, 
are  respectively  as  the  lines  Am  and  unu   And,  by  trigonometqr^ 

A^  ;  0j»  ::  sin  A.J>m  :  lin  dam  3  sin  adc; 
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\iifherefprc,  itn  AJim  i  sm  Abe  : :  p  :    ■    i  »  ^ "  ^?^    ae 

s^n  A  Dm 

the  tension  of  the  siring  caused  by  r^  in  the  direction  vi>  : 
and  in  the  same  way  wc  shaH  find  the  tension  caused  by  q,  in 

the  direction  df  =:  *— . =  •=-- •  and  when 

sm  DFN  ain  9  £f  H 

the  weights  are  in  equilibria,  the  tensions  of  the  string  in  the 
opposite  directions  id  and  df,  must  manifestly  be  eq,ual  to 
^ach  otbcr^  that  is* 

p  X  sin  ADC    ^     Q  X  sin  efh 
fin  ADUf        ""        sindi&FH     * 

«nd  for  the  same  reasons^  and  in  the  very  same  manner  we  shall 

n  X  sio  BHQ    _    ft  X  sio  tFH 

sin  BH»        "~       sin  2eph 

BF,  CD  and  GH  being  parallel^  the  angle  com  =  efd  =: 
BFH  =:  GHN :  wherefore^  by  the  principles  of  trigonometry  and 
the  notation  in  the  foregoing  solution, 

m  ADM  =  V  ^(1  —  X*)  —or  %/(>  —  v^); 

sin  aEFH  n  st  v^(i  —  »*)  and 

p  X  sin  ADC  Q  X  sin  EFH 


lience  the  expression 


sm  ADm  sm  2  efh 

P  >^  *  «.  ft 


t^  * 


wnencift  ■  •  >in  '        ■■    zz    •* "" — ■ • 

Also  the  expression      ••^--: —  =:   =— ^ 

/  sm  BHII  tm  2BFH  / 

w  R  X  y  Q 

1/ /fi  —  y'J  —  y  /(i  —  t' )       2/(1  — z;) 


whence  ^J^±^   .  l^lllZ^  =,    ^(^^/i. 

which  equations  are  exactly  the  same  as  those  obtained  by  the 
properties^  ^ofcfid  feom  Mr.  SinerjoB^  hook  o£  nechamcs  • 


(    €8    ) 
XVU.    QUESTION  427,  fy  C.  B* 

Prove thpt    4  =  — i--r  —      ^.  ■    +  — L-.  .^  &c» 

^^     ^       cos  «         ciSne    ^  cos  3a 

Solution,  ^>  C.  B.  the  Ptop^set. 

o   .  »  ««  4«  6«  fit         . 

"**^  Si   =1^—  W       +|>      —»      +    &C» 

1    +  «/ 

Multiply  by  (— >.  |>      and  integrate,  observing  that 

—1      2iz  (—1)         t;  1.  «  ("-^l)       V 

»     ^  1  +  W 

t 

—22 
Again     —J—  = »       —  V       +  V       <r~  &G*      Mmtif  ly 

by    (—  t)*"^  and  integrate;  then  2  -        ;_^     =5 

-z  -i2«  -3-4*  -2  -68 

_  (-')   "        .    (-*>   "   ...-,^'1  "•-+&€ (a) 

^2  ^         '-4  -6  •  '^  1.  4 

Add  (1)  and  (2)  after  dividing  the  nunieratbr  and  denomioatdr 
«f  each  term  by  v  in  the  first  and  by  v     in  the  last 


v+n  i;+w  ^'^'^  \ 

but  the  integral  i«  +  2  (— i)"^  =— ^""  ^*'       +    C:    put 

r 

fi+  I  for  z,  and:lct»  =  cos  fl  ±  V  —  i  sin  6^  then  it  i$ 
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-i i +  c  =- 


^       *  C    8  cos  A  a  cos  2d  %  cos  39  >' 

ir         «     T   .  (2  cos  9  2  cos  ft    ,     ^     )  _ 

*•  *  ^2C0$d         2  cos  d  \  * 

■ 

lience  c  =r  o ;  and  multiplying  by  — we  have 

2z       — 2z  4s?        — 4«  61  ,      —62 

coi  S  cos  2  0  cos  3c* 

Now  put  xzi  o,  aod  dividing  by  2 »  we  have 


II  1 


+     r—lA   r-    — i-Tv   +  &C, 


2!    "^^    cot  B         COS  29         cos  39  cos  49 

in  the  same  way  it  may  be  proved  that 

* 

X4-*              I  +*          ,    *  +a:  „ 

I  zz,  —  ■     ■    4* J  —  &c« 

'     (cos  6)  (cos  29)  (cos  3a) 

Second  Solution,  by  A.  D. 

Let 
F  =  coi9  ^  cos  (^  +  ^)  -f  cos  (d+  2$)  —  cos  (6  +  39)  4-  &c. 

then  2P.  COS. 'E.  .^    .. 

2 

.SCOS0COI  2-2cbs(e+~)coi-  +  8co8(fl+  ^Ncos- -&C.. 
,a  ^«/        a  ^ay« 

\=  cot  (0  —  t)  +  cos  (fl  +  IJ 
—  coj  (0  +  5  j  —  cos  (fl  ^  ^) 


(   «5    I 


COS 


(. +a)  +  «.(.  +a) 


tbcrcfiorc 


—  cot  (a  +^^  — &c. 
=  COS  (a- 1). 


oos(a-.f) 
COS  a  ~  COS  (a  +  ^)  +  cos  (a  +  ^^ )  -  &c.  =  |  — —  "^ 


COS  -^ 

hence 

COS   (ft  —   ^  1 

COSO— •082a+  CQSaa—  &€.  =  { -JLl   -  1^ 

COS  — . 

and 

COS  a  —  cos  3a  +  cos  5a  —  &c.  =  I  5£!ili:i)  -  _i« 

cos  a  a  cos  a  * 

For  0  put  succeuively  ■«,  gd,  &c.  and  change  the  iteht  of  the 
alternate  equations.    We  thus  get 

^^^  =  cos  »  —  cof  80  +  cos  5O  —  &c. 

1 

~  fl  COS  aS  ^  ~  ~*  ■*  +  cos  69  — .  cos  loO  +  &c. 

t  aJs  36  =cos3«  — cosga  +  cosi^fl— &c. 

&c.  &c. 

if  we  add  all  these  equations,  the  sums  of  t^e  vertical  columns      • 
will  be  if  —  I,  alternately. 

Theprfore, 

>-  t       .       t  . 


VOL.  Ti  PART   I,  1 


fiJE.i). 


I  ^  I 


xVHi:  CltfEstloK  428,  iy  e.  B. 


Prove  that  the  sum  of  the  serieg 


4-    &<•  it  equal  19 


1 .3  ....sfi+i  3.5-...2II+3 

— ^ J — &c.  to  n  termsj-  . 

i.l2)..ii2ii        1        1.3       1-3 -5  > 

First  Solution,  iy  C.  B.  the  Proposer. 
Assume 


tt«  = 


^  t  1     '  i.^ 

w.         •—    '  -4 —  oCC. 


1.3 . .  ..«»+i       3-5  ••  •  •«»+3  57 ««+5 

then, 

„   _  ! = L_«.  +   !__ &c. 

*         i.3«««.2ffH-i  3«5^««2»+8         S7.».2«+^ 

adding  these  together,  we  have 


aw*  — 


a  .3...  211+ 1 


1.3 ... .  2«+3      85 . . . .a«  +  5       57  . . .  2»  +  7 
but  the  series  on  the  right  htfod  is  equal  to  (2fi  +  ^)  m 
hence  the  equation  of  first  differences 

zo  »   : 

Put  tf    — :  ■  '     •  a  then  u       zz         '   ■    " 

«        1.2.3  ...^l  «+i      1 .  2. 3^....*  »  +  t 

.      •    '  «  -     ■ 

and  our  equation  becomes  - 

S     n  ^  «  +  ^  ?  * 

'      I         1.9.««ll  l.2,.«,ll+l       n -f.  1)        1*3  ««.. 219+1 


.         •        i.a n 

hentc  t0  =  —  I  <*+ H *• —  +  &c.  to n terms> 4-e* 

If  «  =  o,  »    z=  -  — .  i  +  —  —  &c.  =:i  =i  C, 
?        »        3    »  5  .  4    t  r 

hence,  the  scries  in  question  fr  or  >  is  equal  to      ' 

-— -J— : &c.  to  n  tentas>  •  ' 

i.2...if^2        1         1*3       t*3*d  ) 


Second  Solution,  ^>A.  D. 


• « •   ,  ■•»  * 


Let  y    zz  — ^^ .  — »     ^,  +  &c. 

•'n    .    i«3«..f2n-tt       3»5?ft.2»  +  3 

then 

1  1  1  •  „ 

i.3....2ft4-i       »     3-S-.2»+3       5.7—.2«+5 
and,  by  subtraction, 

%        i.3....ai(-hi       i.3ji.»2n+3         3-57«..^»?t-5  ^      ' 

=  (2»  +  2)y       :  .  ' 

11+1 

nvhence,  changing  (n  +  «)  into  »» 

«   — — —  -t-       y        « 

•^11  1*3  ««^..  2n<p— t    Sin  «  ^n— 1  •  ; 

1 

a         It     «— 1 

=  a  ^ a        +  - 


12 


(  «  ) 

f 


Now 

»        •  t.     « , .  \.*  «  ^ -  ,  •     ■         1     .  ...  .^    ■  .     .. .    _     ^  '• 

«,  =  t  --+*—- +..=Un'~    (t)=7; 
*  3        5       7  4 

-   _      *  ?    ■  .      «      »  _  *>«,«. 

amd  by  substitution  of  these  valuesi  the  serrts  written  back- 
waur^  is  >  ^ 

r 

y   (or  ■  ; —  — 1 ' —  +  &c. ) 


1     1 


i.2.3.mIi — t.n  4         9.3»...iii.s         3«4*«*»    4  i*3 

1  11 


4.5  •..«  6   1.3-5 


-  —  &c^ 


—5 1r  —  -  -*  --^ ~-  —  &c*  (to  » tenns)  > .  g.E.i). 


Third  Solution^  iy  Mr.  Cunliffe. 

Let  ^  denote  the  quadrantal  arc  of  a  circle  to  radius  1 2 
then  it  is  well-l^own^  that 

«  8       5      7       9'    -««       »3       *5 

and.  hence,  by  transposition, 

,  -» =  i-  i  + 1  -i  +  i.  -  i  +  i  -^  &c. 

«       8       5       7"-     9       >»        »8       »5       >7 


« 


half  the  difierence  of  the  corresponding  terms  gives 
«     ■"  »    7  ''3       3-5        5:7       7-9  ^9-" 

r 

-J.  .  

^nd,  by  transposItioD> 


«-8        «        8-5      97^     7-9      9*"      *^-^3     -^S'^S 

and  one.  fourth  of  the  difference  of  the  correiponding  tenns  of 
these  is^' 


X  (fl— 1  —  —  J 


i.a      ''  1.3 


—  - — -  -| — - —  -.. -f-  ■"■  — *— »  eec« 


1-3-5       3*5*7      ^•7-9       7-9*»»       9i»-*3       ii-ta-i^ 

whence, 

1.35       »•»  ^        1-3/ 


«.••    ■  .  I         ■»     -|-     ■  ■  I.    .     ■     I     I* »■>■    -♦-   .111  ii^  I  mm    ..I  i<      ^if^j 


3»5'7       5  7^9      7*9  *»      9*»i-^8.    ii'«3»5      i3**5-*7 
\>ne.8ixth  of  the  difference  of  these  isg 

2.6   .     •  t.a.8       '»  1.3         1.3-5/ 

1  1  ,  t  1  o 


*-3-5-7         8-57-9         S*7-9-»*         7-9*"-*8 
and  hence,  again  by  transposition, 


»-3-5'7 


1.2.3 

{?- 

- 1 

— 

1 
1.3 

— 

■    *•")  = 
1.8-5/ 

1 

1 

+ 

» 

1 

-. 

1 

5.7.9.11 

7-9 

.11. 

'»3 

9.11.13.15 

&c« 


3-57r9 
One-eighth  of  the  difference  of  these  is, 


q-\- 


M^MM^IM* 


i>3        *'8'5      ^'3^<^7  -. 
i.a.3.8 


(  f<>  ) 


^1 


»-a.3.4      "*  1.3       1.3.5       i*3-57/ 


f  ■■ 


fte^ 


^•3-57-9       3-57*9»*       5-7-9'*»'*3         7-9-*>'*3*^5 


By  attentively  considering  what  ha$been*done,' the  method 
of  continuing  the- opefations  without  much  additional  labour, 
will  be  suificiently  manifest;  for,  from  the  foregoing  steps  and 
vesults,  it  is  evident,  that  if  the  expression  for  the  sum  of  any 
Qf}lhe  foregoing  scries  is  multiplied  by  a*  and  the  first  iemi 
thereof  be  subtracted  from  thai  product*  and  the  remaiod^ 
divided  by  the  difference  of  the  numerators  of  the  first  and 
second  terms  of  the  said  series,  when  reduced  to  the  least  com« 
mon  denominator,  the  quotient  will  be  e^ual  to  the  sum  of  the 
next  succeeding  series,  &c. 

The  following  particulars  are  also  obvious  from  what  has 
been  done : 

a  si.  That,  the  number  of -factors-  in  the  denominator  of  the 
expression  for  the  sum  of  any  of  the  foregoing  series*  is  always 
€me  less  than  the  number  of  factors  in  the  denominator  of  each 
of  the  terms  of  the  series. 

and.  The  number  of  terms  of  the  numerator  of  the  expres- 
«sk)n  for  the  sum,  not  affected  with^^i^  ^be  tame  as  the  number 
of  factors  in  the  denominator  of  the  expression  for  the  sum  of 
the  series. 

grd.  There  are  («  +  1)  factors  in  the  denominator  of  every 
term  of  the  given  series :  if  this  is  not  ^ufficiiently  ipanifest  by 
inspection,  it  may  clearly  be  mad4  out  from  the  following  con- 
siderations. 

The  factors  in  the  denominator  of  every  term  of  the  series, 
are  obviously  constructed  from  the  terms  of  an  arithmetical  pro- 
gression, where  the  common  difference  is  2  ;  and  in  the  deno- 
minator of  every  tcrip  of  the  series,  there  are  given  the  two  ex- 
treme factors*  which  are  the  extremes  of  an  arithmetical 
progression  whose  common  difference  is  a ;  from  whence  by 
well-known  methods  or  rules,  the  number  of  terms  or  factors 
may  be  easily  found.  For  having  given  the  extremes  of  an 
arithmetical  progression  and  the  common  difference,  the  number 
of  terms  may  be  found  by  the  following  rule,  viz*  Divide  (he 
difference  oi  the  extremes*  by  the  common  difference,  and  add  one 
to  the  quotient,  which  will  give  the  number  of  terms  of  the 
progression.  * 

li  this  rule  is  applied  to  the  denominator  of  any  term  of  the 
given  series,  we  shall  find  that  k  consists  of  (n  4- 1 }  factors. 


(    7^    ) 

We  have  been  thug  particular,  that  no  part  of  the  solution  shouUl 
be  short  of  e^lsiiation^ 

By  means  of  the  preceding  conclusions  and  observations  we 
shall  have 

-' — z —  ^  ^f-* ^fcc.  to  n  tems>  4 


1-3 {««+»)      3-5  ••  •  •(*»+8)         47  •  •  •  •<"+s) 

—7 — \ — r  &c.  ad  infixdtum;  and  writioff  r  inthedace 

ml  q^  we  shall  have  the  very  expression  in  the  question. 
This  question  was  also  answcrtd  ly  Nov^AKGLv s« 


XiX.    QUESTION  429,  by  C.  B. 


Prove  that  the  series 


x*2»3«»..»         a%g...,ji'fi         3*4*  ••n  +  a 


&c«iseqtudto 


First  Solution,  if  C.  &•  thclPriaififiscr. 


Put  n   =: — 5— -^      ,       +    &c.    Then 

II -!_  = '- — i -H — &c. 

n       i«2.*..ii  2.3 If  4-1       3-l-*»«Hr« 

.    ,•                                   ...    • 
ill  — zz  —  ' +  &c«  zz  nu      .  t 

hence  tlie  equation  of  first  differences 


I 


(  7a  ). 

I 

s»  — «»  .     =:  — — ^  i      Assume  ar  = =—  » 

tlien  it  becomes 

1141  ii+i 

%  ^  xt/         nt       w                                                    ^-*-^ 
»  n+t  _       I  _  » 

— :r . ,  or  w  — «/       = • 

• 

Therefore 


o  rz-2  - —  =  —  — <— — ^  — —  &c.  *— H  c* 

•  If  1         t  3  «— 1 

and 

«— 2  n — S  »7— 4  - 

»       a  a  a  j*  ^         2 ^ . 

n   -2 , —  ^2  c — &c. ^ 

«      i*a«.*n*i(  113  n^i 

Ifnzzt,  theivacz:  -—14.   i  —  &c.  or  c  =:  f  log.  a. 
Therefore  the  sum  of  the  series  is* 


I.a...ii-^1C 


«— 2  8 — 3 

»— 1  ,  S  2  2  0  2*   , 

o  I  a  3      '  n-ii 


,  S«C0LKD  Solution,  by  A.  D. 

>  •     ■ 

Assume 

M  = 1 i—     +     -^ !__—&€.         (l) 

ffti^i      ita.fMfi — 1         a.3.....»         8.4«.mJH-i 

In  order  to  obtain  an  equation  of  finite  differences,  we  will 
put  equation  (1)  under  this  form  : 


an 
■ — 1 


^     t     +  5    » i_^  I 

—  \ i ^-^ I  +  &c. 

^2,3  ..•.  w  3*  4  i....n  +  13 


ufL....n-t  U2 n  23 » -f  1 


(  78  y 

«— t         - 

*^-  ■■  ■wn  I,    ,       ..,      1.^     a^iB  one* 

3.4  •  •  • .  n  +  9 


;%  211 


-1  =  1.2....'.,-, +("-!')«,         (a) 


Let  «        =  —  ___! !_,  then 


s 


S      (  2 

=  a        +    ^a       -4 tt 

»— 1  » — 1  I    11—2        W — 2       n-^S 


2 2 

a— 1  .«— 2...  3.2^1      91 — i.n— 2.^.  3.2.t    *i*        '3) 
But 


11,11.  . 

1234  o      » 


_ii  II  lt« 

It*        •  1.22*  «                   1.2.33 

Substituting  these  values  and  writing  the  ser'ies  backwards^ 
we  shall  have 

.  —              2  I  fi                    1 

m    -M     '  ■■       ■ ■-  ■»     '    '■  10B»  2 ■  ■*-— •    »■   ■    m   ■*.i»»wi»iin    — 

"i*2..«.A  —  1       °  2*.^  •••••»— '11 


«— 3  n— 4 


I  »   I     mi— »— w^ 


3.4.  ....n — 1    1«2    2  4.5    .t,,.!!---!    1»2.3   g 

« 

I 
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ft      log. 


as  was  to  be  shewn* 


Third  Solution,  by  ilfr.  Cunliffe. 


Put  a  =:  hyp.  log.  a  ;  then  it  is  welUknown  that 

1.1         i.i        1.1  lo 

23456  7  8 

whence 

2         34         5         6  7  8         9 


taking  the  difference 


fitf — 1        1 


_  J_^_j^       J 1^       J i_  «      _ 

i  1.2      2.3      3.4      4.5      5.6      6.7       *  "" 

and  transposiiig 


2'a-.2* 


2tf — 1  1 


=  ^«i-+-i.-*  +  »  _  »  ifcc. 


Ii2  1  2.3        3.4        4,5        5.6        6.7  7.8 

taking  the  difference  and  dividing  by  2 


1        .        .      2^ 


4a— 2—-      2'a— 2' 

^ 2 2 

'     ui        ""         i.2 


1.2.3       ^'S^       3-4-5      4'5'6  ^  5  '^^  7       6  •  7  •  *^ 
and  hence 


C    75    ) 


1.2*3  1.2 


2.3.4       3-4'5       4'5«»       5-6-7        ^-Z-S      ^  7*8«9 
taking  the  difference  and  dividing  by  ^9 


2'a- 

2«       **        '''' 
2          3 

1-8-3 

— 

1 

«         , 

1 

1 
4.5.6 

-&c. 
•7 

1.2.3.4 

a.3-4'5  ' 

3.4.5.6 

and 

transposing 

• 

1 

2*a-2*- 

2^ 

9 

2^ 

• 

1 

•      + 

1 

&c 

1.2.3.4  i*2.3  ^'M*5      3-4'5»6      4-5'6  7 

taking  the  difference  and  dividing  hj  4, 

♦         s       2*       2«        2^ 
2*a — 2' 


«        3        4- 


1.2.3.4  i*&.3'4«5     «-3*4-5«6     3*4-5'fi7 


&c. 


From  what  hu  been  done  it  is  manifest,  that  the  sums  of 
these  series  may  be  obtained  in  succession,  in  the  same  manner 
ad  those  in  the  solution  of  question  428,  viz.  by  multiplying  the 
sum  of  any  of  the  above  series  by  2,  then  suDtracting  the  first 
term  from  that  product,  and  dividing  the  remainder  by  the 
difference  of  the  numerators  of  the  1st  and  2nd  terms,  when  re« 
duced  to  the  least  common  denominator,  the  quotient  will  be  the 
sum  oi  the  next  succeeding  series,  &c.  &c. 

We  shall  also  perceive,  as,  in  the  solution  to  question  428, 
that  the  number  of  factors  in  the  denominator  of  the  expression 
for  the  sum  of  any  of  the  above  series,'  is  always  one  less,  than 
the  number  of  factors  in  the  denominators  of  the  several  terms 
of  the  series. 

But  the  way  of  forming  the  expressions  for  the  sums  of  the 
foregoing  series  is  so  plainly  indicated  by  the  expressions  them« 
selves,  as  to  leave  no  difficulty,  in  forming  by  inductiout^  the 

K.   2 
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expression  for  the  sum  of  any  series  of  the  kind,  whatever 
number  of  factors  the  denominiitors  of  the  terms  of  the  series 
may  consist  of. 

In  the  geries,  in  the  question,  the  number  of  factors  in  the 
denominator  of  each  term  is  n,  and  therefore  we  gather  from  the 
preceding  resuItSi  that  the  expression  for  the  sum  will  be 

i.2.3.4..«(ff-i)     C  2  3         4  n<-ij 

that  is, 

t ^  f  ^  ^  Siz. 

i.2.8...n      2.3.4 ..(«+!)    '  3-4-5*v(»+«)      4*s6—(^+3) 


\ 


^.  X 

t  .  2.  3...(» —  t) 


« — 3           11—4            «-— 5 
2  xA./.2— 2 :;: &C   -— ^^  f 


3  4  ^— » 


Nov*ANGLUS  likewise  sent  a  solution  io  this  question. 


XX.    PRIZE  QUESTION  430,  hy  Meghan icus. 

If  two  bodies,  connected  by  an  inflexible  and  inextensible  line, 
be  placed  on  an  horizontal  plane,  and  one  of  them  be  con- 
strained to  move  in  a  straight  line  given  by  position,  with  a 
uniform  velocity ;  it  is  required  to  determine  the  circumstances 
of  the  motion  of  the  other  body,  and  the  nature  of  the  curve 
it  describes  ? 


First  Solution,  by  M.  Francais, 
(From   the   Annates   de   Mathematiques J . 

Upon  a  horizontal  plane,  a  rectilineal  path  is  traced  in  which 
a  body  p  is  constrained  to  move  uniformly*    This  body  is  con- 


(    77    ) 

«ected,  by  an  inflexible  and  inextensible  rod^  with  another  bodf 
M  which  is  posited  on  this  plane»  and  which  is  supposed  to  have 
received  some  primitive  impulse  in  the  direction  of  this  plane. 
It  is  required  to  find  the  nature  of  £he  curve  described  by  the 
body  M  and  the  other  circumstances  of  the  motion^  abstracting 
from  friction. 

Let  the  straight  line  in  which  the  body  p  moves,  be  taken  for 
the  axis  of  x,  and  any  straight  line  at  right  angles  to  this,  for  the 
axis  of  y. 

Let^  at  the  epoch  t,  x  and  y  be  the  co-ordinates  of  the  point« 
M  and  x'  the  abscissa  of  the  point  p ;  the  rectilineal  motion  of 
this  last  point  must  be  the  effect  of  an  accelerative  force,  directed 
according  to  the  axis  of  x  and  disturbed  by  the  reaction  of  if 
upon  p.     Let  p  be  this  accelerative  force. 

The  general  equation  of  motion  is  then,  by  supposing  t  the 
independent  variable, 

•r  simply,  because  --77  is  constant 

^  ^  ^x  +  u  j^  3y  —  p/^o?' =  p.  (1) 

Designating  by  a  the  length  of  the  rod,  the  connection  of  the 
parts  of  the  system  is  expressed  by  the  single  equation 

which  gives 

(X  —  x^)  (Ix  —  5a/)  +  yly  =  o, 
whence 

substituting  therefore  this  value  in  equation  (i)  it  becomes 


Micmiiqw  celeste  torn,  1,  pag9  61. 


(  7«  ) 

Sx  and  iy  being  then  independent,  we  have  simply 


^x        ^  d'y  pAy  ^  ^ 


whence^  by  elimination,  we  conclude    ' 

yd*x  =s(;r  — jr')dy  (6) 

Since  dx^  is  constant,  we  must  try  to  find  an  equation 
between  x^  and  y^^  For  this  purpose  differentiate  twice  con- 
secutively equation  (2)  and  it  becomes 


djc  =  da/  — 


ydy 


a\  9 


•(«»-  y ) 


but  equation  (6)  gives 

equating  th«se  two  values,  and  reducing 

an  equation  which  has  for  its  integral 


— 1-  cda/  :::  o»  (8) 


timmm 


This  last  equation^  integrated  again,  gives 


arc  (cos  =  -  J  =  cap'  +  cf; 
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oit  putting  for  4r  Ui  rahie  found  frooi  c^(iiatioB  (t) 

arc  (cos  =^)^  cj*  —  -/(«*  —  ^)i  -C^-        (9) 

For  determining  the  constants  c  and  c^,  suppose  first  that  tbe 
constant  velocity  of  p  is  ft,  or  that  -j--  zz  b.  By  putting  this 
value  in  equation  (8)  it  becomes 

^  +  6cV(«*— /)=:o*  (to) 

Supposing  again  that  at  the  origin  of  the  time,  the  point  p  is 
tbe  origin  of  the  co-ordinates*  and  that  the  rod  a  forms  then  an 
angle  a  with  the  axis  of  x.  Suppose  also  that  the  initial  velocity 
ot  M  parallel  to  the  axis  of  y  is  c,  so  that  for  /  =:  o,  and 

y  r:  a  sin  a  we  have  -^  zz  c  :  equation  (10)  becomes 

c  +  ahc  cos  «  =:  o»        whence  c  r:  —  -r • 

ao  cos  a 

The  second  integral  (o)  relative  to  the  same  initial  state, 
becomes 

arc  (cos  z=  sin  «)  =  cf.        whence  c'  =  |^  •—  «• 
Whence^  we  have 

t  =  •(«•-/»)  +  ^!L^  jarc  (»in=  |)  -  «|.      (tt) 

This  is  the  equation  of  tbe  curve  described  by  the  body  M* 
We  see  that  this  curve  is  a  cycloid,  relative  to  the  straight  line 
passed  over  by  the  centre  of  the  generating  circle  :  this  circle 
has  for  its  radius  the  length  a  of  the  rod  ;  its  centre  is  the  ex«' 
tremity  p  of  this  rod«  and  the  ratio  oi  the  velocities  of  translation 
of  the  centre  and  of  rotation  of  the  parts  of  the  circumference 
about  this  centre  is  that  of  j  cos  a  to  c  ;  the  cycloid  is  therefore 
proUUe^  common,  or  curtaU,  according  as  we  have 

b  cos  a  7  c,     b  co$  a  z:  <9     or  6  cos  a  X  Cm 

Enuation  (11)  contains,  as  one  of  the  given  quantities  the 
initial  velocity  of  u  in  the  direction  oi  yf  we  may  easily  introduce 
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ks  velocity  io  the  direction  of  x*    If»  in  efiBsct^  we  put  in  the 

first  integral  (8)  for    ..  ^     .  i, ,  its  value  — — ,  we  have 
»  V  (fl   -  ^^  J  y 

da/  ,  da'  dx 

Let  now  c^  be  the  initial  velocity  of  m  in  the  direction  of  x^ 

dx  .  , 

so  that  we  shall  have  ^  zz  c\  this  equation  becomes  b  +  a^c 

sin  a  —  c'  =  o,  whence 

C  1= 


ab  sin  a  ' 
introducing  this  value  into  the  equation  of  the  curve  it  becomes 

«n/(a«  -/)  +    ^_j^  jarc  (sin  =  '^  j  — «  J  ;  (i«) 

the  relation  between  the  initial  velocities  c  and  c'  beifig  expressed 
by 

c  cos  a  +  c  sin  a  =:  ft  cos  a» 

We  must  notice  here,  that  these  initial  velocities  are  not  those 
which  are  imprinted  on  m  by  an  impulsive  force  only ;  they  are 
the  resultants  of  the  primitive  impulse  on  M  and  of  the  action  of 
7  upon  M  ;  so  that,  at  the  point  of  impulsion,  they  are  due  only 
to  the  action  of  p.  The  velocity  b  is  not  wholly  due  to  the 
action  of  the  accelerative  force  p^  but  to  this  action  modified 
by  the  effect  of  the  impulse  given  to  m. 

Equation  (ii)  is  in  fault  when. we  have  a  =  |y;  but  then 
ve  employ  equation  (i  a)  which  becomes 

y       9  •  db  %l\ 

ap  =/(«—>)  —  YZTf,  ^^^  ^^^^  =  aj*  * 

In  like  manner  it  a  =:  o»  equation  (12)  is  in  fault,  but  equa* 
tion  (11)  becomes 

x=  v'Ca*— /;+   ^  arc  (sin  =  |^. 

For  determining  the  velocity  of  M,  for  any  point  of  the  curve^ 

we  have  the  equatioi^s 
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dap   ^    ab  cos  a  — 
d£    ""         a  cos 


DS  a        •        '   d/    "*"         <l  cos  a      ^ 


nence 


ac*  —  flicy  cos  a  +  al>^  cos*  a 
»  =    -       " — 


a  cos*  a 


Also;  according  as  we  have  ^  =:  tf ,  or  jf  =:  —  fl,  we  have 

V  zz  b  -^   ,   or  t;  =  6  +  -^ • 

cos  at  cos  a 

It  is  very  easy  to  see  that  these  are  the  least  and  the  greatest 
velocities  of  the  point  m  ;  the  first  has  place  at  the  highest  and  the 
second  at  the  lowest  point  of  each  cycloid.  Hence  in  the  com« 
men  cycloid  for  which  we  have  c  zz  b  cos  a»  the  velocity  of  the 
point  M  is  nothing  each  time  that  it  comes  to  the  greatest  eleva- 
tion ;  and  that  it  is  double  of  that  of  the  point  p,  each  time  that 
it  comes  to  the  lowest. 

The  time  Is  found  from  the  formula    >,  ,   — ^  =  '—  • 

yiar  —  y'J       a  cos  a 

which  gives  •  * 

arc  (sm  z=  -  i    s  >ii  *  +  c    ; 

a  J  a  cos  a 

and  as  we  have  at  the  same  time  jf  =  tf  sin  a  and  /  =  69  it  foI« 
lows  that  c"  =  a,  which  gives 

tf  cos  al  ,  .  V\  \  i^^\ 

t  -—  J  arc  (sin    r:  -  )  —  a  >  •  (13) 

r 

^         Also^  when  ^  z=  ii,  we  have 

a  cos  a  C  211  -4-  t 
I  /   —  .\  5ar —  a 


9  being  any  whole  positive  nuniber.;  whence  it  follows  that  the 

vd  cos  or 


time  employed  in  passing  over  the  whole  cycloid  is  = 


c 
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X 

The  accclerative  force  p  zz pr-:  but 

d*      •  cy  -  d*;if  cdy 

TT  =:  0  —  — - — ,  whence  t^t  =:  —  -j: — ^ —  » 
d/  a  cos  a  d/*  ad^   cos  a 


and  as  we  have  otherwise 

d/  a  cos  a     * 

it  follows  that  we  shall  have 


P   —  —  —    ,  5 J , 


a  cos  a 


which  gives  for  the  initial  value  oi  p^  p  zz 


M  c' 


p       a  cos  a 


Reflections  and  further  researches  on  the  same  Problem,  by  Af • 

G£R60NN£» 


This  problem  and  several  analogous  problems  were  treated  of 
by  Clairault  in  the  memoirs  de  I*  academe  des  sciences  of  Paris 
for  1736.  This  geometer  proved  very  easily  by  considerations 
purely  synthetical,  that  the  elementary  space  described  by  the 
point  p  in  any  instant,  divided  by  the  angle  formed  by  the  two 
directions  of  the  rod  a,  at  the  beginning  and  at  the  end  of  this 
instant,  is  a  constant  quantity ;  whence  it  follows  that  the  point 
M  describes  a  circumference  about  the  point  p  with  an  uniform 
motion  during  the  time  that  this  point  is  moved  uniformly  in  a 
straight  line,  and  also  that  the  Tractoire  is  a  cycloid. 

Clairauk's  being  occupied  with  this  jn-oblem  cccasiMed  a 
discussion  respectmg  it  with  Fontaine,  who  pretended  that, 
in  the  whole  course  of  the  motion  the  direction  of  the  rod  was 
always  a  tangent  to  the  curve ;  whence  he  concluded  that  the 
Tractoire  was  no  other  than  the  curve  of  equal  tangents,  and  that 
the  problem  was  thus  reduced  to  a  simple  problem  in  geometry. 

Notwithstanding  the  solution  of  Clairault,  many  geometers 
still  continued  to  think,  with  Fontaine,  that  there  was  nothing  to 
distinguish  this  problem  from  that  of  the  curve  of  equal  tangents* 
They  concl^ded  that  neither  the  constant  nor  variable  velocity 
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of  the  point  p»  the  friction  or  resistance  of  the  medium  which 
acted  always  in  the  direction  of  the  motion,  which  is  here  the 
same  as  that  of  the  rod  a,  could  in  any  way  modify  the  nature  of 
the  curve.  As  for  ClairauU,  he  agreed  so  far  with  Fontaine  as  to 
admit  that  when  the  body  M  experienced  resistance  from  the 
horizontal  plane  and  there  was  not  any  velocity  impressed^  the 
Tractoire  might  be  a  curve  of  equal  tangents ;  and  that  his 
design  was  only  to  demonstrate  that  the  curve  must  be  a  cycloid 
in  the  case  when  the  friction  and  c^her  obstacles  were  no- 
ticed. 

Id  a  memoir,  which  I  presented  several  months  ago,  to 
V  acadimie  du  Gard^  I  have  sketched  a  solution  of  the  general 
problem  of  Tractoires  in  a  resisting  medium,  supposing  the 
point  p  to  describe  in  space  any  given  curve  of  double  curvature 
with  a  motion  any  how  varied :  we  see  then  that  it  will,  by  sup- 
posing the  rod  heavy  and  flexible,  and  having  regard  to  its  weight 
and  curvature,  be  sufficient  for  determining  the  complete  theory 
of  the  motion  of  a  Kite. 

fiy  particularising  my  results  so  as  to  adapt  them  to  the 
present  case,  I  find  that  in  general  I  have  obtained  similar 
results  to  those  of  M.  Francais.  But  as  my  way  differs  a 
liule  from  his,  I  think  it  will  not  be  disagreeable  to  find  here 
a  comparison  of  the  two  methods* 

For  disembarrasing  the  problem  of  all  foreira  consideratiotis, 
I  shall  propose  the  particular  case  in  the  question  as  follows : 

Problem.  'X  point  p  describes  the  axis  of  x  by  moving 
uniformly  with  a  known  velocity  equal  to  b  and  exercises  an 
attractive  or  repulsive  force,  constant  or  variable,  on  another 
point  M,  posited  on  the  plane  oi  the  rectangular  co-iH'di^ateSy 
bat  otherwise  perfectly  at  liberty.  The  action  of  p  upon  m  is 
such  that  these  two  points  always  keep  at  the  same  distance 
from  one  another.  It  is  required,  from  this  to  determine  the 
nature  of  the  curve  described  by  the  point  m,  and  also  the 
other  circumstances  of  the  motion. 

Solution*  Letj  for  any  epoch,  x  and  y  be  the  ordinates  of 
M,  x^  the  abscissa  of  p  and  p  the  action  of  p  upon  m  ;  this 
action  is  exercised  according  to  the  straight  line  which  joins 
these  two  points,  and  its  components  parallel  to  the  axis  of 

X  andjr  are p,  Pl  whence  it  follows  that  the  equa- 
tions of  motion  of  the  point  m,  i  being  the  independent  variable. 


are 


d**    _  x  —  x'  .  .  d*y    _   y^ 

L  8 
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lb  lirhicb  w e  muflt  join 

(^-x^r  +  f-a,    (3)        2r  =  * 

Thift  supposed,  if  we  difiercntiate  twice  the  equation  (3)  and 
iave  regard  to  equation  (4)  we  find 

But  on  the  other  hand,  by  eliminating  p  from  the  equations 
(1)  and  (2},  we  obtain 

,v  d'v  d*Ar  /o\ 

By  eliminating  ^t  -r  %   t4  from  the  equations  (3),  (5).  (6)* 


(7),  we  hare 


<»•->•)  ^ +'©'=»'      "^ 


an  equation  of  which  the  integral  is. 


ll  =  c  /(«•  — /)  =  c  (ff  -•  *') ;  (9) 

the  value  of  which  being  substituted  in  equation  (5)  gives 


\ 


(  n  1 

Eliminating,  therefore',  i  from  the  equatkmt  (9)  wni  {to) 
have  for  the  differential  equation  of  the  trajectory 

dy    _    cv/(a*  — y*)  . 

35  ""       /» —  cj^  '    ' 

an  equation  which  we  know  to  belong  to  the  cycloid,  which  it 
prolate,  common  or  curtate,  according  to  the  different  values 
which  may  be  attributed  to  the  constant  c. 

For  determining  the  constant  c,  I  suppose  that  at  the  epoch 
when  t  n  o,  the  point  m  is  found  to  have  the  velo'city  c,  either 
imprinted  or  otherwise  acquired^  in  a  direction  forming  an  angle 
with  the  axis  of  x^  and  of  which  the  components  respectively 
parallel  to  the  axis  of  x  and  y^  are  consequently  /:  cos  ^  and 
f  sin  j8 ;  I  suppose  also,  with  M*  Francais,  that  at  the  same 
epoch  the  point  p  is  at  the  origin  and  that  the  rod  a  makes 
an  angle  a  with  the  axis  of  sb  ;  that  is  to  say,  I  suppose  at  the 
same  time 


/  =  o,    r-  zic  cosiS,  ^  =:  c sm  ft  xzzacosa,  y  zzasmum 


From  these  suppositions,  equations  (9)  and  (10]  become 

c  sin  i3  =:  ca  c  os  ae» 

"    €  cos  i8  =  ^  —  ca  sin  a ; 

whence    ^ 

c  $in  3        i  —  c  cosjS  g  _% 

a  COS  a  a  sm  a 

which  gives  the  equation  of  relation 

c  cos  (0  —  a)  =  ^  cos  «t  (^S) 

If  now,  we  integrate  equation  (1 1)^  we  find 

|r  =  /(a»^»»)+^*arc(sin=:|)+c'i 
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dbr  kdAi  circumslances  of  the  motion  give,  after  redodioft 


o  rr   —  «  +  cr , 
c 


wa  that  we  have  definitively 

*=./(«*-  »•)  +  ^|arc  (sin  =  J)  -  «^-       (14J 

stroQuaiion  in  which  by  virtue  of  the  relation  (13)  we  may 
•ttbstitute  for  c  either  of  the  two  values  given  by  equation  (i2)* 
We  have  again 

But  equation  (9)  gives  by  integra'tion  and  having  regard  to 
the  initial;  circumstances  of  the  motion 


ci  —  a  =2  arc  (sin  =5  -  J ; 
whence 

yziz.  a  sin  (ci  —  a)  ; 

therefore 

1^  =  cV  +  2abc  sin  (c^  —  a)  —  i\  { 15) 

It  appears  well  established,  from  what  has  preceded,  that 
ahstractng  friction  and  the  resistance  of  the  medium,  and  sup. 
posing  the  motion  of  p  to  be  uniiorm  and  rectilineal,  that  the 
plane  Traeioire  is  a  cycloid. 

To  leave  nothing  to  be  desired  on  the  subject,  I  shall  finally 
seek  the  value  of  the  accelerative  force  which  must  act  on  the 
point  M  so  as  to  make  it  describe  the  curve  of  equal  tangents,that 
is  to  say,  I  shall  resolve  the  following 

Prohlem.  While  a  point  p  passes  over  the  axis  of  x  with. 
the  uniform  velocity  6,  another  point  m  moves  with  a  varied 
and  curvilineal  motion  on  the  plane  of  xy.  The  motion  of  this 
last  point  is  such  that  it  is  always  to  be  found  at  the  same  con- 
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stant  idfftiance  a  from  the  point  F  and  betidet  that,  the  aoveahle 
straight  line  which  joins  the  two  points  is  perpetually  a  tangent 
to  the  curve  described  by  the  point  M.  It  is  required  Co  find 
the  nature  of  this  curve  and  the  accelerative  force  which  acta 
upon  M. 

Solution.  Retaining  the  -notation  and  Conventions  of  the 
preceding;  problem^  tlie  invariability  oi  the  distance  between 
die  points  u  and  p,  is  expressed  by  Uie  equation 

■ 

and  the  property  that  the  straight  line  which  joins  them  is  always 
a  tangent  to  the  curve  described  by  M^  is  expressed  by  thia 
other  equation 


jr=r7  =  Ji '    ^'^'^^^  >  =  (*  —  *o  al-    ^*) 


Eliminating  x  —  ^p'  from  th^se,  we  have 

^  -       y   „  ^ 

an  equation  of  which  the  integral  is, 

X  =  /(a«  —/)  —  a  log  ^  +  ^(^'  —  y^}  4.  <H. 


If  for  determining  the  constant,  we  suppose,  as  abovei  that 
wc  have  at  the  same  time 


X  :z  a  cos  c^        y  zz  asm  a 
it  becomes 


•  1-4-   cos  (Z  m  «  «  .  y 

c:za\og  — .  iza  log  cot  | «  =:  —  4  log  tan |«;; 


mi  wImcIi  gives  ior  tbe  aqimtion  pf  the  curv«  of  e^^l  tiu^nu 

Now,  by  considering  t  as  the  independent  variable,  we  may 
put  equation  (2)  under  this  form 

>^-/Ca«-/).f^=o.  (4) 

on  the  other  hand,  by  dtfierentiating  equation  (i)  it  becomes^ 
•wee  jj-  =  *. 


From  these  two  equations  we  draw 


1 


dt  a 


dt    -  '        T' 


(6) 


(7) 


We  find  again,  by  a  new  dilFerentiation, 


d<» 

a* 

■ 

d»y 

d<» 

«— 

+ 

6>(<i 

a/) 

"'■  • 

(8> 


(9) 


By  designating  therefore  by  x  and  Y,  respectively,  the  com^ 
ponents  of  the  accelerative  force,  parallel  to  the  axis,  we  have 

"~^* •         Y  —  +  — ' ^4"'  »• 


• 


9  =  vr(x'  +  if*)  =  ^, 


and  this  ihaies^  with  the  axis  of  x,  an  angle  of  ti^ch  the  tabutar 
.tangent  it 


*x  » 


wWnce  it  i«  easy  to  cottclude  that  thie  ifompohents,  according  t^d 
till*  taoigent  and  normal  arc  respectively 

We  see  tHerefore  tEat  tie  power  f  U  not  in  the  dircctioia  M^# 


AnofJier  Solution;  mth  sMe  exptdndtions  of  M.  trannais^  equaXck 

of  conditions.    jJv  M.  l>crBUA!T.     . 

1.  The  eqtkatioti  ^  cos  a  +  /  sin^  a  ±  d  cos  a,  is  no  other 
than  the  genera!  equation  of  condition  (*  —  x^)  {Ax  —  d^O  + 
yAy  =  o,  in  which  we  put  for  the  variables  Ax\  Axy  Ay^  *  —  Ji/, 
y  the  values  M#,  tffyioki  a  cosayirsln  «,»which  they  hav^  at  the 
origin  of  the  motion. 

2.  Or,  the  general  equation  (x  —  *0  (^*  —  d*0  +  y^If  =  o, 

•ignifies  that  the  Variable  v«lodti^  4? .  17  ^  Ae  point  m,  in 
,  .  di      At  '^ 

the  direction  of  the  axes  of  the  co-ordinates  are  such  that,  if  from 
Ae  velocity  ^  accol^ng^totbeaxisoFi',  we  subtract  the  velo« 

%  ^dt  Al^poihi  P.  the  remaining  vfeldcity  ^  ~^^  forms 

With  the  velocity  according  to  the  axis  of  y^  a  resultant  perpen- 
dicular to  the  radius  vector  pm  :  whence  it  follows  that  the  velo- 
city  of  the  poiiit  m,  considered  either  at  the  commencement  or  in 
the  continuation  of  the  ifiotion,  may  always  be  decomposed  into 
Vol.  v/pabt  i>  m 
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two  vdockics,  the  one  patallel  to  the  axis  oix  constant'and  eqpal 
to  6,  the  other  perpendicular  to  the  radius  vector,  the  value  of 
which  may  be  any  thing. 

3.  Hence  if  the  velocity  imprinted  on  the  point  m,  at  the  origin 
of  the  motion  is  not  decomposable  into  two  velocities  according 
to  the  same  law,  this  velocity  is  not  the  initial  velocity  from 
which  we  must  determine  the  constants  in  the  integration. 

4,  Let,  at  the  origin  of  motFon,  V  be  the  velocity  imprinted 
on  the  point  n,  and  ^  the  angle  that  the  rod  makes  with  the  axis 
ot  Xy  the  components  are  v  cos  /S  in  the  direction  of  x  and  v  sia 
p  in  the  direction  of  y. 

The  first  coniponent  v  cos  S  is  equivalent  to  the  two  velocities 
b  and  v  cos  /3  —  *,  of  which  the  first  b  only  subsists  by  virtue 
/of  the  equation  oi  condition ;  but  the  velocity  V  cos  /S —  i  is  not 
totally  destroyed  by  its  decomposition  into  two  Velocities,  the  one 
according  to  the  radius  vector,  and  the  other  perpendicular  to  this 
radius;  this  last,  the  expression  for  which  is  (v  cos  /3  —  6)  sin  «t 
subsists,  whilst  the  other  is  destroyed. 

The  velocity  y  sin  /3,  imprinted  in  the  way  of  y,  being  also 
decomposed  into  two  velocities,  the  one  according  to  the  radius 
'vector  and  the  other  perpendicular  to  this  radius ; '  the  second 
subsists  only,  and  is  expressed  by  v  sin  fi  cos  a^ 

g.  The  initial  velocity  resulting  from  the  imprinted  velocity 
V,  is  therefore  composed  of  a  velocity  i,  parallel  to  the  axis  of  «» 
and  a  velocity  (v  cos  |3  —  6)  sin  «  4-  V  sin  /3  cos  «,  perpendicular 
to  the  radius  vector :  this  gives  for  the  component  ^  01  the  initial 
velocity  according  to  the  axis  of  x, 

{/  zz  b  +  I  v  sin  (a  +  ^)  —  b  sin  a  ^  sin  ». 

and  for  the  component  c  ot  the  initial  velocity  according  to  the 
axis  of  ^ 

czz  ±  iv  sin  (a  +  (3)  —  6  sin  a|  cos  a. 

6.    But  there  is  another  diflBcuIty  presented  in  equations  [t  1) 
and  (12). 

If  we  make  in  the  first  r  =  o,  or  c'—bzzo  in  the  second,  we 

have  X  -=1  ^/{a*  — j?*)  +  00 ,  which  has  no  signification.    For 

removing  this  difficulty  I  remark  that  by  virtue  of  the  equatjoii 

ot  condition  ((/  —  b)  cos  a  +  c  sin  a  =  o,  the  hypothesis  c  —  o 

'  gives  (c'  —6}  cos  a  :=:  o,  an4  consequently  tf  :=^  b^  or  cos  « 
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Let  us  put  c  zzo^  cf  zz  h.  These  two  equations  signify  thai 
the  initial  velocity  of  the  point  M,  parallel  to  the  axis  of  x  \% 
nothing,  and  that  its  initial  velocity  parallel  to  the  axis  of  y  is  b^ 
and  equal  of  course  to  the  velocity  of  the  point  p  in  the  same 
direction  :  the  two  points  m  and  p  are  therefore  animated^  at  the 
origin  of  the  motion  with  velocities  equal  and  parallel :  The  equa* 
tion  of  condition  subsists  for  these  two  velocities,  in  the  first  in- 
stant and  in  the  whole  course  of  the  motion.  The  point  M  des- 
cribes therefore  a  straight  line  parallel  to  the  axis  of  x^  with  a 
velocity  constant  and  equal  to  ^ ;  this  gives  y  :z  constant  and 
X  •=:  Bt  -{'  constant. 

Let,  in  the  second  place,  c  =r  o  and  cos  a=  o.  These  two 
equations  signify  that  the  initial  velocity  of  the  point  m  parallel  to 
y  is  nothing,  and  that  the  ordinate  at  the  same  p(Mnt  is  also  nothing 
at  the  origin  of  the  motion  without  determining  the  initial  velo- 
city parallel  to  x*  The  two  points  m  and  p  at  the  origin  of  the 
motion  are  therefore  on  the  axis  of  x,  and  the  point  p  of  which 
the  velocity  is  b^  by  virtue  of  the  equation  of  condition,  can 
neither  be  augmented  nor  diminished.  It  is  easy  to  conclude 
that  the  system  of  the  two  points  move&  in  the  first  instant^  aixd 
during  the  whole  course  of  the  motion  on  the  axis  of  x^  with  a 
common  velocity  6,  that  is  to  say  we  have^  =:  o,  x  =:  ^/  4- 
constant. 

The  problem  may  also  be  resolved  in  the  following  manner : 

^.    The  equations  of  condition  are,  making  the  radius  vector 

(a?  ~  ic')*  +  /  =  I,  a?'  =  bti 

those  of  motion  are 

d**r  d  y 

M'  being  an  indeterminate,     hcty  <=  sin  ^  and  x  —  jr^  =s  cos  f , 
by  substituting  these  values  in  the  equations  of  motion,  we  have 

•^  ^  sm  (p  —  g^  cos  (p  =  ft  cos  p, 


d*(p  d*(|  .   ■ 

^cosip—  jj^  sm  ^  =  /« sin(pj 


M  2 


moJ  hy  dlmiJiftriag  ^^ 

d*^  =5  o,    therefore  ^  =  a/  +  a%    and 

a?  =:  ^/  4-  cos  (Xi  +  aO,  >  =  sin  (A^  +  a'). 

By  determbf  i^g  the  cQiju^uits  from  ibfi  h^^H  velodty  v^  >0(i^* 
ing  vrith  the  a^cis  of  a?  the  ajpgl^e  ^,  V(e  l^y^e 

«  ;r  5/  +  CO!  I  [v  sin  (a  +  iS)  —  5  Ain  tf]  /  +  a|, 

^  ==  <b  I  [v  ain  jC«  +  /5)  —  i  dn  «]  /  +  o  |f 

These  formulae  fhew  that  the  point  m  is  moved  about  the  point 
p,  with  ^n  uniform  and  continued  motion,  and  with  a  velocity 
y  sin  (a  4-  /S)  —  t  sin  a. 

8*  If  we  suppose,  as  above,  that  the  initial  velocity  of  the 
point  M,  parallel  U>  the  axis  of  y>  is  nothings  and  that  paral- 
lel to  the  axis  of  x  is  ij  we  find,  by  makiqg  v  =  6  and  /3  zzp, 
y  =:  sin  a,  a:=  ht+  cos  a ;  a  result  conformable  to  that  of  lip,»6. 
If  we  suppose  agaii^  that  th^  initial  velocity  of  the  point  M,  par- 
allel to  ^  is  nothing,  and  that  the  ordinate  of  the  same  point  i» 
Aotlnng  at  the  ori^  of  motion,  ]Mr/e  fijKl,  by  majking  a  =:o,  /3=:o» 
conformable  to  this  hypothesis,  >  ::z  o^x  zzbi  +  i,  as  above. 


Second  Solution,  by  Mr,  Lowry. 

Let  p  and  q  be  two  bodies  connected  by  an  inflexible  and  in- 
extensible  Une  or  rpd  of  a  given  length,  ^nd  placed  on  an  hori- 
zontal plane;  let  an  impulse  be  given  to  one  of  them  as  q,  so 
that  this  impulse  combined  with  the  mutual  action  of  the  bodies 
inay  cause  the  other  hody  p  tp  move  4n  a  straight  line  given  by 
poiition,  with  an  uoifbrm  velocity  ^ ;  it  is  required  to  determine 
the  circumstances  of  the  motion  of  q,  and  the  curve  it  describes* 

Put 

r  zz  the  length  of  the  rod, 
IX  and  y  =  the  rectangular  co-ordinates  of  q  at  the  end  of  any 
definite  time  /,  x  being  taken  in  the  direction  of  the 

S'ven  line  and  having  its  origin  at  the  point  where 
e  motion  of  Fcoibmeac€|»  and  y  the  perpendicular 
from  (2  upo^  ^* 


C  «3    ) 

4iwe  /p         ^ 
f  zz  the  acceferative  force  arising  from  the  combined  dU 
fects  of  the  impulse  and  the  action  q{  the  bodies  upoa 
each  other. 

Hien  *  X  f  will  be>the  efiect  of  that  force  parallel  to  x^  aidl 

^  X  ^  the  effect  in  the  direction  of  y ;  therefore,  by  the  prioci- 
^et  ^  dyiiainicst 


•• 


X  z 

^  =  -  X? 


4^     SB  ^  Jt  f 


#pd,  by  eliminating  ff 


p  ■     e  .    ..    »- 


•« 


Now  to  exterminate  2  and  m  from  this  eqtiatian,  to  as  ta  ^it 
the  value  of  4 ,  we  have*  by  the  questu^n^ 


md  taking  first  and  second  fluxiQnt 


tberefore 


vi        iMj?  _      V  ^tL 


^fS3-— s'-j^    *^    '•-    ,j  •  •    r^    *     "jj  jj* 
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Bvt  T  — '  r  iK  the  space  described  by  p  in  the  time  t^  with  the 
imifbrxn  velocity  a ;  therefore  ^he  fluxion  of  this  space,  or  of 

ar—  2,  must  beconsunt;  consequently  x  zs.  z»  therefore 


M.% 


yy       ^T 

z  z 


and  substituting  this  value  for  op  in  equation  (i)>  and  remarking 
that  z*  ssr'  —  y\  we  have 


<''-'•)  l+'(f)'=- 


Tbit  equation  gives  by  integration 

•  •  •  A 

and  to  find  t-  »  we  have  in— -Si-  z:  «/^,   but    — t —  =:  tf ;  there- 


fore 


!=:«  +  •?:;=<»  —  cy»  (ft) 

t  i 


If  therefore  we  put  u  =  the  velocity  of  q  in  the  direction  of  jf, 
and  If  its  velocity  parallel  to  «,  we  have 

V  =1  a^cy  (5) 

and  the  velocity  of  Q  in  the  curve  =  -/(«'  +  f  *) 

=  V^(a*  —  2acy  +  cV»)» 

To  determine  the  value  of  the  constant  quantity  c^  we  must 
consider  ihe  manner  in  which  the*  bodies  are  first  put  in  motion. 
Suppose  at  that  instant,  in  consequence  of  the  impulse  and  ac* 
tion  ot  Fp  that  ^  has  a  tendency  to  move  in  a  direction  which 
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m 

makes  with  tlie  axis  of  jt  a  given  angle  e^  and  with  a  veloci^  «« 
the  incipient  velocities  in  the  directions  oi  y  anH  x  would  then  be 
OL  sin  e  and  a  cos  ^ ;  or  if  =  a  sin  «  and  v  zz  a  cos  ^. 

Let  j3  and  ^  be  the  values  of  nc  and  ^  at  this  instant  or  wheB 
/  =  o,  the&  from  equations  (4)  and  (5) 


«  sin  ^  rs:  r^ 

«  cos  €  ==  4  •—  cd 
anA  by  elimination, 

«i3 


«  =: 


S  sin  ^  4-  /3  €01 9 


a%ine 


2  sin  ^  +  ^  COS  ^ 


therefore 


4  Stn  ^  ^        ^r    m  mx 

Jsme  +  /3  cos«  ^         -^ 


a  (2  —  1)  sin  €  -I-  /3  cos  «  ^  ^ 
^  sm  «  4-  p  cos  e  -^ 


Agam,  to  find  the  equation  of  the  curve,  we  have,  by  exlef^ 
minating  t  from  equations  (%)  and  (3) 


and  taking  the'fluents. 


=s  2  ^  arc(8Jn  j)  +  VC*  -/)  +  c'i 


(    9*    ) 

ftiC  dC  (fie  coAimeiiceDttne  of  motion  i  s^/?,  axuif  =  £»  tfhertifoie 


/j  =  -  X  arc  (sin  -  J,  +  jS  +  c' 
«r  c^  = X  arc  (sm  -  j 

and         arsr-  X  <arc(8in  ^j— arc(sin -jt  +  ^{r*— /*)» 

wliicb  it  an  equation  to  the  cycloid. 
To  find  the  time,  we  have,  from  equation  (sr) 

r 

i  zz,^  X  arc  fsin  ^ \  +  c''; 

c  ^      rj  v^ 

kit  when        /  =  o,  ~  x  arc  (sin- J  +  c''  =:  a, 

therefore  ^''^  —  —  -  X  arc  (sin  —  k 

c  rr 

and  ^  =  -^x  sarc  (sin^  j  — arc  (sin     K, 

The  vsdue  of  t  might  also  have  been  found  by  considering  that 

i  'zz f  and  if  for  x  we  put  its  value  found  above,  we  shall 

have  the  very  same  expres^on  for  t  as  before. 

The  results  thus  obtained  agree  with  those  in  the  solutions  to 
the  14th  question  in  the  Ladies  Diary  for  the  year  17789  but  the 
methods  of  solution  are  very  difierent.  ^ee  vol*  III.  pa.  41  of  the 
new  Republication  of  the  Mathematical  Questions  in  the  Ladies 
J>iary. 

Soluiionrs,  upon  different  prindpUs^  were  receivedj9om 
Mr.  Antuoi^t  Cook  itnd  Noy-aholus. 
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ARTICLE  II. 

Soltitions  fo  Questions  proposed  in  No.  XFIL 

I.    QUESTION  481,  by  Pa  lab  A. 

A  and  B  travelled  on  the  same  road  and  at  the  same  rate  from- 
H  to  L»  At  the  jjo^**  mile  stone  from  l,  a  overtook  a  drove  of 
geese,  which  were  proceeding  at  the  rate  of  three  miles  in  two 
hours ;  and  two  hours  afterwards  met  a  stage  waggon  which  wat 
moving  at  the  rat^  of  nine  miles  in  four  hours.  B  overtook  the 
same  drove  of  geese  at  the  45^^  mile  stone  and  met  the  samei 
stage  waggop  exactly  -forty,  mifiutes  before  he  qame  to  the  ^x^^ 
mile  stone*    Where  was  B  when  a  reached  l  ? 


First  Solutiok,  by  Palaba,  the  Proposer. 

(let  X  zz  rate  per  hour  at  which  a  or  b  travel.    The  geese  and 
waggon  travel  at  the  respective  rates  of  ^  and  -  miles  per  houn 

B  approaches  the  waggon  at  the  rate  of  ;c   f  ?  miles  per  hour. 

4 

And  ^  :  5  : :  I  :  —  =  No^  of  hours  b  overtook  the  geese  after 

104f  1      t      f  1  ...  lOX 

A  .♦. =  space  he  had  passed  over  in  that  time  .•. -^  5 

=:  b's  distance  from  a.    Again  a  met  the  waggon  50  —  M 

jniles  from  l.     b  met  it  ai  H miles  from  l.     ;*.  it  had 

.3 

travelled  in  that  time lo miles, and?  : 10  : :  1  : 

8  \  ^  4      3^ 

f 19 )    =  ^iinc  elapsed  between  a  and  b  meeting  the  waggon 

.*.  A*s  disunce  from  b  =r    f- *9)"-^    x  [*  +  ?- ]• 

Hence    a;  =:  9 .  .*.  -r  5  =  Ji5  the  distance  required/ 

"o 

t  ...  .        .  .     \   • 
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B  at  the  4s"' was  -^  bour«  ;  and  »  WM  f   Iwurs   in  travelling 

the  last  five  miles,  consequently;*^.^  .£  ".tj^?.,*^"^  .^..^^ 
at  the  50*"'  mile  stone  before  b,  so  that  whjBO*  arrived  at  th«  40' 
mile  stooe  A  was  —*  -  5  miles  from  it.    Again,  a metthe 

'•  .lH  •!' 

waggon  50  —  a«  miles  from  t,  and  b  met  it  3»  "*-\^*  '°"** 
fromL;  therefore  the  waggon  moved  31  +  -at  —  5^  +  •* 
=  1  ,  J-  ,9  miles  in  the  same  time  that  b  travelled  -  *  ""  5 
,  -  ?  «  +  19  =  ?£-±-^  miles,  consequently  '*  ^'  : 
^•*  ~g7  : ;  «  :  1 ;  multiplying  means  and  extremes  we  shall 
have  3««*  —  aa8*  =  18*  +  378,  or  *»  ■—  7  ^«  -  "  ,g . 


9nd  AT  =  9,  therefore  i^   X  9  —  5  =  25  J">'c«  the  distance 
that  B  was  behind  A  when  A  reached  L, 


>   \ 


"  1 


fiTTH  Solution,  /►jr  Afr.JOHM  Bai«es,  Ihncasier. 

Let  j«  represent  the  rate,  per  hour,  at  which  A  and^B  travelled; 
y  the  distance  gone  by  A  before  b  started  from  H,  and  z  the 
distance  the  geese  were  from  H  when  A  started ;  »hcn,  by  the 

property  of  uniform  motions,  a* — 3  :  2  : :  «  i  ax— 3  ^^'^'^ 
before  a  overtook  the  geese,  x  :  t  ::  y  :  ^  hours  A  started 
from  H  before  b,   and  a  :  3    : :    -  -  ^   miles  gone  by  the 

X  mX 

'geese  in  the  same  time ;  hence  the  geeae  were  «  +  ~  miles 
from  B  when  he  started  from  h  ;  therefore,  9x  —  3  :  a  : :  z  + 
3y  .  — 2£ —    A,   — ^ol hours  before  b  overtook  the  geese, 

ux       ^X  —  Q  9X   —QX 

reckoning  from  the  time  of  his  leaving,  h,  and  consequently 

,  ^^        4-       ,y  ■       4-  ^  liours  from  the  time  of  A's  tpiv* 
a*  ^  3         »Af  —  3«         X 


{       lOi       ) 

ing  it ;  but  between  the  time  of  the  travellers  overtaking  the 
geese,  the  lattjcr  had  gpne  5  mileis)  wbicbrat  their  rate  of  moving 
answers  to  37  hours,  hence 


-  f 


Again,  when  a  met  th^  iftage  W^s^gon  he  bad  gone  %x  miles  from 
the  50**^  mile  stone,  and  B,at  xhis  time,  was  19  +>  —  a*  miles 
from  the  3i»%  and  y  miles  from  the  waggon ;'  hence;  4^  +  9 

:  4  ::  y  : — 4£—  hpufi  l/efbre  b  met  the  waggon,  reckoning 

from  the  tixne  of  a's. meeting  it ;  also  x  :  1  .: :  ip  4^  v — %xz 
■  •      '     -^.'B'iibinrs.befoi'e'a^afriviedvttUe  ^t^fiiTiihaionft;^  tbei^ 

fore    ^^^    -^— 2|=;    -/^     1  or  9f  =  ^tOy*'  — 5g^  -  tjl? 

consequently  i6f**^  —  52*  *^  17*1  •=:  '3d ;t  —  45i  or  4c  =  9  ^ 
miles  the  ra\e  per  hovf  ^M'^d  y  ^  %&  miles^  the  distance  B  was  from  ^ 
I.  when  A  arrived  at  it. 


IL    QUES¥lbN'432.  A7  Palaba. 

The  clriVe  i^H  %M  sdhii<iif6Ic  Xt3  hkve'th^^iamc  absdksa, 
the  ordinate'  mv  =:  tan  |  art  ^YV  )f rbve  that  thfe  afea  as V  r: 
twice  the  segment  A  P«  ^      ' 


First  Solution,   by   Mr.   Andrew  Johkston,  i{^c/0r 

of  ihe  Academy^  Montrose^ 


Let  arc  ap  =  «,   am  zi  jt,  and  po  =;  r  =   r.    Then  dif- 
CereoMsLpf  afc^  amv  =  tan  |  z,  y,  dx  z=, 
tan  |z  sin;  z</z«     X^i  4^  ^  ^,  ^then    (his 
becomes  tan  .^.  ain  ,s^(i^  (a^J  ^:=  a  ^^,n  ^  sin . 
?p^(p  ^  4  tari  ^"^sin  9  cos  $^f>  —    4  sin*^ 
fip.  Wherefore  area  amv  'zz\^fs\nl^fl(f 

('  ^  sin  p  cos  (p\ 

f  cos^  =:-z— ^inu  rr  2  (f«z  — fR-siti^r) 

;;:  9  (sector  AOP  —  triangfle  aop]  zz  2  segment  ap^ 


»  • 

*»  '  .  ...  «    • 

SfiCOMO  Solution,  by  Mr*  John  Wallace. 

Put  AM  =  X,  MP  =  >•  the  arc  AP  =  z.  and  ao,  the  radittt» 
s  r.    By  the  nature  ot  the  circle  we  have 

y  =^(ar*  — **); 

whence  by  differentiating  we  obtain 

dy  =  %-zM£^. 
Y2rx  —  9C^ 

Multiplying  both  sides  of  this  equation  by  x,  and  adding  to 

the  right  hand  side  of  the  result,  and  subtracting  from  it  the  samc^ 

,  rxdx  , 

Quantity ;— namely     .         — ==:  >  we  nave 
^         '  V2r;r  — * 

,    -      t2rx  —  X*)  dx  rxdx 

xdy  zz         ==r^  —  tt"^ —    -^  » 

^  \/arjt  — «•  l/ar;r  — *• 


«f 


or  by  substituting  y  for  its  value  we  have 

rx   J 
xdy  :s,ydx.'^  —  »*• 

If  to  both  sides  of  this  equation  we  add  ydx^  the  left  han  Aide 
of  the  result  will  evidently  fee  the  differential  of  jry  ;  so  that  by 
integrating  we'shall  find 


and  by  transposition 


/ 


rx 


dx  zzf^ydx  — •  xy^ 


•«     •      *        .1      X-      r    •         ^-^      .!.-!•      »*  (i    -^    cos  ») 
But  by  the  anthmetic  ol  sines  —  ,   that  is^  — -^ — : «-* 

^  *.  '  y  sin  z 

■zz  r  tan  {z  =  MV,  by  hypothesis.    Hence  we  have 

fvLvdx  =  %fydx  —  *> 

Now/Mvrfjcis  the  expression  for  the  area  amv,  and  a^/|? 
•*-  xy  is  the  expression  for  twice  the  area  of  the  segment  ap« 

Wherefore 

area  amv  =  2  segment  ap. 


f     ios    ) 
Thirp  Solution,  by  Palaba*  the  Proposer. 

Join  po.     Let  am  =i  ar,  mv  =:  y^  ao  =  «,  arc  a> 


=  A. 


Then  v"  =  tan*  -   =i  a*  .  

8  a+cosA 


a'x 


flV 


2a  < 


2ax 


r.1    • 


•    • 


y  = 


ax 


y^(aajir  —  a?*) 


and 


r   ax  '-'  XX         ^       r        ax  .,  ,. 

a  /-— J-  -t-  fl/— j:  =  —  a  y[2atx  —  *•) 

J  ^/(2ax  —  **)        J  \^(2ax  —  X*)  ^  ^  ' 

+  a  X  A  =:  2  sector  aop  •—  2  A  AOP  ir  2  segment  ap. 

Ingenious  Solutions  were  also  received  from  Messrs.  Buttss* 
WORTH,  FuNiBUS,  and  S,  H. 


III.    QUESTION  433,  6y  Palaba, 

A  parabola  revolves  round  its  axis,  which  is^  vertical,  in  a 
given  time,  and  the  angular  motion  will  just  prevent  a  body  at 
any  point  of  the  curve  trom  descending:  required  the  parameter 
of  the  parabola. 


First  Solution^  /^y  Palaba,  the  Proposer. 


Let  the  body  be  at  any  point  n,  draw  the  ordinate  up  and 
normal  NT.  I'hen  the  body  is  kept  at 
rest  by  the  action  of  three  forces,  gravity 
in  the  direction  TP,  the  centrifugal  force  in 
the  direction  pn  and  the  reaction  of  the 
curve  in  the  direction  NT;  therefore  the 
sides  of  the  triangle  tpn  will  represent  the 
forces. 

Call  t*^  the  time,  and  [v)  the  velocity  of 
revolution,  and  let  g  zz  sa-J-  feet  and  p  =: 
parameter  of  the  parabola. 


2V 


Then  t''  :   i"  : :  2^    x  pn  :  arc  in  i"  =    —  x  pn  =:  Vi 
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.« 


.%  the  centrifugal  force  at  n^,   which    ^    — ,  =:  ^  X  FN 

o  7   PN  ^ 

V.  -^    X    PN  !  #  : :  PN  :  -^  =:  pt  =r  i- 


Second  Solution,  6y  Mr.  E.  C»  Tvson- 

Let  AT  be  the  axis  of  the  |)arabola^  an  :  and  let  n  be  the 
situation  of  a  body  revolving  roand At \the  distance  PH.  Take 
va  to  represent  the  centrifugal  force  and  ndy  perpendicular  to 
the  horizon,  to  represent  the  force  of  gravity ;  resolve  them  into 
Nc»  ca^  vw^  wdf  of  which  vc  and  nz^  are  the  effective  parts. 
Then  .Mrfaea^NTi  :=:  Nxii  t^e  body  is  at  rest* 

Now  let  V  =  circumference  of  a  circle  to  radius  i,  m  zz 
a6rr  f^^t  and^  =  pn» 

Then  (prin.  sect.  2.  p.  4  cor.  9)  the  arc  which  a  body  describes 
in  a  circle  in  any  time  (/)  is  a  mean  proportional  between  the 
diameter  of  the  circle  and  th^  space  fallen  thro'  by  a  body  in  tbe 
same  time  and  acted  upon  by  the  same  force. 

««•  supposing  (/)  to  be  ^h^;  periodic  time  in  a  circle* 

•••  8y  X  Try  ::  vy  :  — —  =1  space  described  by  the  action  of 

the  central  force  in  {i).     Now  f  X  /*  oc  s,  and  here  /  is  given 

.••     Fas,    and  central    force   :   gravity    : :   — ^  :  m  /• ; 

ft 

9r*y 
••.  centrifugal  z=  — ^. 

Now  by  similar  triangles 

Nfl  :  Nc  : :  TK  :  tp,  tn  being  a  normal, 
and      Kc  or  {y(w)  :  n^  ::  np  :  tn 
•%         Ntf  :  Ncf  : :  py  :  tp  :  :  y  :  tp 


or 


-^  :  2»i  : :  y  :  TP  r:  am  X  -i 
aPT  r:  4»i   X  — ;   =  latus  rectum  of  the  parabola. 


OthiT  Sdiutivns  were  given  to  this  Question  by  Messrs^  BuTTEtt* 

WORTH  and  S.  H^ 


(     «05    )    . 
IV.    QUESTION  434.  *y  Pal  aba. 

To  divide  a  given  arc  (a),  less  thafi^^  quadrant^  into  two.  such 
parts  {pj  arid  (y)  that  tan*"  p  X  tan"  ^^inay  n  max. 

'•  '-■ 
First  Solution,  by  Afr.'JoHN^ALLACB,  R.  M.  College, 

Since  tafi*"'^  V  tah«  q  =  max.  ysit  bht&tijhi^  taking  the  dif- 
ferential and  putting  it  equal  tin  0, 

m  tan  a  — i~-  4-   »  tain  ^  — f—   =:  o. 

But  since  f  =r  a  — ifi,  we  haveudq  ss  —  4(|^£^lhere{bre, 

transposir^g,  we  find 


m  tan  q    ^    n  XMosip  ^ 
c 

hetice 


cos*  p  cos*  q  * 


m  tan  7  cos'  9  =  n  tan  ^  cos'  p. 


sin  841 


By  the  Arithmetic  of  sines,  a  being  any  arc,  tan  a'rr 

add  *cos'  a  =:  |(i  +  cos  ^a) ;  so  that  i^e  find  tatn  a  cos'  a  z: 
|:  sin  2a» 

Hence,  by  substitution,  the  above  equation  becomes 

>  191  sin  ft^  z:  »  sin  tp* 
Now,  put  p  —  qzi  -By  then  shall  we  have  2p  =;  A  Hh  b  and 

2^  =  A---B. 

Substituting  therefore  tkese  valnes^for  2p  and  ^jr,^w»  obtain    « 

ftt  sfei  (A  —  m)  =5>j»  iib  fA  +  «). 
Hence  we  derive  .       . 


tan  A  +  tan  b 


.\""  sinjA. —  b)/    *"  ?i  * 


tan  A  —  tan  B  A .     sin  (a  . —  b)', 
From  this  equation  weobtain 


tan  B  =   — : —  tan  a. 


The  difference  of  the  arcs  p  and  q  being  thus  determined  and 
their  sum  being  given,  the  arcs  themselves  become  kfiown. 


VOt.    V.    PART    I. 


(     to6     ) 

Second  Solution^  by  Afr.  Andrew  Johnson. 

\        5       •  ■  -■  ■         . 

Since  tan    p  x  tan  q   zz  maximuni,  we  have 


lit  tati  '     />  X  tan  jr 


JX  tan  /&X  — ^'r  =:o. 


,\  ■  I 


But  evidently  df  =  —  4^,  wherefore,  reducing, 

m  tan  y  cos*  q  zz  n  tan  ^  cos^  p,  or 

m  $in  ^  cos  y  n  n  sin  ^  cos  p^  whence 

^  sin  p  cos^  :  8  sin  ^  cos  ^  : :  m  :  fi,  or 

sin  ^p  :  sin  2f  ; :  9n  :  ff^ 

••.  sin  2p  +  sin  2q  :  sin  2^  —  sin  2^  : :  m  +  n  :  m  —  w. 

But  sin  ^p  -f-  «in  2  g  :  sin  2p  —  sin  2q 

::<itaa^  +  ^)  :  ^an  (^ — q)  : :  tan  a  :  tan  (p  —  jr) : 

whcncev7»  +  «  i  m  —  »  ::  tan  A  :  taw  [p  —  q)^  and  the  two 
parts  are  thus  found  easily.  ^  , 

Third  Solution,  by  S^  H. 

Since  tan"  ^  x   tan"  9  is  a  maximum, 
.s  TO  tan""**  X  8ec*/>  y,  tan"  ?  +  » tan""' ^  X  wc*^  X  tan"  p 

Also, since^  +  ?  =  A  .-.  «  +  ^  =  °'  •**  ^  ==  "~  *• 

'    V."  m^x  sec^  /^  X  tan  q  =  n  a  sec*  y  X  tan/^,. 
I     .    /.      %,%wi^Xisin5[:X.cosy:=:  «  X  siQj&.x:cos^ 

.  .Mil  X  sina9-=:^^ii  X  sin  ^: 

Whence  the  following  construction. 

In  a  circle  whose  radius  is  equal. to 
that  of  the  given  arc  a,  take  aK  ai-c 
BPC  ==  4A;  draw  bc  and  divide  it  in 
D  making  bd  :  DC  ::  wi  :  «.  From 
the  middle  point  o  of  the.  arc  opposite 
to  BPC  drawGD,  iheetihg  BPC  in  p. 
Takp  p  E  a  fourth  part  of  arc  p  B,  and 
Wd  fourth  part  of  arc  PC,  >.  arc  EF  =' 
one  fourthof  arc  'bC  ±'a,  and  PE  rr  py 

and  PF  =  y. 

For,  since  bg  =  cc,  •••  gp  bisects  Z.  bpc,  /.  bp  :  pc  : :  bd 


(     «07     > 

IDC::  m  :  n.  But  ^n  2P£  :  sin  2PF  r:  chord  4tE  :  dhbrf 
4PF  ::  BP  :  PC  ::  m\  w,  ••.  m  x  sii\'2'FF  ^*n  X  sin  a ^E  and 
PF  4-  PE  =  A,  /ind  A  is  so  4ivw|cd  into  two  parts  p  aufi  f^jf^ 
PE  z:  />  and  pf  z:  q,  and  therefore  x 

m  X  sin  2q  zz  n  X  sin  2p, 

Thus  very  nearly^  was  the  question  answered  by  Messrs*  BaineSji 

BUTTERWORTH,  A.  B.  L..,  PALABA,,aW  TYSQ^J t^j 


'  ! 


V.     QUESTION  433.  by  G.  V. . 


A  normal  at  any  point  of  an  equikHeral  hyperboU  is  equal  to 
the  distance  of  that  point  from  the  centre*  Required  the  de- 
monstration. 

*  <  • 

First  Solution,  by  Mr.  John  Butterworth. 

LetAB   be  an  equilateral  hyperbola,  fwhose  centre  is  c  and 
vertex  a  ;  draw  the  normal  BS^  and  or- 
dinate BD  ;  join  CB,  and  draw  the  tan-  * 
gent  BE  meeting  the  axtf  in  f.    Then,^  ' 
by  the  property  G|f  thp  hyperbola,  bd* 
n  CD* —  CA*  and   ca*  =:  gf  X  CD, 
therefore,    bd*  z=cd*  —  cfxcdz: 
CD  X  DF  :     Again,  BD*  z=  de  x   T>t^ 
/.  CD  X  nF  =  de  X  DF,  or  CD  r=  de;    consequently  ^p'  + 
Dfl'  =  DE*  +  DB%  orCB*  1=  BE%  and  CB  z:  BE. 

Second  Solution,  by  Mr.  Cunliffe* 

By  a  well-known  property  of  the  hyperbola. 

Trans'  :  conj*.'::  CD  :  de;  but  in  the  equilateral  hyperbolai 
the  transverse  and  conjugate  axes'  are  equal  to  one  another,*  ther^. 
fore  CD  r=DE;  consequently  the  two  right-angled  triangle 
c^D,  ebd  are  equal  in  every  respect ;  therefore  cb  =  be. 

Third  So^#ution,  fty  A.  B.  L.    . 

Let  PC,  DC  be  semi-conjugate  diameters  of  ^he  cqui 
hyperbola  whose  semi-axes  are  AC,  bc  ; 
and  IP  be  drawn  at  right  singles  to  a  tan. 
gent  at  p  and  produced  to  meet  the  semi-  ^ 
diameter  dc  in  f«  Then,  by  the  writers  on 
conic  sections,  IP  Xpf  =:  BC*,  CD  xpF 
=  AC  X  bc  and  cp*  —  cd*  =  ac*  —  bc*; 
but  in  the  equilateral  hyperbola  AC  =  bc, 
therefore  IP  x  pf  =  ac%  dcXpf  ==  ac% 

o  a 


lateral^ 


iV' 


(  ^?  ) 

MuHoni  mre  alsio  reciivti  from  Masrs.  Bainbs,  Jomnsok, 

a«rf  S-.  H. 

c  i»tbe  centre  of  tn  ellipse,^  and  f  ©tther  focus,  ph  a  tangent 
at  p.  Draw  the  dianieter  pc^  and  pH  meeting  ph  in  h.  Prove 
that  ^H  is  equal  to  tfafe  Iranfyorse  dkuiieter« 

Let  Gbc  the  other  focus,  draw  gpe,  and  join  cp.    Then 
since  Fa  is  bisected  in  c^  and  pp  also  hi* 
sected  io^jC^  th^  ^S^fP  PJjpc,  is  a  ^  paral- 
lelogram.    Now  Pf  +  PO  =:  AB,  or  fp 
-iriWp.cz^.ABA^   But«iilce  the  tangent.by 
the  nature  of  the  ellipse  bisects  ibe  angle 
£PF,  we  liaye  Z.  sph  :::  2L  hpf>  andi 
since  gr  tu^  pn  are  par^^lkljii  thcangle^ 
EPHrs^HP  =  HPF,  therefiDrePF  =  F«4  an* therefore. FH  + 

tp  Z2  AB  OWpH<=  AB. 

This  question  was  likiwisc  anszoctcd  nearly  in  the^sami^mannp'. 
bj  Messrs*  BuTTBEWO.HTHj  JoHNSU^,  A.  B.  L.,  S.  lln^a^d, 

J.'Wallaob. 

VI J,  QpE;5T|0li  ,43;t,  ,%,G.  v., . 

p  is  any  point  in  the  di^n^etf^rpf  a  icir,clef.  and  J*]}  perpc;|idjcu- 
lai;  tq  that  ^ifitp^ter ;  draw  any.li^e  pa,  apd  a .  taogfent.  a^  meet- 
irig^pi  ill  By  and  draw  fBp  and  c.^  (c.  thie.ceptr^)  p^rp^Adxciil^^r 
to  ^a;  ikfii^  PE,,zi  DA,    Required  a  d^mo^^ratioju 

First  Solution,  by  Mr.  Buttehworth. 

Join  CA  and  c*b^  andfr^m  tO,  the  mtddie  of  CB,  demit  upon 
PA  thepperj)endicjilai:,  01.    Th^..tl?e.ang)cjj, 
CPB,  CAB'  being  right  ang|es^^the^ppiQUi»,,B^, 
A,  C  are  in  the  circumfere;npc  ,of  a,  circle,  of. 
which  the  diametc^r  is  cb,^,  Agaifl,,  o.  bfiing; 
the  centra  pf  ^be  circle  and  p  Aa^chprd^  i.wiH 
be  the  mi44Ie  of  pa,.  ^nd,cQn^q««ntJy.£ij  ^ 
XD,  thjjp^cjre  PE\=5  DA. 


Thus  the  question  was  answered  by  Mr.  John  Wallace. 


•  **• 


(     *Q9     ) 

Sbcokd  SoLUTiOK,  bjf  MK  E,  C.  TrsoN. 

FiWuce  AP  ta.A  and>  joi»  dC,.  AC  f preceding  Jig^J*  The 
angJe  B;ii]>  is  equal  to  the-angie  in  the  alternate  segment,  or  equal 
to  hal(4he  angle  ac  a- or  equal  toA^E,  and  tiie>  angles  at  b  and 
B  are  right  angles;  rhere6[»re  the  triangles  bda,  aI(C  are  sinri« 
lar.  Again,  the  angle  bi^d^  EfPC  =:  £PC  4*  £CP^  •*•  bpd  =: 
^^p^  and  the  triangles  bixp,,  cep  are  sinailar  t 

Hence  ps-r  bc  ::  db  :  bp,  and  C£  :  ba  ::  ad  :  db;  .% 
PE  :  EA  : :  AD  :  dp,  and  pe  -f-  ba  :  ea  : :  ad  -f*  dp  :  dp, 
or  PA  :  EA  ::  PA  :  Bi*,  •*•  ea  =  dp^  and  pe  =:  da. 

^nd  thttsjuaxly  tks  question,  was .ansmered  by  S.  H.  Other  d^ 
monstrations  were  received  from  Messrs.  Baines,  Funidus^ 
and  JouNflOM. 


Third  Soxutign,  by  Mr.LoWRY,  R.M.  College^ 

Draw  HP  perpendicular  to  the  radius  AC  prodiiced,  and  let  it 
meet  FX  produced  in  g  :  Join  AG  and 
EH.  Because  ba  is  a  tangent  at  A,, 
it  isat  right  angles  to  ah,  and  pg  is 
also  at  right  angles  to  ah  by  con- 
struction ;  therefore  ab  is  parallel  to 

PG. 

Again,  because,  of  the  right  angles 
at    H    and    £^    the  points    p,    £,    c, 
and  H  are  in  the  circumference  of  a 
circle^^  and  so  are  also  the  points  h^ 
£,  A,  and  G,  wherefore  the  angles 
£PC,  £HC,  and  ega  are  equal  to  one 
another;    but  the   sum  of  the  two 
angles  BPA  and   £PC,  and  ^Iso   the  sum  ot 
the  two,  EAG.  and  ega,  is  a  right  angle ;  and  it 
has  been  shewn  that  epc  is  equal  to  £Ga, 
'  therefore  bpa  is  equal  to  £AG,,  and  AG  pa- 
rallel to  Bp.    Therefore  the  figure  pbag  is 
a  parallelogram,  and  consequently  pg  zz  ab. 
The  two  right-angled  triangles  GPE.and  adb 
are  therefore  equal  in  all  respects ;  hence 

PE   =  ADi^  , 

In  the  same  way  it  fnay  be  shewn  that,  if 
the  tange](it  ab  be  drawn  at  the  other  end  of  the  chord  APa  to 


(     no    ) 

meet  BPin^^  zni  bd  be  drawn  perpendicular  |o  Aa  jproduced, 
tf// shall  be  =  P£  ;  and  consequently  ad=zD\* 

Again,  because  adzz  p£,.  if  4P  be  added  to  each,  we  have 
^p=a£  =  A£='PD;  therefore  the  right  angled  triangles  pM, 
p'bi>  are  equal  iii  every  respect :  Wherefore  fo  :=:  fb,  and  bd  = 
BD.  Also  the  tangent  ab  =:  the  tangent  ab« 
From  these  properties  we  may  infer  that» 
If  from  any  point  p  in  the  diameter  of  a  circle,  or  in  the  diame- 
ter produced,  a  straight  line  bp6  be  drawn  perpendicular  to  the 
diameter,  and  through  the  point  p  any  chord  a?  a  be  drawh»  and 
the  tangents  at  its  extremities  producea  to  meet  the  perpendicular 
in  B  and  b :  the  segments  bp,  ip,  adjacent  to  the  given  point  p» 
shall  be  equal  to  one  another ;  and  the  tangent  ab  equal  to  the 
tangent  ab. 

Also,  if  the  perpendiculars *bd  and  bd  be  drawn  from  b  and 
bf  upon  the  chord  Aa,  these  perpendiculars  shall  be  equal  to 
one  another ;  the  segment  ad  equal  to  the  segment  ad ;  and  pd 
equal  to  pi/. 

It  is  eviden^  that  any  of  these  propositions  may  be  enunci* 
ated  in  the  porismatic  iorm. 

The  first  proposition,  fur  instance,  may  be  enunciated  thus  s 
A  straight  line  and  a  circle  being  given  by  position,  a  point 
in  that  line  may  be  found,  such,  that  if  any  straight  line  what- 
ever be  drawn  through  it  to  meet  the  circle  in  two  points,  and 
tangents  be  drawn  to  the  circle  at  these  points  and  produced  to 
meet  the  straight  line  given  by  positional  they  shall  cut  off  equal 
segments  from  that  line,  adjacent  to  the  point  found ;  •r  (taking 
no  notice  of  these  segments)  the  intercepted  part^pf  the  tangents 
snail  be  equal  to  one  another. 

From  what  has  been  done  we  are  led,  by  analogy,  to  the 
discovery  of  some  pretty  enough  properties  of  the  conic  sec- 
tions, and  of  similar  properties  when  the  figure  is  described  on 
the  surface  of  a  sphere.  I  ishall  here  only  notice  the  following 
properties  of  the  conic  sections. 

If  a  straight  line  bp6  be  drawn  at  any  point  p  in  the  diameter 
of  a  conic  section,  or  the  dimeter  produced,  parallel  to  a  tan. 
gent  at  the  extremity  of  that  diameter:  and  through  that  point 
^iny  straight  line  be  drawn  to  meet  the  section  in  two  joints, 
the  tangents,  drawn  to  the  curve  at  these  points  shall  cut  off 
equal  segments  PB,  p6  from  the  straight  line  B?b. 


m 


i  lit   ) 

Jfor^  let  a? A  be   anyNStraight   line  drawn  t^hrough  p.  and 
let  the  tangents  ab  and  ab  be  produced  to 
meet  in  h  ;  and  draw  UK  parallel   to  bp6 
meeting  aA  in  c.     By  similar  triangles 


PA  :  AG  ::  fb  :  hg 
Fa  :  ac  : :  p6  :  hg. 


But  it  is  a  well-known  property  of  the 
conk  sections  that  the  line  pa  is  harmoni- 
cally divided  in  the  points  p,  tf,  g,  and  A  ; 
therefore 


PA  :  AG  : :  pa  ;  aG, 
And  by  equality  of  ratios 

PB  :  UG  ::  ?b  :  hg'» 
therefore  PB=pi. 


VIIL    QUESTION  438,  iy  Proteus. 

Within  a  given  triangle,  suppose  another  triangle  to  be  in« 
scribed,  by  joining  the  middle  points  of  its  sides  ;  and  again 
within  this  triangle,  suppose  another  triangle  to  be  inscribed  by 
joining  the  middle  points  of  its  sides,  and  so  on  ad  infinitum ; 
What  will  be  the  limit  of  the  aggregate  ot  the  sum  of  the  squares 
of  the  sides  of  all  the  triangles  so  formed  ? 

Solution,  by  Afr.  Butterworth. 

Let  AC B  be  a  given  triangle,  and  def  a  triangle  formed  by 
joining  the  middle  points  of  its  sides,  ^ow 
It  is  pretty  evident  that  each  of  the  sides  of 
the  inner  triangle  will  be  equal  to  one  half 
of  the  side  to  which  it  is  parallel,  conse- 
quently the  sum  of  the  squares  of  its  sides 
will  be  equal  to  one  fourth  of  the  sum  of 
the  squares  of  the  sides  of  the  original  tri- 
angle. If  another  triangle  be  formed^  by  ^ 
joining  the  middle  points  of  the  sides  of  the  triangle  def,  t}ie 


(   1I«    ) 

sum  of  the  squares  cuf  its'^ides  wiH  be  equal  to  <^nc*feunli  of 
the  sum  of  the  squares  of  the  sides  of  thfc  triang'le'Mf^  ;  rtet^e- 
fore  the  sum  of  the  squares  of  tfee  sid^s  of  any  <*l  cbe  ffiaWgfJ^ 
is  equal  to  one  fourth  of  the  sum  of  ll^e  S(fuar^s  of  the*OTd€s><6f 
the  preceding  triangle.  Whence  the  sums  are  in  a  geonietrical 
progression,  whose  first  term  is  one  fourth  of  tliie  sum  of  the 
squares  of  the  sides  of  the  triangle  acb,' and  ratio  ;4 ;  conse- 
quently the  aggregate  of  the  sunt  of  the  squares  of  the  sides  of 
all  the  triangles,  that  can  he  formed  in  thevray  specified  inihe 
question,  is  one  third  of  the  sum  of  the  squares  of  the  $idcs  of 
the  original  triangle  acb. 

Similar  answets  were  received  from  Messrs.  Baiwes,  Cun- 

LIFF£»  and  S.  H. 


IX.     QUESTION   439,  by  Mr.  Cu nli  rtE. 

Let  any  right  line  te  drawn  through  the  focus  of  a  given  conic 
section,  terminating  in  the  curve;  then  a' fourth  proportional  to 
the  whole  line  and  the  .two  segments  thereof,  made  by  the  focus, 
will  always  be  of  the  same  constant  length  ;  required  a  demon- 
stration. 


First  Solution,  hy  Mr.  Cunliffe, 

Let  the  ciifrve  wvir'bea  conic  section,  fa  its  axis. passing 
through  the  vertex  v,  and  meeting  the 
directrix  de  in  a.  Alsolet  mn  be  any 
rij^ht  line  drawn  through  the  focus  f  ter- 
mtnattng  in  the  curve,  in  m  and  N ;  draw 
MO,  N£  perpendicular  to  D£  ;  also  draw 
the  lines  ma,  na. 

MD,  FA,  and  NE  are  parallels,  there- 
fore MF  :  FN  ::  DA  :  ae;  and  by  the 
property df  the  curve  mf  :  fn  : :  md  :  ne  ;  therefore  da  :  ae 
::  md:  ne,  whence  it  follows  that  the  right-angled  triangles 
ADM  and  AEN  are  similar,  and  therefore  the  angle  ean=  dam. 

Produce  na  to  meet  md  in  g  ;  then  since  /.  ban  =  /.  dac 
=  Z.  DAM,  the  right-angled  triangles  dag  and  dam  are  equal 
and  similar,  and  therefore  1>G  =  md^  or  mc  =  2MD. 

Again,  by  reason  of  the  parallels  fa,  mg  ;  nm  :  NF  : :  mg 
=  2MD  :  FA  ;:  md  :  ^fa,  and  hence  nm  x  |faz:mdxfn« 

Draw  FR  perpendicular  to  fa,  and  meeting  the  curve  'in  R  ; 


«h«ii:,  by  ite  kiwwa  |ifOpe(ty  of  rlicdi^trix,,, m D  :  Fif  ,: :  Ffi 
■    :  F«  ::  JFA:  ^FR,  and  hence  MDy,fj^  fi''/^  **  *" 

MM  X  4fa,  consequently  tM  X  v^^j^^^H'^  |fb,  a 
NM  :  FN  ::  fh  :  4Fa:  but  fr  wjJgyf^.eopk  | 
given,  therefore  the  ptopcrty  stajiep  jio^th?  question 
demonstrated.  ,i^., ,,,  ;■  ,  ,-   , 

Second  Soldtion.  bg  yllJ^V'J'iafff  Bj^ikisS. 

Let  pLAp  be  any  riven  conic  wctioiU  S' lbe,ftKHi.rr4}^  m 
ri^t  line  drawn  through  it,  terminat^:-'  m  ->, 
in  the  curve  at  p  attip,  a[i<l  SL  hut 
the  Lalus  Rectum.  .■  .    ) 

It  is  proved  by  writers  on  Conki^  -. 
(vid.  Peacock's  Conic  Sections,  Plx^  ; 
V.  of  the  Puabohr,  &c.}  tUat.asp.'.Xii'i 
sp  =  slX  Pfi,  which  turned  inim  an 
analogy  is   ep  :  sfi  ;:  iSP   :  SL,  or     ,       , 
p^:  s^  ::  sp  !  Jsl;  bui-JiL  is  =:  J"5f  ^'tiiius  Raiim,  and 
istherelore  a  constant  quantity.  .,.-  ' 

Mestrs,  Johhsoh  and  S.  H.  ottered  titj  quts^on. 


X.    QUESTION  440,  by  - 


A  triangle  being  givert,  it^is  r^trireli  ic^eKribe'threecirclei, 
10  that  each  circle  shall  touch  the  other  two  and  a  side  of  the 


triangle  at  the  point  of  bise 

SatUTiaN,  *J   Jlfr.  J,  BDuR^ANDE,  taken  J^omtAt  An* 
nates  de  Matkcmdtiques> 

%tl  H,  b'.  b"  be  aAytrimgfe.  and  A^' A',  A''.tbe  points  where 
tbt  4i4e«  are  bisected^  vie  propose  to  describe  tliree  cir^et 
which  stiall  toUch  each  other  two  and,,tw9.,and  a)so  the  side* 
of  the  triangfe  in  tbe  points  a,  a"^  a^.'  ^in  these  jtoiatt,  and 

VOt.   V.    B-Airtr  fa  ."»,■;■:■■■:-...,■■; 


«     "4     ) 

a'^V"a'''V"  perpendicular  to  the  side*  of  the  triangle 

;  thtsyVifl  SlioHtf 

c'u!ar')o'thti'itl]«ot 

;le  aV'  x"JBccmj»c' 
of  m-mi8^ine' 

ely  narallef  %  the' ' 

he  oiher.  The  cen- 
tres of  the  required  circles 
will  also  be  in  these  perpen- 
diculars; let  c,*c  ,  c^ae' the 
centres,  r,  r*,  r"  their  un. 
known  ra^i,  sAld^a,':'^',''«". 
the  three  sides  ot  the  criaMfc"'. 

A    a'  a".  .  '■'.:?    •■ 

^rom  tbe-ppints  c,  c'  on 
the  iide  4A'.det^  the  fiei*- 
pendiculars   CD7~"Cki';  -ipA'- 
through  c'  let  a  lin^oe  dAw^paraliel  to  aa'  meeting  co  in  E ; 
weslulltben  havec'B  spdb' =  aa'  —  (ad  +,a'i>'): 

but  c<|:;=,^(5jCf'f77CK?J  =  V(cc'*  — (CD  — c'd')»); 
therefore 

^(cc" — (CD  —  c'd')')  =  aa'  —  (ad4-a'd')j 
whence,  by  squaring  anci  remarking  that 

AO'  •+-  CD*  =  Ac',  a'd"  +  C'd'*  =  a'c", 

and  transposing  -      -         ,,   ;.    ','-. 

CC'*  —  AC* — A'c"  +  8(CD  .  C'd'   —  ad  .  a'd')    J    _ 

;+,»*A.^(AD  +   a'b') — aa"  J 

fiuL  we  Iwve 

cc'  ~r  +  r',     AC  =;V*     aV  —r',    AA'  =  a", 
CD  =  AC  sin  CAD  —  r  cos  a';  c'd'  =  a'c' sin  c'a'd'z;  / cos  a, 
AD  =:  AC  coSCAii  ±  rsin  a';  a'd'=  a'c' cos c'a'd' =  r  sin  a, 
whence 

.    CD  i0<B'—iA0  f^AV  -  rr' (co»,A  cos  a' — sin  a  sin  a') 
■■   -  ;u:--'j,    -J   ■=  fr'cos(A  +  a')=  —  tKcosa";. 

laqd  b^  substTfiilifta,"  ari^  remarking  that   i — cos  a"  =:  2  sin» 
Ja"",  we  have  ■  '  ^     ■         ■ 

4rr'sin*|A"  +  8a"{r  sin  a'  +  r'sinA) — a"*  =  oj 
But,  putting  T  for  [he  area  of  the  triangle,  we  have 


(     *,.».5    ) 


sinA  =  -11-5       'iitiA'-r:  ^,; 


Mn  |A  =  fl-S(^+y+y7J¥OTai^;*'- "■  -J'  :* 

consequently  the  above  equation  becon^j '"""""•'     ''  '  ' 

f  .  '-^^  +  (-+-'  +  -")  (-  +.<,T-  O  )^-?  +  ^  ( 

—  a''^  {a  +  a'  -{-  a'')  {a^[-.a'-r-,f)  =  o ; 

and  as  the  three  points  c,  c^,  &\  -co^jared  two  arid  'twd,  must 
give  analogous  resuhs,  it  follows  b/ supposing 

that  X,  Jr^  Jt^'  will  be  given  by  the^q(l&t*W* '  n'^  -   - 

*;r'  +  (a  -I-  ^i^  +  a^O  (^  +  ^^—^^^^^/(i^^^f  *j;t7    i  "^  ^ 

.  ^a'^*U  +  ^'  +  4^0  (^  +  ;^1.^V;5r>"^r^[    ;V  '^^  . 

x'x'  +{a  f  a^  4-a'O  {a'  +  tf''^af(*'*4?'^jr'^jr         -'  ' 

—  aMa  +  a'-f  a'^lfa'  +  y^— a)     ^     A'"^'^ 

Putting  therefore,  for  the  sa|;e'ofr^afaiidgiiig,r;e^.fir  ^he«iHp 
of  the  three  sides  of  the  triangle  aa^a^^v^^^  eqaoteioris  i^ctto^ 

apV  +  4*  (5  —  a)    W  +  •<'  —  aSisi^^ctet' ..' 
;,//^  +  4S  (s  —  ^0  (*''  +  4i  —  ff^}  ^  o. 

If  the  values  of  at' and  *'^,' drawn  ^fiaipVthe  eicfrett^  eijua- 
tions,  be  substituted  in  the  interitiediate  iequatio.n,  it  is  clear 
that  it  will  then  include  only  one  unkttown^^uandty^y  ;raise4  to 
the  secopd  power,  from  whence,  the  valuie  of '3r inay"be  '^isily 
deduced,  and  consequently  those  of  x^  and  x^\  and  also  those 
of  r,  r',  r^'  by  means  of  the  a^ov^elatiimsr        .  \l 


■\     ■'■      ^  '\» 


XL    QUESTION  4i%rhifi-: 


'      --  -  '  J       ^L 


Required  the  curve  that  has.  at  eacb  pdim  t}ie 4[9(Mw  pf- ?»][- 
vature  a  fourth  proportional  to  the  abscissa,  the  ordinate  and  a 
given  straight  line.  ^  ,   - 


F   2 


-  Spi^l^TION,  by  a.  8.  , 

Lctyr  be  the  abscisMrJ^^thc  ordinate,  a  the  given  line,  and 
K  the  radi«iti»jf  c1irj(a|U|^Q : 
then,  bythd  qqettioii. 


9 


.   9mit  fc  Pol^jgjwr  .  rJ^cre  dx  is  constant; 

thcicforc  <^^  +  <y'>^  -  ~. 

thefluxionary  equ^ftiw  erf  .tjift  f^«>rv^5  t«t  lhi$  eq^atipn,  I  ra- 
ther think-^h^s  never  b^eh  imegratedf  I'he  question  vras  pro- 
posed in  JVwtfL  prthe.Annales  de  ]VJathematiques.  but  no 
solution  tof  it  ha»  a^ptiaifed  iri  any  of  the  succeeding  TiC^w^/  of 
that  valual^lp^oi^,  jprffig  prob^Wy  to  t^e  difficulty  of  the  in- 

tegr^ieli*  :  r  i  j    •.  11.1 

•    EuleraiWsomemheratithorg,  have  resolved  several  problems 

of  a  similac  l^ip4  ajpfi^pf  -wWch  I  ^hall  ^ubjoirv.  They  may 
perhipsbe.atceptahj^to  tbf3;sece?(Jers  pf  the  Repository  who 
have  not  tlfe  opportihiity  of  consulting  the  original  worlts.  The 
(peimd*oi^ihesn.i0a]sla3fiO.ptvhaps  suggest  spmmerbod  pf  s«te* 

I.  To  find  th^  patur^  of  the  wrye  in  which  the  radius  ol 
curvature  At  any  pohit  is  eqiiaf  to  a  gtveri  ftinction  of  the  cor- 
respondingrabKisiai-  —  \.-   • /^  , 

.  TJt.aljW.iei,^<^J^.^2  ^/(*),  ?9«ne  function  of  Af. 
J?»?t  ^y\7F  fdfc^ ,A^n    .  4;.  -/(^) ^^  ^      i 


I    1 


1  TT.jfeiJJbljt    ■   ^-   J, 

Let  /jl^^t'.tfein./qcvVCt+^V?"*!?-  ^(1^ 
-a  fuhctkm *C*j' #^e«ce  ■  >  »• 

.    .    ,  -  ::■..      -v.  -"Ij   .(..  ■•:.      .     .■.•  (.-    '^^    .     ■      ■ 


i  117  ) 

J  f     villi- 

Ex.  If  the  r^itxs  Ite  M^dftoaXiy  ft«poiA<M»l  to  the  absciua. 
A.sun,e/(*)  =  J?l.  then  v  =z  f^^'  -*'  +  «» 


T  -—T' 


to 


tT-# 


bence  y  ^    I  — -r- -r  t  which  is  the  equation 

the  elattic  .corvje,' 

II.  When  the  radius  of  curvature  at  atoy  poitit  is  equal  to  a 
given  rvin/ctiQnof  t)ie  corresponding  ordinal^ t 

That  is    ^  J    ,%  =:f(y),  some  function  of  ^. 

♦     ^  ■  It 

■        •  I  •■•• »    •  ■  1  . ,  • 

Suppose  i/*  it  iirfy,  Wliich  gives  !tL±*!L^  rr  (/^);  or 

du  <ftf        •       tt  jT  dy 

Let  j-^  =  w,  then  'V;'".i  't,  « a^  lanl  panteqweptly  » 

,            /*      ^z;^/y  . 

and;r=:  /-tt ,,. 

w/v^(l !»•) 

II L  To  find  the  equation  of  the  curve  in  which  the  radlcis 
of  curvature  at  any  point  is  pnoportional  to  the  angle  which  the 
tangent  to  the  curve  at  thai  ppi^t  inakes  with  the  abscise 

That  is  when  -^ ^^^ 2Li  :=  «  ,  arc  (tan  -^  J  ,     where 

i/idx^  +  djl^)  is  constant. 

Put  dy  =  pdx,  then  y/idx"  +  Af«)  =:  dx  ^(t  +  ^^  and  by 
differoiitiatttig,.  SMppotiipg  J9  ^nd  ax  both  to  vary,  tnere  results 

which  gives  d^x  zz  '^^     J^  9  and  the  proposed  equation  then 
becomes  ^ ^-4-  zza.^c  (Ung  ir  p). 


(    «i8    ) 

Substituting  the  valute  of  dx  found  from  this  equation  in 
dy  =  pdxt  we  have 

'    .        —  adp 

dx  =  ^  arc  (tang  =:  p) 

(1  +  P^V 


dy  z=   ■       ^  ^.  arc  (tang  =:/) 

(i  +  l^T 
and  by  integration  ^ 

IV.  To  find  the  curve  In  which  the  radius  of  curvature  is  a 

> 

fourth  iproportiohd  to  the  fluxiona  of  the  ordinate  and  abscissa^ 
and  a  given  line. 

That  iSy  when  -^         jk ^-^  =  a  x  -» , 

By  making  the  same  substitution^  and  proceeding  aji  in  the  last 
ejtample^  the  given  equation  reduces  to 

->  dx  (i  +JP*3^  _   a 
therefore  by  substituting  m  the  equation 

_      —Up 

'.    (»  +  ^*> 

'  Hence,  by  integrating. 


y/ii+pT 

V.  To  find  the  equation  of  the  curve  in  which  the  radius 
of  curvature  at  any  point  is  proportional  to  the  ^ii'taace  of  that 
point  from  the  origin  of  the  co-6rdinates« 


r  "9  ) 

That  is,  when  (^^*  +/y')     =  n  /C^^+y*). 

dxdy 

Assume  dy  =:  pdx^  dp  zz  qdx^  y  =  uXf  qx  zzz;  then  df  zz 

xdu  +  udx^  or  pdx  =  xdu  +  udx.   and  m  ■  z:  — ,   also 

dx         dp       ^      f        dp      '     du 

—   ^    -^  t   therefore  -^  =  r • 

X  z  z         p —  u 

By  substitution,  the  given  equation  becomea  ^  ^ 

dp 
and  putting  for  z  its  value  found  from  the  equation  ^  ss.. 

tfir 


or 


,  we  have 

V(t  +  p*)     (» 4-^ )                      ^     (i  +  »•}  ^  ' 

in  which  equation  we  remark  that  ^-r  and  — & — ^  are  the 

differentials  of  two  arcs  the  tangents  of  which  are  p  and  «,  we 
may  therefore  suppose  p  =  tan  i,  «  =:  tan  /^ ;  this  hypothesis 
gives 

sin  t  co%0  '"  cos  6  sin  /3  sin  (&  —  fi) 

*^  cos  6  COS /3  cos 6  cos/S     . 

and  the  equation  (a)  becomes         x 

ndb  sin  (^  — *  |3)  =:  dfi, 
which,  under  the  hypothesis  b  —  ^  =  f »  is  trans  formed,  into 

ndb  sin  ^  zz  dt  ^^  df, 
whence,  we  draw 

i-^nsinf  1  —  ii.sisf        ^       I— ^«sm$ 

therefore 

dx  _     dtf      ^^  cos  6  cos  g  d  (tan  /3)  ^      43  cos  ft 
»    '^  p  '^a  sin  (6  •—  /$)         ""    cos  /I  sin  f  * 


or   putting    again    co*  (p  cos  fi  —  sin  $  sin  3  for  cos  t   =■ 
cos  (i3  +  ipj,  w«  fiAd 

dx    ^     ndp  coi.  ^  dfisinff 

fhe  mtegfal  of  this  «qi*ati<*i^  is  k  ts:   -zZ^rio  '  *'*^  "*** 


7  =z  ttx  =  « tang  /3  := 


;r  sin /^         .  _.a_  t..  -^      c  sin  j^ 


we  haVe^'y  aai  — 


.•■x. 


C(M  fi  '"  t  —  n  simp 

These  values  are  dtM^t^  beija^ie  the  sn^^  /9»  leteriiriA^d  (rom^^he 

equation  ^=: — $  +  / -^, —  ,    iilclucfe^  only  on^   con- 

^.  J  1  —  nsm^  ' 

starDt  itfbiCfary  (|uaniUy. 

4f  we  put  m  place  of /i  Its  value  b — ©  wehave4p.*d= -*-; — : — , 
^         ^  ^  ^  i-r-nsm^^ 

|.  --  "TfiA       I  ^    /_^ — ^'r  .f   ;  tfee  hi'fefi^al  of  the 

'  ]  —  It  sin  f  v/  I  —  «  sin  <p  ° 

last  member  of  this  equation  being  found^  we  ma^  take  aiway 
b  attliStp  from  die  above-  expfessioi<is  tot  x  and  7,  and'  we  sball 
then  have  their  Values  expressed  by  means  of  a  single  arc. 


Tp  determine  the  nature  of  the  curve,  such,  that,  the  perrpen* 
dicii(^lar  from  a  given  point  upon  the  tangent  shall  be  a  mean 
proporfionaL&etw6«n  a^give^Kae  and' the  segmefH  of  the  axis 
intercepted  between  the  tangent  and  thts  ^ame  given  point. 

Flft^t  SeLUTiON,  bjh^JknAWA,  the  Proposer. 

# 

Let  TB  =  X,  BP  St  ^^  a  =:  arc  o£  cuxve. 
,  Tlteii  irr  ti:  ^  ^n£  frotti  flrti.  Afe, 

yi  yi  yx  —  xy 

J  y  2 

.•.  ^i/Mf-^^^iti^..  —  a .  ^— ^-z, ly^ihequest. 

oryK-^jtfzr  - ' .  x*  =  4>r -f-  -%-^  • 

7  7 


(til  ) 

Take  the  flaxtons  making  y  cAmtant 


i    '      ••    ^  *  #  '?     - 


.'.  yz  =  — ?—  or  <y  ^  — ?-  ^  «  s:  o 


2«i'     ^  <  tai}.. 


.••  y  — *  -T —  ss  o  and  «  z:  o. 

'  y*      •  '        "*.*■' 


lueof  r  in  the  equation  .        :  '   t 


'*  •  •  ^  •      •  •? 


.   '   !«   V('     / 


f      ••/ 


X        y 

we  have 

;.  =  (.  +  x).-   +  r...?L  =  ?2^I^ii5""'' 

and  ^>  =  4a .  («  Hr ») :  hemce  the  curve  is  a  ^n^a'wJ^TO|^ 
i»  S  and paaameter  (4aJ..  , '   ... ; '  j ']. '"  ', 

Again,  because  i  =:  o,   »:;r<y  .••    r^  rStf     *     .-'  f.  i  :»: 

.*.  jr  rr  ;-.   4^  ^^  tlie  equation  JtcF  a  knight  line*  at 

k.ougl^tobe* 

•       *       •  •       /  • 
Second  Solution^  ly  Mr.  John  ^uTTBHWjOkMi^t 

Let  s  be  the  given  point  in  the  axis  fb,  anfl  tp  ^ifiii^  ^curve  ; 
from  any  pointy  as  p,  of  the  ontve  idtsrv^  th^tatifi^jM/  ^»\  'nte^ting 
the  axis  produced  in  T,  and  draw  thet>rfiiiat0  tM  and^'iMnkniY 
perpendicular  to  TP  in  x*  Put  s^  2b  «,  bp  =  jf,  and  as  the 
given  Hue. 

Then  we  sbaAl  have jp :  «  ::  bp  =: ^  :  bt  =:  >r» 
therefore  ST  =  "V*  —  v*    Again^  by  simila^  trlamj^tti^^  ^  ^ 
TP*  =  ?2^  +  /•  :  BP'=:/  ::  8T»=;  f^  -«)*:SY»=: 


f^—V*^,^^,    Whence,  hy  the  ^uesti<W.. r   " 


Vol.  v.  Part  i.  o 


(     taa    ) 
ri^^tyMiyy^}^    ==   ???  ^  a^  =  5J:ir_A^j^.  which  di- 

vided  hyyx^xy  gives  -\>  ^  ^^   =  j. 

therefore  jrijr  —  jry*  =  ai*  -f  tf^*, 

ora-hJf  —  V  -r  +  d'rrrro. 

By  lioKyd^tfting  a  +  s=:p,  ^*y=zQ»  and  4  =  s  in  the  For- 
mula at  page  145,  Now  i8»  of  the  Repository,  we  shall  have 

4a*  4-  44*  — /  =  o.  or  4a  (a  +  or)  c:  /, 

•  which  it  an  equation  to  the  parabola,  whose  parameter  is, 4a. 

« 

Thiii,1|  So tu tick,  by  Mr.  Lowby,  R.  M.  College. 

\jA  X  =  the  abscissa  of  the  required  curve,  reckoned  from 
ilie  given  pbinty  y  cr  the  corresponding  ordinate,  v  =  the  dis. 
tance  between  tfaie  given  point  and  the  intersection  of  the  tangent 
and  axis,  and  a  3  the  given  line. 

Then  v  -f  x  =:  the  subtangent, 

^»'»        I  ^     \.'\P  .+  *)*  +  y*  ==  ^hc  square  of  the  tangent ; 
and,  by  similar  triangles, 

(t>  +  «)•  +  y*  :  jf*  : :  p"  :  the  square  of  the  perpendi. 
cular  f#om  the  given  point  upon  the  ungent,  which,  by  the 
quelitidti^'ls'xs  AVI 

._Th|?refpre  ^(»  +  *)«  +  fly«  =  t;y« .(1), 

.'  T^hii^ilie  jVuxion  of  this  equation,  supposing  v  only  to  yary, 
9fi€|  fliyidipg.  by  p,  we  have 

or  »  =  e , —  andti  +  «  =    — . 

aa  ua 

These  val)^  being  substituted  instead  of  v  and  cr  -f  jr  in 
equa4ii9ii,jC|)f  |t  becomes 


t     *«. 


4tf         ^  aa  ^ 


ot  4*  (fl  +ir)  =  y*, 

an  equation  tP  the  common  parabola,  which  is  therefore  the 
curve  requii^. 


(    "8    ') 
Fourth  Sox^utioh,  ^S*Hb  •  iJv.  :  • 

V)  !   ."-.^fti:::  nil  J., 

Let  s  (su  the  preceding  Jig. J  be  the  given  point;  0ir  t  f^^'tk* 
dicular  on  a  line  pt  touching  the  curve  in  p^  and  meeting  the 
axis  in  T.     Draw  pb,  yn  perpendicular  to  the  axis. 

Since  Ts  :  8Y  : :  sy  :  SN  •*.  sn  is  =  to' the  given  line. 

Let  SN  =:  a,  NB  z:  X,  PB  ^  y. 

Now  TS  :  SY  ::  tp  :  pa  and  by  :  sir.:;  tp.;,.W  »  n.    y 

••.  TS  :  8N  ::  tp«  j  »p*,         '  •  .  j;  .« • 

ic.    y-p+tf  —  «:a::  dx^-^rdy*  :  du*^ 
ay 

therefore  by  reduction  \ 

dx^        y      4L  A.    J^  y^  —  Aox 

cry*        a   ^  dy         44*  "^■'       4dF    -  -^^  -'  -^    t 

i*.  fiflrfx  —  y rfy  =  +  t/(y*  —  4«*) .rfy 

V  (y  —  4**/  .  r  ^   J   n  ,\ 

.*.  c  +  y  ==  =F  •(y*  — .^«*) 

(c  being  some  quantity  which  must- disappear  by  diffurentiatibn) 

.••  c*  +  acy  +  y*  :=  y*—  4««  ••.  ^'  +  «ry»  +  4^*  =:  p,  , 

the  equation  to  the  curve^  in  which  e  remains  to  be  detefmmeil* 
Now  the  entire  difTerential  of  the  equation  is 

cdc  +  cdy  +  ydc  —  ^adat  -zz  q. 

But  aadx  =  ydy  ±  t/(y*— 4aJr) .  dy  =  —  «rfy 

.-.  cdc  +  cdy  +  ydc —cdy  =  o    ;    ,  ;,.    .^  ,^^ 

.-.(c  +  jrj^ao 


dc 
,•.  c  +  y  =  o         or  ;r-  =  o 


I.      •    ..  ■«  1 


dy 

If  c  +  y  =  o  then  qp  ^f y'  —  4tf«)  =:  o  .-.  y*  =  iaxi 
the  equation  to  a  parabola,  which  is  the  curve  required. 

If  ^  z=  o,  then  c  is  an  arbitrary  conslaAl  and  tberequM(^n  is 

dy 

that  of  a  straight  line,  which  will  coincide  with  any  tangent  p« 

ft  a 


(     M4    )• 

aceordinff  to  the  assumed  value  of  c.  Thi8»  however,  iir  not  the 
proper  soiiitionitf  tlie  proUem^  ashintro^ioef  3  new  condition 
of  limitation^  not  stated  in  it — viz.  the  value  of  the  arbitrary 

-u?  mW  ;.QyE5TJ0N  443.  by  Palaba. 

To  determine  the  equation  to  the  curve  whose  tangent  is  a 
mean  pibpoitibiia!  between  Che  segment  of  the  axis  intercepted 
between  it  and  a  given  poim^  and  that  same  sq^ent  augmented 
by  a  given  line*  * 


First  Solution^  by  Mr.  Lowrt, 


•ji . 


Let  Xt  y,  and  v  Represent  4}ie  same  jiarts  as  iti  the  solution  to 
the  preceding  ^ujcstioni  and  let  a  be  the  given  line ;  then,  by 
the  conditions  oi  the  qiitition,  .  . 

[v  +  xy  -^  y^-vx{v+a) 

or  y*  =  (tf  —  aap)  V  —  ^« .(i). 

But  V  +  x±:  the  subtangent  oc  ^ • 

and  'tAfs  v^Itie  beih^   substituted  for  v  in  equation  (i)»    it 
becMnei 

and  dividing  by  >* 

(a  1^  add  ^xr^lax-^  **)y 


Taking  the  flueols 


/ 


ax  —  «■ 

"  V    mm     ""         "      '^^ 


y 

or  y*  rr  tf X  —  i% 
I   Mvffnttkttteihoicirclf  wlK>sedia^ 

•  T  •)  •  •'  .J  J    •.•  i    . 


^  - 
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V  ■  • 

Second  Solution,  hyiiu  Buttj;rworth, 

-  '"  **     "  «  • 

Let  A  be  the  givien  point,  ac  the  curve  whose  equation  is 
required ;  to  ally  |>oint  o  of  the  curve 
draw  the  tangent  bc  meeting  the  axis 
DA  produced  in  b»  and  draw  the  ordi. 
nate  CO.  Put  ad  =  x^  D€  zry,  ted 
a  zz  the  given  line; 

then/  :  «  ::  BG  =  jf  :  DB  =:  -r ; 
therefeire  ab  :=  ^  —  x ; 


also  BC*  =  BD*  +  DC*  Z=    ~-    -f  y 

9 


therefore  by  the  questioh 

(J±  — «  +  i^  .  /^  ^a;)    =  ^  +  /.   which  being 

reduced  gives 

.     ij^ii  —  IMP/  —  ay*«  +  jc'/  =r  //, 


to 


or 


tf  w  —  axy  2yxx  —  «•/ 


=:  / ;  tlie  fluent  of  which  is 


av 


m^    .^  ziy^  therefore  ax  -^  x*^  /',  an  equation  to  a  cxr* 
cle  whose  diameter  is  a» 


TiliSD  Solution,  by  Palaba»  tkt  Prep&sen 

Let  the  given  point  be  the  origin  of  the  abscissa;  then  the 
•  ••  • 

suBtang.  =  ^,  the  segment  of  the  axis  ==  ^  -— «:  call  1(4) 

the  given  Iin.e« 
Tkeo  \y~»\  . 


yx 


—X  +  a 


+  f 
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Take  the  fluxions^  considering^  as  constant. 

It 


•    «! 


• 

y 


ay**     .    ayx 

-J-  +  -J-  =  ■  jy 


or  (a  ^  t«)  ^  =  «  .  (1  +  YJ 


Assume  -r-   =  p,  ••,  4-.    =   %-  zz  ~ 


X 


L  ( ^— )  =  L  i/l  +  />*    .•.  I  +  p*  =   ; ^ r» 

\a  —  aOP/  "^  i'  r  (4  -p.  21?)* 

...  A«  =  4^^  ^  4J^*    ^  ^  ft/(a^  ->  j') 

*  *  '^  (a  —  Bx)*  •  '^  a  —  aa? 


ax  —  sax 


•■•'  =  *• ./       « •••  y  =  vc***  -  * ) 

VAX  —  X* 

.'.  y*  =  ax  —  X*,  and  the  curvfc  is  a  circle  whose  diameter 
is  (a). 

XIV.    QUESTION  444,  Ay  Palaba. 

A  body  urged  by  a  force  perpendicular  to  the  horizon*  de- 
scribes the  quadrant  of  a  circle.  Required  the  law  of  force 
which  will  nuke  it  recede  uniformly  from  the  horizontal  radius,' 
and  the  tipe  elapsed  and  the  velocity  acquired  at  any  point  of 
the  descent. 

FiBST  Solution^  iy  Palaba,  ih<  Prapascr. 

Lei  APD  be  any  curve  whose  vertex  is  a  touching  the  verti- 
cal lineLAQt  AB^  BP  the  rectangular  co- 
ordtaates  to  9ny  point  p  ;  produce  bp  to  c 
and  take  PC  to  represent  the  force  (0)  re- 
quired, let  fall  cm  a  perpendicular  on  tan. 
vm  >i^^  9^^  ^  perpendicular  on  PC. 

Let  AB  =:  JTt  BP  ==  jr,  AP  IT  2,  then  on 
the  same  scale  that  vm  represe;its  2»  pr 
will  represent  x  and  rm,  y. 

Call  (c)  the  vertical  velocity,  v  the  ve- 
locity, and  F  the  force  in  the  curve* 

Then  w  ^  vs* 

But 9  :  F  ::  PC  :  pm  ::  pm  :  pr  ::  X  :  r 


(    ««7    ) 
.*.  rz  =,f/  .*.  vi  =  (f}..    Alio  v.  c  ::  rmivr  ::  i:^ 
•%  »  =  -7-  /.  t;  =z   -?5-  and  vo  =  -~qp  =:  f  jr  •%  ^  =  — rj- 


« •  ••  •  •• 


But  i*  =  *•+>•.-.  ii  =  ;;  .-.^r:  :^    oc    :?!• 

If  the  curve  is  a  circle, 

dP  =  1  —  COS.  z,  y  =  sin.  «  •*•  jr  =  —  i  tin.  s,/  =2  i  cos.  z 

•  •  •»  •  •• 

X  sin»  2  ^  J  *         ^     «  ** 

•••  -r  =  -^ =  —  tan.  z  and  tt  =  tail.'  a  .•.  -.z-  ri 

y  COS.  a  ^*  /* 

i  tail.  2  sec*  z, 

•  ••  • 

and  -rr  =  "T  .  tan.z  .  sec.'«=: .  tan.z  .sec.^8  oc  tan.z .  sec'z. 

y  y  C08.2 

Also  •••  py  =  ri,  If  =  c .  T  = =  c  scc.«#  and  /  =:  ^  = 

^  /  COS.Z  c 

sin.z 
c  -• 

Second  Solution,  ^^  Afr.  Lowrt,  JR.  M.  College. 

Let  X  and  y  be  the  rectangular  co-ordinates  of  the  body  at 
the  end  of  any  indefinite  time  /,  x  being  taken  on  the  horizontal 
radius  and  reckoned  frfoi  the  beginning  of  the  motion ;  and  let 
z  be  the  arc  described  by  the  body.  Also  let  9  be  the  force 
required,  which  acting  in  the  direction  of  y  causes  the  body  to 
recede  uniformly  from  the.  axis  of  x  with  the  constant  velocity 

a ;  then  the  force  in  the  direction  of  the. curve  will  be  =  v  x  0: 

and,  by  the  principles  of  dynamics, 

••  • 

2.  -  L  yc  * 

p   -    J  X.* 
t-    =  a. 

t 

By  eliminating  i  from  these  two  equations  we  get 

aZ  X 

*.=  jr  ^  J (») 

which  is  a  general  expression  for  the  force  required  whatever 
may  be  the  nature  of  the  curve. 

In  most  cases,  however,  it  will  be  more  commodious  to  have 
an  expression  for  the  force  in  terma  of  the  co-ordinates,  and 
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thi^  may  be  easily  ohtaiaed  from  the.  above,  by^  cbnsidering 

that  z-  =  /*  4-  X*  and  y  constant^  wHence  by  taking  second 

fluxions  zH  ==    'xi%  and  the  above  expression  becpmes 

^  •  •  •• 

fl   9C      .  X  I     \  • 

(p       —  ••^  X         — •■     ai        •••••••••(2]. 

y         y 

Ex.  1.  When  the  curve  is  a  circle,  as  in  the  questipn^  the 


•t 


z  1 


radio*  bting  I,  ^  ift  r:  x cos;:j?,  or  ^    =    - — -  , 

therefore  — rr    =    r-* — »-  *Dd  ^    =      "  a     • 
j»*  icos.a  y  cos.  « 

and  by  formula  (i) 

a'  isimz         tf'sin^z 

^         X  COS.  2  COS.  z           cos.  z 
Agaiflr  for  the  limci, 

y  X  COS.  z 

*   =    a  =    -7-' 

.                            ^         /^x  COS.  z       sin.  2 
and  /  z;,  /- -^ —  =,  —  .^ 

m 

M909  ^hc  T^Ipoity  &»  the  curve  is 

i  ai  a 


t  y  COS.  I 

<    £h*  2«  When  the  curve  is  the  common  p^rftbo)a#  hB¥ing  it& 
axis  in  ^a  bQiizontal  posiiioa^  and  il»  psmme^r  3^  /.. 

^    Here,  p^:::?  y\  aiidj^i?:?;^^^  S  iherefi^e  *    =»•  ^> 

y        p 

-rr-  =    — r^f  T-    =    -r-,  and  by  formula  (2) 

y  py    y         f 

Ax  ^  A 

Again,  foe  the.vdoici^|at])ecuEve,z  is.  =j!V^r^      +  »\ 

the  velocity  required* 
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XV.    QUESTION  »445.  % 


i'he  characteristic  property  of  the  circle  is  that  all  the  chords 
^hich  pass  through  a  certain  determinate  point  in  its  plane  are 
equal:  but  there  exists  an  indefinite  mimber  of  curves  which 
possess  this  property.  It  is  required  to  find  the  most  general 
equation  to  curves  ot  this  nature. 

Solution,  by  ■'  ;    taken  fr^m  the  Annates  de 

Mathematiques. 

Construction^  Let  p  be  the  given  point,  and  sr  the  constant 
length  of  the  ch6rds  which  pass  in  all  directions  through  this 
point.  Let  there  be  traced  at  pleasure  a  curve  a,  either  con- 
tinued or  discontinued ;  and  through  the  point  p  let  a  series  of 
straiiiht  lines  D  be  drawn  to  cut  the  curve  A  in  a  series  of  points  c. 
Lastly  from  each  of  these  points  c  as  a  eentre  with  tl^e  constant 
radiuH  r  let  a  series  of  circles  be  described  cutting  ^the  line  D,in 
which  it  centre  is  situated  in  two  points  M  and  N^  then  all  the 
points  M  and  N  are  found  in  the  two  branches  of  the  curve 
which  satisfies,  in  all  its  extent,  the  conditions  of  the  problem ; 
and  this  curve  is  continued  or  discpntinued  according  to  the  na» 
cure  of  the  arbitrary  curve  A. 

Analysis.  Let^the  arbitrary  curve  A  be  referred  to  tworect- 
angular  axes  passing  throuj^h  p,  and  suppose  that  its  equation  is 

y  =/(*): 
the  general  equation  of  the  straight  line  d  is 

*  y  zz  ax 

a,  being  an  indeterminate  quantity. 

We  obtain  again  the  equations  of  all  the  points  C  ;  by  com* 
bining  the  two  equations 

y  =  /(x),  y::z  ax 

whence  we  conclude  first,  y(a:)  =:  aa?. 

If  we  suppose  this  equation  when  resolved  relative  to  Xf  to 
give  X  =:  f  («)>  the  points  c  will  have  ior  their  equations 

X  ^<p(a);        y  =a^(«). 

The  circles  which  have  these  points  for  their  centres  and  r  for 
radius^  will  therefore  have  for  their,  general  equation 

vol,  V.   »A»T  I:  K 
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by  combining  this  equation^  with  y  =  etXf  the  equation  pt'i>» 
we  shall  find  the  pointu  m  and  n  e^^n^lponding  to  each  particular 
value  of  the  indetenninate  oe. 

Stimofikitlg  riiil  ind^rminMe  trofa  the*e  two  equation^,^  the' 
multini;'  equation  in  t^ffns  of  a  and  y  will  be  that  of  the'ft^- 
li^ical  ioctti  df  Al  the  p<rtflt^  M  and  k,  and  will  therefore  be 
the  ecpwitriHRi  of  the  ctfrve  sbaght. 

The  most  general  equation  of  th^  turvc*  ^hich  satisfy  th^ 
conditions  ol  the  proposed  Problem  is  therefore 

^-»e)r+^-i*e-)r='-- 

in  which  9  is  a  function  absolutely  arbitrary* 

Rem AtJiK.  We  supple  h^re  ih^t  the  foiictbn  ip  is  no  Other 
than  the  functian  of  a  which  is  bbtiined  for  the  valfrie^f  x^  by 
resolving  the  equatieb 

If»  'i)hihtci^ttiLty^  it  W^s  ihe  function  9  which  was  given, 
^d  W6  W^etf  t6  ^duce  thefunctiqn/,  this  last  function  is  no 
dlhi¥  ihkW  Ab  itih^tdii  df  x  which  is  obtained  by  eliminating  a. 
trdUr'ilte1iiWo'ei^atidt^6, 

xzz  (pf«),        y  2:  «(pH 

and  resolving  again  thijs^  equation  relative  to  y* 

I 

Tkia  4ue$ii^n  was  ^ah9  tmswSt^td  ^  8.  Hw  jtn  tk^A^it  sttuihn 
to  itf  by  Mr.  Herschel,  maj^  also  be  seen  in  section  X.  of  a 
**  Collection  of  Exampleii  of  the  a:pplication  of  the  Calculus 
of  Finite  Differenettsv'*    Lsmy  pbMMied. 

XVI.    QUESTION  4^,  by  Mr.  Cunlifpe,  R.M.  CoBege. 

A  given  rod  or  beam,  has  one  end  suspended  by  a  cord  of  a 
given  lengthy  fixed  at  a  given  point  above  an  inclined  plane  of  a 
^iven  inclination,  and  the  other  ei\d  of  the  beam  is  sustained  by 
tlWi^fiftad^ifiWBj  it  is  reqiiftfed  td  aetermihe  tW  posiuon  ol 
the  beaif^/W^h;^  suitkihi^dty^h^  toU,  and  pressarb  Against  the 
inclined^  plane,  when^tfae  bemis  in^^Kbfto. 

• 

First  SorLum)^^  hf  ilfer.C«WL'!*riS,  ik^  ^tttpbsit. 

Let  P,  be  ttih  igiv^  fdSxi  td  Whi<^  tbfe  ehd  p  of  the  giveh 
cord  PA  is  fixed ;  am  the  rpd  or  beam,  resting  with  ks  end  b 
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upon  the  given  inclined  plane  Qp,  and  having  the  ei|d  4»  i||^ 
uined  by  the  cord  PA. 

Draw  BL  perpendicular  to  bq, 
and  produce  pa  u>  meet  it  in  l. 
Let  G  be  the  centre  of  gravity  of 
the  beani^  and  draw  gl  cutting  qb 
in  t ;  also  draw  GrM  perpendicular 
,to  ^1^  in  r,  and  meeting  PL  in  M. 

When  the  beam  is  in  equilibrio 
as  specified  in  the  question,  the 
line  GL,  Joining  the  centre  of  gra- 
vity 9nd  the  intersection  of  pa  and 
BL  will  be  venical  or  perpendicular 
to  the  horizon,  and  conseduently 
the  angle  ^l  b  =  ^ Gr  is  equal  to  the 
angle  of  the  plane's  inclination  to 
the  borizoni  and  is  given  by  the  question.  And  the  weight  of  i!he 
fasiean^  the  tension  of  the  cord,  pa,  and  the  pressigne  oi  the  end  b, 
against  the  inclined  plane  QB  will  be  respectively,  as  the  lines 
GL.  ML,  apd  GJK  ania  in  tliose  several  directions.  Draw  po  at 
right  ^Pgikr  to  42B  ;  and  lr,  as  peqitendieular.to  pq  ;  also  diniw 
Af  s  pa^lej  to  Pft« 

PutPAsr^  P(2=:^9  Ba  =  tf^  AG  =  6,  qpsiia  :za^FA  =: 
ft»  =y,  and  ^j,  =ftK  =;  w;  cbeu  fn^ p^y^  Pji  ^p^v 

aiid»F=:  Wab»— Ap2)  =s^J(a  +  fc)«  — y^j, 

By  reasom  ^f  (he  parallels  «At  Al;  vn:zp^  y  tnAVS  st  u 

I,  =  ^=1  V^^fa  +  6r-y*( -y. 

The  line  C/M  is  peroendicMlar  to  th$t  given  inclin^  j^ane 
QB,  and  ceL  is  a  vertical  line,  therefore  the  angle  rGe=:  «lb,  it 
equal  to  the  plane's  inclination  to  the  horizon^  and  is  giyep  i)y 
the  <)uestioi^,  therefore  let  the  tangent  of  thiji;  an^le  tQ  u)ie  radW 
1  be  denoted  by  /• 

3ccap«B  qf  th^  pv^ljfils  Ajr,  Ciif  ;  Ap  :  Af  :;  B^  ;  or  ss 

BG  X  Ay  _    gy  .  ,  , . 

AB  41  +^  ft  " 


^y 


t  xi  :i 


lb:  Btfz^/x^;  ab  :  bg  ::  bp 


BGXBP 

:  Br  =  ^ —    =: 

ab 


B  a 
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I 

vhatever  nunner  tfae  be«m  tMy  b9  suttfMmed ;  whedier  u  in 
the  question,  or  by  two  strings  pf  given  li^ngths,  attached  to  its 
ends  aiid  fastened  to  given  poi^U ;  %yfQ  AtriQgf  drawn  by  weights; 
two  props ;  two  inclined  pbnes ;  two  curve  wrfaces ;  or  by 
any  two  of  these. 

Therefore  to  determine  the  ffal  pofition  of  the  beam,  in  any 
of  the^  cases,  we  must  find  another  eqwution  between  0  and  ^,  or 
two  equations  between  d,  f ,  wd  Pt  4^uc^cl  from  the  particular 
data  of  the  problem  under  confiideratipn.  In  the  present  case  we 
must  take  into  account  the  length  of  the  string,  and  the  relative 
positipn^  of  the  given  point  and  the  iiidin^d  plaae* 
Now  PM  =  /  4in  fl, 

abd  AH  =  KM  2=  [a  +  b)  sin  f ; 

'but  PM  +  KM  =:pk; 

therefore        j  sin  d  +  {a  +  6)  sin  f::^^.*, «,..,,•  (9), 

From  equations  (1)  and  {s)  we  can  now  find  the  values  of  9 
and  f ,  and  consequently  the  position  of  the  beam. 

It  is  evident  that  the  b^am  may  rest  in  another  position,  as 
a^b'  in  the  figure,  but  the  equations  will  remain  the  same  in  both 
cases  with  the  exception  of  the  chan^  of  signs. 

To  compare  the  tension  of  the  stnng  and  the  pressure  against 
thci  plane^  with  the  weight  of  the  beam,  draw  cv  parallel  to 
PD ;  then  the  three  forces  are  respectively  as  cv,  yd  and  Qj>. 

Put  T  =  the  tension,  p  =:  the  pressure,  and  w  =  the  weight 
of  the  beam. 

Tbfm  jvn  Gvp  :  sin  v|)G  ==  sin  c  : :  rxp  :  vg  : :  ly  .•  t 

sinGVD  :  stnVGD  ;:  dg  :  vn  ::  w  :  p 

but         sin  6VD  =:  sin  GD V  :?  sin  APM  =:  cos  d 
therefore 

sine 

cosd  * 

c6s(0+cy    ^  ' 

p  =    — - — jp- 1   X  w. 
cos  9 

When  the  given  plane  is  vertical  the  beam  can  only  rest  in 
one  position.  In  this  case  c  zz  90^,  sin  r  =:  1 ;  and  the  two. 
equations  become 

{a  +  b)  san  (f  —  0)  zz  a  sin  ^  cos  d 
. .  (a  +  ^)  sin ^  -*^  isifl  fl  rpc  p» 

sin  d 
V  Zl   ^  w. 

cos  H 
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I 

The  same  answered  cthtrxuise. 

Let  A^  repmem  the  tension  of  the  striilg,  ahd  bl  the  pres. 
sore  against  the  plane,  Ap  may 
be  resolved  into  the  two  forces 
Am  or  pHf  and  mp  or  ah,  the 
former  in  die  direction  oi  gravity^ 
the  latter  in  the  direction  oi  the 
beam. 

In  like  manner  BLmay  be  re- 
solved into  the  forces  b^  or  hh^ 
and  L^or  sA^the  former  in  the 
direction  of  gravity,  the  latter  in 
the  direction  of  the  beam. 

Now  in  the  case  of  an  equili- 
brium, the  forces  Am  and  Bg 
must,  by  the  property  of  the  lever, 
be  reciprocally  as  their  distances 
from  the  centre  of  gravity  g^ 
therefore 

j  X  Am  =:  a  X  Bg. 

The  forces  in  the  direction  of  the  beam  must  also  be  equal  to 
otie  another, 

or      An  =  bA.' • (/3) 

From  the  triangles  A^m,  A^n, 

sin  Amp  I  sin  mpK  i^.  Ap  :=^  t  *  Ato, 
sin  Am^  :  sin  mAp  : :  Aj^  :  AH ; 

$in  Amp  =:  sin  AGC  =  sin  ugCi  jt  cos  (c  -f  p)f 
sin  m^A  =:  sin  PAN  =:  sin  (d  -^^ip), 
•sin  mAp  =  sin  (90^ — (0  I-  c))  =  cos  [B  +  c]; 

sin  (9  —  ?) 


(*) 


but 


therefore 


Am  rr  T  X 


A«  =  T  X 


cos(c  +  $)* 
COS  (0  -f  c) 


\ 


Bg, 


but 


COS  {C  +  f) 

Again,  from  the  triangles  BLg,  blA^ 

sin  LgB  :  sin  bl^  : :  bl  =  f  : 
sin  l^b  :  sin  Lb^  : :  BL  :  bA; 

sin  i»gB  zz  sin  bgc  =i  cos  {c  +  ^) 

sin  BLg  =  sin  lbg  =  cos  9,  and  sin  iBg  =:  sin  c; 

eos  p 


therefore 


B*  =r  *  X 


cos  (c+  (p) 
sin  c    . 

COS  (c  +  ?) 
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Therefore   by  equation  (a),    leaving  out   the  common  de- 
nominator^ 

b  X  T  X  sin  (9  —  (p)  =  a  X  p  x  cos  f 

and  from  equation  (/B) 

T  X  CO8  (fl  +  c)  =:  p  X  sin  c. 
From  the  first  of  these 

p    _    h  sin(fl  —  <p) 
T    "^         a  cos  (p 
From  tlie  second 

£    —      COS  (Q  H-  C) 

T  "~  sine 

Therefore  by  equality 

b  sin  (9  —  (p)    _   cos  (9  +  c) 
a  cos  9         ""         sin  <: 
^or  ^  sin  c  sin  (9  —  ?)  =  ^  cos  <p  cos  (9  +  c) 

and,  by  adding  a  sin  c  sin  (9  -^  9)  to  each  side  of  this  equation, 
[a  +  b)  sin  r  sin  (9  —  9)  =  ix  cos  0  cos  (c  +  <p), 

which  is  the  sam6  as  equation  (1)  in  the  preceding  solution. 

Again,  since  the  sum  of  the  two  vertical  forces  Am  and  Bg 
inust  be  equal  to  the  weight  of  the  beam,  we  have 

sin  (9 — (p)    .  cos(p 

cos  (C  -f-  <P)       ,  COS  (c  +  9)   ""       ' 

and  T  X  COS  (a  4-  c>  =  p  sin  r 

therefore^  by  substttutron, 

sine  sin  (a  —  ^H-ros^cos  (B  +  c) 

X    X     -* ; 7 J r — ■  ~    W 

sm  c  cos  (r  +  (p) 
sin  csin  {Br-  'p)  +  cos  (p  cos  (9  +  c)  _ 
cos(a  +  c)cos(c-f-(p) 
or,  by  reduction, 

^   cos  6 
T  X   -r. —  =  w 
sin  c 

^         cos  B 
cos  [B  4-  c) 

XVII.    QUESTION  447,  ly  G.  V. 

Find  the  rectification  and  quadrature  of  the  magnetic  curve, 
which  is  such,  that  if  lines  be  drawn  from  the  poles  to  any ' 


«r 

f 

/ 

a 

a 

b 

b 

c 

c 

d 

4 

Cr 
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pcwtit  in  t!ie  curve  and  p  and  4/  be  Ac  aftgfc^  Aejr  mak^  ^6h  Bi€ 
lin€  joihtng  them,  cos.  p  +  cos.  if^  =z  r,  a  coilrtant  ^thttitity'. 

r^?  Mii  j2v^i4iVii  11^  ansx^r  has  iem  r^i^im  . 

XVm.    QUESTION  448,  by  EiiATd9tHiMt«. 

Required  a  nuinher  consisting  of  six  digits  a^^c  itfv^t%  jLJ^at 
its  multiples  by  1,  6,  3,  4.  5,  S  may  contain  adiongst  theip^.tlif; , 
following  arrangements 

a    h    c    d 

t    c    d    e 

c    d    e  f 

d    e   f   a 

e   f    a    b 

f    a    b    c 

Let  N  be  the  number,  then  the  sum  of  these  different  miitti^res' 
will  be 

or 

Bui  since  3N  i»  a  multiple  of  3  the  sum  of  t1i»  diigils  in  3^^  is 
a  multiple  of  f  3j^  therefore  the  9um  o(  the  dig^  m  n  (which 
equal  that  in  3N)  is  a  multiple  of  g ;  hence  the  sm^iV^  oC  the  digits 
in  3N  is  a  multiple  9  and  consequemfy  aUo  th^  syim  pf  the  di- 
gits in  N  is  a  multiple  of  9,  hence 

^-  12a  +  i  +  C'^d^eAp^y  ••  •^•■••« m¥d»t§«f9'%'  |2) 

Divide  (1)  by  {«)  then 

=  mill 

9? 

or  N  =g  X  M3383  =  ^  y  ^619 

but  the  iint  fif  ute^  of  )l  iimtfk  be  1,  for  if  \t  wtrd  graatcv  fhe 
multiple  by  6  wo^rdt-  pi«>diice  seven  figtires,  tk^tlfeiv  f  can  dqi^ 
be  either  3  or  4*    On  trial  ^  sueceeds  but  4  do^  nt^ 

For  if  K  3?  3  X  47**9  =  t4«8^? 
it  hu  the  required  propertievr 

SscoHD  Soi»ufioNf  /^itfr.  John  3a(r  18* 

Put  s  =  oiooooo  a  +  10000  b  +  1000  c  +  100  ^+ 10  ^  ^rfj 
the  number  represented  by  the  digits  abcdef\  then  a  +  1000006 

voir.   V.    PART  I.  S 
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-V  loooo  t  +  looo  i/+  too  i  +  lo/r:  the  number  represented 
by  tkc  *gitf  kcde/a,  and  this  by  the  question  is  =  as.  35 
^.  ci.  or  «/•  From  10  times  the  first  equation  subtract  the 
Second,  and  999999*  =  81,  7^.  6f»  5**.oMf.  but  n  cannot  1^ 
neater  than  u  if  it  were,  6s  would  consist  of  7  digits,  which  is 
uiadmissiWe;  therefore  a  ==  1,  and  hence  8 J,  7s,  6s.  s^,  or 
4*  =  099999 ;  ^^^  ^  "*"*^  ^^  *  whole  number,  which  will  only 
&  so  when  7^=  999999  5  ^^at  is  j  =  142857,  the  number  re- 
quiired* 

For  I4ft857xa  =  884714  =  ^^^/^1  ft;  142857x3 =428571 
zzicJefa;  142857  x  4  =  57»4«8  =  tfabcdi  142857  X 
5  =  714285  zz  fabc4^\  and  142857  X  6  =  857142  =; 
defabc. 

Third  Solution,  by  S.  H. 
Suppose  the  least  number  to  be  n,  and  that  a+  b^  c^d^ 

.••  loooootf  +  10000*+  loooc  +  loorf  +  »o«4"/ 
4-  1OOOO0&***' «ooooc  +  ioood4- lootf  +  10/+ a 
4-  toooooc  +  loooocf  4-  loooe  +  100/  +  10a  +  b 
+  toooooi/+  ioooo€  -4-  ioo<3^+  lootf  +  106  +  c 
4.  iooooo<  4*  loooQ^  +  1000a  4-  looA  4-  10c  +  d 
•4-  100000/"+  looootf  +  10006  +  100c  +  lorf  +  $ 

i.e.  uiitis  =  21K  ••.  N  =  52918. 
But  since  6m  contains  pnly  6  digits  it  is  less  than  loooooQ 
♦%  y  is  less  than  ISS^S?  .%  less  than  166667, 

,%  s  15  less  than  ^|^    •%  less  than  32. 

Now  as  a\  ii  tlie  mean  value  of  a  digit,  and  8  is  the  ium  of  6 
digits  it  is  probable  that  8  =  about  6  x  4I  or  27. 

Let  27  be  tried,  then  k  =  27  x  5291  =i  142857  2nd 
1  4.  4  +  2  +  8  4*  5  +  7  =  27 ;  so  far  correct,  which  en- 
courages farther  trial,  2N=  285714,  3N  =  428571,  4N  = 
57l4t8f  5»  =  7M285,  6n  =  857142,  as  was  required,  so  that 
*^  ^        4  =  I.  6  :^  4.  <^  =  2.  ^  =  8,  ^  =5f 7  =  7* 


(     «3f    ) 
XIX    QUESTION  449»  hjf  ERATOsTil£NSf. 

It  it  well  known  that  the  formula  x^  -t-  x  ^  ^t  contains  a 
g>eat  miinber  of  primes ;  prove  that  when  x  is  of  either  of  the 
two  following  forms  it  cannot  be  a  prime,  r«  =  £8^  "t"  3  *"** 
X  —  gja  —  8. 

fisst  Solution,  hy  Euatosth^nes,  the  f^cpaser. 

Let  *   sz  av  ±  b  then 

«•  zz  aV  ±  Baftiy  +  *• 
X   zz  av  ±  b 

«^  4-  X  -f  41  ==  at^  [av  ±  aft  +  i)  +  &*  ±  ft  +  41* 
Now  if  t^  is  a  multiple  of  &^  ±  ft  +  41  this  expretsion  has  a 
factor  of  that  form:  x^  +  J^  +  41  is  therefore  never  a  prthie 
when 

;^i::  (i*±ft+  4i)ai4:*. 

If  we  take  the  lower  sign  and  put  ft  -1-  i  for  & 

wehave;r  z::  (**  -f  b  +  41]  a  —  ft— 1 
andthft  upper  niyes  *  z;:  (ft«  +  ^4-41)  a+  ft. 

Let  ft  =:  3  in  the  second  and  ft  =:  7  in  the  first  and  we  have 
the  two  cases  in  the  question 

«  =  58^  +  8  ^^^  ^  ^  97  ^'^  8. 
If  we  except  from  the  expression  4p*  +  «  4-  41  all  values  of' 
contained  in  the  two  forms  (ft*+ft -^41)  ^ -4-A  and  (ft*4-ft+4i)a 
^^h^m  X  firom  x  z:  o  to  «=  000 give  nothing  but  {Mrimes* 

Sbcokb  SotuTioN,  by  Mr.  CuKLirrs. 

To  det^mine  cases  wherein  the  formula  ji*  -f  x  -h  '4 1  will  not 
be  a  prime  number. 

Put  9  =  iia  +  ft,  then  r*+  J?  +  41  =« V+  nd  (*ft '+  1)  +  ftf 
.+.ft ,+  4t. .  Now  u^e  «  =:  ft*+ft+4if  and  then  x*+x  +  41  =r 

«  X  I  ^  +tf(tft+f)-4-i|  which  is  evidently  not  a  prime.: 

that  is,  when  n  =:  ft^  4-  ft  +  f  ii  and  ft  is  expounded  by  any  in* 
teger  at  pleasure  either  positive  or  negative. 

Ex*  !•  Put  ft  =  3,  then  n  =? 53  and  xzzna  +p sz^^a  +  g* 

Ex.  8.  Put  ft  =  8>  then  n  rr  97  and  x  zz  97a-— 8. 

Ex  3«  Put  ft  z:  89  then  n  =:  47  and  x  zz  47a  +  a. 

Ex  4.  Put  ft  =:  1,  then  ^  ==  49  and  x  zz  43a  +  i* 

•  a 
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It  is  MsrtilfcA  «liit  aninfinke  f^riety  of  fbriuft  for  the  value 
of  X  may  be  obtained  from  what  has  been  done,  each  of  which 
Wjff)  maike  .tht  eiq)tes«iony  ir^  4-  x  -f  41,  not  a  piriin^  haraber. 

Third  Solution,  by  A*  B.  L. 

By  making  successively  x  r:  o*  i»  ft,  31  4  •  •  •  •&,€.  this  for- 
mula >0^  ^vk  a  series  of  41,  47,  53,  71  •  •  •  .ftc.  the  first  forty 
terms  of  which  are  prime  numbers. 

Let  X  zz  ?a  +  Pit  then  the  formula  becomes 

pV  4-  va  .801+1  -t-«»*  +  «  +  41.  Now  if  p,  and  m*-fi»+4i 
have  a  common  divisor,  that  common  divisor  will  divide  the 
formula  and  therefore  it  cannot  be  a  prime. 

In  ttk^  irn  oasep  =7  ggandw  =  3,  w^  +  w  +  41  =  53  =  P 
und  in  ^bis  C9se  must  oe  divisible  by  53.  Again  in  the  second 
f»^  07  ai^d  mzz-^B,  ^^  +  m  +  41  =  97  and  the  formula  tiinit 
be  divisive  by  97,  a  being  any  whble  number,  which  Will  ht 
satisfactory  for  an  infinite  number  of  forms  besides  the  slbov^ 
two.  Heace  it  appears  that  in  any  algebraical  formula  such  a 
value  may  be  giv^n'td  t^ie  indeterminate  quantity  as  w9IL  render 
it  divisible  by  sol^e  dther  number  dfnd  therefore  lio  algebraical 
function  of  x  can  in  aftl  easels  represent  a  priioe.  i^ter  in  9iia 
^l^mbtt^  tyf  Beiti^i  ify2^  has  mentioned  the  above  f6rwttla» 
and  likewise  the  two  following  x*  4-  it  ^  17  imdt  a«^  ^  09,  iJff^ 
1st  of  these  foriiiute  by  makic^  •successively  a:  c=  o,  i,  a^  3,  4, 
^da«  {^lisa teeri«3  of,  wbi^h  the  ist  seventeen  terms  are  .pt^e 
ii(iifb0i^  ^tii  the  si^Qond  'm  the  same  maimer  giv^i  twentqr-miu; 

prime  mmbeirs* 

It  is  well  known  that  Fermat  asserted  that  a*  +  1  would  al- 
ways be  a  prime  while  n  was  taken  any  number  in  the  seometri* 
cal  progres^idh  t,  ^,  1^;%  i6'8oc^  bat  Sator  h«s>pi!atedthe  caae 
^  foil  ^beq  n  =  5. 

These  case^  pro*v6  Ihb  danger  df  'AtMitig  CbhiAmlMs  f#om 

Miduqtioo,  ^,ud  shew  the  little  dependance  we  ought  €6 -^laib^  6fl 

that  .riietbod'ih  ma^emsttical  invesf^altions,  since  Ifhei^'^i^  iew 

case^  of  this  kind  'in  'i^hidk  we  h^ve  more   reason  10  infer  ^a 

*-^^K(14aNr  ifr^fiaiticalar  lissiilts  ^api  19  the  above  fdfp^lac;. 

Messrs.^ Antts  toid'^.  tt.  liktwile Onno^id  (kU^sHbn. 
If  the  beam  in  Question  401  instead  of  resting  upon  the 


curve,  be  at  liberty  to  slide  freely  over  the  prop  and  deicenil  hj 
the  force  of  gravity^  it  is  required  to  determine  the  motion  oF  its. 
centre  of  gravity. 


Solution,  iy  Mr.Lov^Klt^  /E»  M.CoUege* 

Let  V  he  the  top  of  the  prop  DP  over  which  the  beam  Is  sup- 
posed to  slide ;  paK  the  po- 
sition of  the  beam  dX  the  be-> 
ginning  of  the  motion,  and 
PGH  its  position  at  the  end 
of  any  time  t.    Also,  let  G 
be  the  centre  of  gravity^  and 
ft  the  centre  of  gyration  of  the 
beam;  and  draw  the  vertital 
line  AGB  to  meet  the  horiau)n- 
Hne  PB  in  b.    Because  the 
beam  is  supposed  to  slide  free- 
ly over  the  prop,  the  only 
torce  that  acts  upon  it  at  p  is 
the  re-action  of   the  prop» 

which  will  always,  .be  at  right  angles  to  the  beam ;  and  tlierefore 
can  have  no  effect  in  pushing  the  cetltre  of  gravity  g  in  the 
direction  of  the  heam. 

Put  a  =  PB,  bn  BA,  d  =:  OR,  2L  pgb  =<p«  radius  i. 

ip  £  ufae.  force  at  ^t,  to  tarn  che  beam  about  g, 

o  z=  the  velocitjr  of  g  in  the  direction  GB» 

u  ==  the  angular  velocity  of  r  about  g^ 

at  rz  ttlit  niaKs  ^f  the  beam, 

0?  =z  BG ;   g  zz  32 J  feet,  the  measure  of  the  accelcrative 
force  of  gravity. 

Let  P7I  at  right  angles  to  po,  Mfiresent  ^there-action  of  the 
prop  against  the  beam,  and  draw  ns  perpendicular  to  the  ver- 
tical line  DP  produced :  <then  FS  will  represent  the  force  in  the 
direction  of  gravity,  and  by  the  resolution  of  Forces  p^  =  p«  x 
:  ?n  sin  (^*    But  by  ^the  property  of  the  lever 


sm  p«5 


pn :  F  : :  gb  :  GP  : :  </  :  -r— 1-»  or  p» 

sin  (p 


=  r  X 


id  sin  fp 


therefore 


rfsiri*(p 

pj=5  f  X  — — — 

u 
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•  •  • 

By  the  property  of  the  centre  of  gyration* 

*  ,  •• 

u  do 

t  i^ 

M  tin  0  d^O         *  •      r        -t 

Therefore  pi  =: X    -~-  =  the  motive  force  m  the 

direction  of  gravity,  arising  from  the  re-action  of  the  prop,  and 
which  being  taken  from  Mf,  the  whole  motive  force  of  the 
beam,  gives  ^^ 

M  sin^^         d^^ 

MAT X     -r-^ 

^  a  ^« 

for  the  motive  force  on  a,  in  the  direction  gb.  Theretore  the 
acceierative  force  in  the  same  direction  is 

sin*  <p    ^    d^(p 
^  a  1% 


•  » 


Silt  iL  is  the  measure  of  the  acceierative  force  in  that  di* 

rection;  therefore 

sin^jp    ^    J*({>  X 

Again,  ar  =  n  cot  <p,  therefore  —  *  =  ^^^ ;  and  multiply- 
ing  the  first  and  last  terms  of  the  above  equation  by  — •  s«,  and 
the  second  term  by  -r^^ ,  which  is  =  —  ax,  and  taking  the 
correct  fiuents^  we  have 

or,  because  ©  =  —  , 

»g{b-.x)  =;   -^ ^    ^  =  a* ^  "  • 

therefore  tg  {b—x)  o«  =  (rf*  sin*  ^  ■{•«*)  x  «^, 

or  f  =  «l/J;^i4«fqM«(*' 
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I        • 


AfiTICLE  III.    ■•  \ 
Solutions  to  Questwns  proposed  in  No.  XFJP*' 

1.     QUESTION  451  i  by  Mn  Joh^  ^a|k^s,  Demhry. 

A  gentleman  has  a  triangular  field>  a  mile  round,  and  a  per- 
pendicular from  oBe  angle  fjms  die  opposite  si3e  in  extreme  and 
mean  proportion.     Required  the  sides  aqd  area,  when  the  latter 

.1f-S|4^.^4i»/«>^fi»n^^fe  fireatir  and  Je^s  gg^^  <^f  ygyjr,  dj,. 
vided  m  extreme  and  niean  proportion,     rut  ina:  and  nx  jt  tne 


question)  ;  hence  a:  =  — -r — ^.   ,j^    j^i  •- — 77-1--: — »,    and 

--^  =  i    .yr  a  .    Ti  .'"  y/  >  , — r.  ==  ^"^  2i^^^»  *  maxi* 

2        2i  1  +  i^{%^  +  y«)  +  /(w*  4-  »;; 

mum.    This  in   fluxions  and  reduced  gives     ^f  . r-   -f 

—A/—- s:  =  li  'rojn  which  we  obtain  v  =  '76066;    hence 

X  =:  96*48068  chains,  the  base  of  the  triangle ;  88*30628  =:  the 
greater  side,  25*2 1365  th^  less,  83*09339  =  the  perpendicular, 
and  305790816  .scj.  cluiifis  zi  30  A«  «  R-  ia'653  P.  =  the 
area.  The  sides  of^  tlk  ^ikngle  having  the  above  properties  are 
as  the  numbers  1 ,  1*05028,  and   1*12264;  and  the  angles  are 

Sf'^Wi'  6'^S^''^t'^  ^n«  ^^  «-*'  5§^'*  ^  *Btoi  »:=  jr  & 
j.thc  equation  becomes ''^^^^^  ==  1;    hente  y  =5  !%/*• 

«  s-^».the afdes  ^e  eadi  eqiial  ia,  and  the  JtigiURglje  hpf{^^ 
lateral,  as  it  ought  to  be. 

Mr.jERWODD  aniwercdjhis  question. 

Ml.  Y,    PAR5T  i.  T  ..^x 


(     H4     ) 
IL    QUESTION  45«,  b^  Mr.  Nosyt. 

cumscnbcd  about  a  plane  triangle.    Prove 

•'    ^'  ^  ^  k  (^  I'  ^  ^  c) '  ^'  ^*  ^  lying  :tfr9ptfe«^  :        .; 

* -r.    '  ':    r     '-  .:      FjaST   SOLU^M3IN)->6y..S.  F.  ?   •   !;):i.i:'v; 


"  \ 


Since  the  whole  triangle  is  made  up  of  the  t\^'e^  trianglci 
whose  bases  are  the  three  sides  and  whose  perpendicular 
heights  are  radii  of  the  inscribed  circle,  therefore  a^  b^  c  being 
the  sides,  and  r  the  radius  of  the  inscribed  circle;  tlie  area  of 

tlicgivt'n  ttiahglc  zz^-^'^'^^''^  "^k  ^  Bbt(by  prdp/C  bdok 


H'  til 


Vlf  Simsoh's  Euclid)^  {f  r  ht  the  radius  bf^th^^'tirctuift^tiibiiig 
circle^  ir '  awd  r  the '  side*  containing  the  vertical  "^aifg^drhf 
base  and jp  the  perpendicular  height  2pr  ^ac,}  •  ?'  -  -f  "^  '  v  • 
*  •        •    tielice  2pW'=  acJ,         '-   •   ^^/ ^ 


♦•    ;-  X 


*    -            J         a  c  h  *     ,      , 

and  ,••  pb  :=  s         •     .       ..  r 


/  *  ar 


l:(i|i/>..  i  ::;:  twice  the  area  of  the^iven  triangle 


^^'.'   n 


:         .%  area  of  the  given  triangle  zz ; 

;     ',        '      r  i_                •      I         R .  (a  -f  6  -f  c)   ' 
but  the  area  of  the  given  triangle  iz  > 

I*  ■  ■     * 


R  .  (a  4-  i+  t)  acb  (      4      '.  ^  / 

SwCCfiHB  SjOittTiOH,  h»  Mf1b:CH^tlL£tcB0^NHY;ClA^X;|«. 

,\i  Ip^hfccircag[>sfribir^  circle,  the  lirie^^xa.^n  f/i?^  th^c^rq, 
to  the  extrehiities  of  the  base,  iiidude  an  angle  equajf 'to  twicSb 
tlH(tveA4cd)hMfgie ^  urbcrefore  i£  this  laute  pu(cf4usdJp,,3tf^e  ha^ 

And  in  the  inscribed  circle^^  if  perpendiculars  be  drawn  from 
the  centre  to  the  sides^  the  equal  segments  which  they'ciit\»Ir 


\ 


(  'Ml  K 


r.  '  *..  '•      ,  -.  •'•>.*.! 


0^  each  .tid^  of  tbe  vertical  angle  are  equal  to 
wherefore  '' '   "•■■.        '       .i  "  <^i 

and    **  *    *•  .  : ..  ».  i       -. 


h  4-  c  — 4 


But  putting /p^  arid  g^fpr  the  angles  of  the  tri^ngfe,  we  have 
the  well  known  equations' 

a  cos  S  ;+. .6  cos  ^  "zz  q,      .  ;_.':_'.' 

a  cos  f  +  c  cos  p  zz  b^  .  j  -..    •  V  .. 

6  pps  £,  -f  c  cos  d  z:  a. 
Whence  by  elimination 

and 

cos*i^  n  r . 

.      ^.  46c 

Sttb^tituiing  which  in  the  expression  (i)  it  becoxneti' 

•  aic 


R.  r  =  j(6  +  e — a)  . 


■<        ■!■ 


abc 


Jkis  qutstion  wdi'ako  anstotred  By  Messrs*  Bainshj  Ftx^z* 

•  ««••.<>«  .'         its".  »»,-,-..  ,        , 

III.    QUESTION  453,  by  Mr,  Nosyt. 

•   "1   ••  V  ■      '   .         •  ■••    ■    . 

•  •  •  •         ft 

Find  the  sutn  of  the  recurring  decimal  *  qppp  &c.  in  Infini* 
tQin.    {q)  and  (^]  containing  (m)  and  (it)  digiU  respect! vely.l 


1  » 
•41 « 


First  Solution,  by  Mr.  James  jERWOopt  Poughtlf^ ., 

The  numbers^compostng  every  circulating  or  recurri||c dect« 
mal  are  geometric  progressioi^s  whosf  coijUDoyVatios  ^^»  t^^v 
Ti^»  &c.^  according  to  the  num^  bf^sfactori  in  the  recbrring' 
decimal^  hence  in  the  present  case  tile  Jieries  of  ^^iioi^s  ^hich 

ttfxp%tni\\it  value  of  the  proposed  ex^Hr<^sioT|!  ^rt  ^^-f  (g€o- 


T    • 


L    • 


(■  «H'  y 


metric  series)  >-^,  J^  -^^  +  --;^,  &c.    tfie 


saiB    o 


I 


which  =  f-^  .   )^f  i \)  =      I'L^  ^    ^  .  andthcre- 


1  ">''  ~w+ 


> 


*m, 


fo'^  ■;y;  +   i^«_L-t6-'  - 


"•"^"—lo-j  +  to'p  _ 


^♦,2'»+"  jL.  i^" 


i{to*^t)+p  _  ^^^  .^^  required. 

Second  Solution,  by  Nosyx. 

Let  'qppp  &c.  =:  s  V.  q*i>fp  &c«  =  lo*  .  s. 
Again,  let  'pppp  &c.  =i  £  •%  ^•/'/''^  '&c-  :=  to** .  2 


»  •!      -. 


.•./>  +  £=  io»  £   and  />  =  (to"  —  i)  2  .».  2  =   ^^^  _  ^ 

AUo  q*ppp&-C'  =  to"'s  >.  y  4-   j"^ =^  xo** 

IV.    QUESTION  454;  iy  A.  D\. 

E.  £  F  is  paqpeftjkiiilar.t^ctbt^ilUl^of ut|)e  fiq?Vps  ^^^  ifen  If  any 
point  G  is  taken  in  ef,  the  tangents  dii,  gk  ate  equal.  He- 
quired  the  investigation  ? 

First  Solution,  iy  Funidus. 

A  and  B;  draw  also  CH  and  DK  nrdtn  the  ceritre3  to  the  touch- 
ing points  H  and  K  ;  join  ck,  de,  gc,  go.     Then  it  ij  obvious 


'    u 


•ir>«*^  j||iiTTiij.-.i  :o 


♦'■.  ••■ 


A  DCO  =  A  DCK  +  KCG,' 

_    J"?  sin  (9  +  ip)  -* 

SimiIarly..|ef,iC|;::5,A'„;{jf  ■z-^'l^.c^  • .. 
=  <,  then.  .,  ^ 


''  '  •  -  " •    o     ^'.  ..    ;  1 .       ;: ' . ' 


kit  jpp^io^f  9^  2tHa%-  \ 


<• 


V    -   -  '  i.    ■ 


J  sin  a  tf--.|i  jm^.  ^ 

y'^  Sin  6  +  ^'  sin  $ 
"f  wbtdle  cteitreior  drop  om,  oii  pd^pfifelrfiatfjirtx] 


4-         't 


COS  OCN  COS  OCM 

•••  since  ocN^  ocm,  are  copiplements  df  0  aa^  $j,      ^  - 
"    ciif  Mtfif'=  cM-im  d/or  (y -.)>)  sinip  =:'(^— V)  "«  V  ' 

t  or  J5  sin'f  4-  q  sin  d  ==  />^ sin.ip  +  y  sin  B^ 

•;•*/  =  *.-  A -geometrical.  <lerriifAslfation"is  given  in  ttic  Re- 
positoiy,  VoKl,  PartLpg^.j^,  where,  W^^W,jW^l^«»,-h^ 
extended  the  property  to  the' Conic  Sections. 

VI.    QUESflON.  456.  iy/Ae/Z^t/.Afr.W.  Callow.  ^ 

Solve  the  following  equations.' 

1.  Given  to  firlrd.x  and^  theitwo  equations  r 

z  — ai=:  a?*+85,  and  -j^    i=:   (jtj  • 

>•  Given  to  find  x  and  2  the  two  equations  .    -t .  *    «      .    ;/ 

z  +  ab  .  [ -)  =  gx —  a6,  and  abz  1=  1  -^  a  .  r*. 

and  y^2  z=  rf. 


':■!.'    I 


SohVriQHify  Ite  ilfiP.  Ur.W^  CxitOVfi  tAe  PropQser. 

•  i:  From  tlic  first  equation  we  find  z  r=  a?*  +  ^  -^  sf  ^*jfe 
value  tfubstituted  in  the  second  we  liave  . 

t  *    - 

of  .«*  -rf*f  ^  ^  y^  =  ••'  wherey  ^  l/r^5  X .\l»ereforef  U 
kn^w^:  and  thei|  z  =:  a:^4-^Mff  .4^  %i  is  also  known. 

8.  from  the  secpgd  equatioti  we  gp|  z.  =  tTiJJTT'  ***    which 
value  sublstxtuted  in  the  first  we  have .  .       :     \ 

equation  aire  X  =  ^^,MJ^—^  ihen  «  being  known  we  have 


LI 

becomes  r"  4-  ^  4-  ^r?  i=:  ^  ^  -the  i»ota.ol  Jilhich  are  those 

it 


rfr« 


Xvy^  a»4  since  y  ;= .-  ^9^  J^btf,4sqH^fWB.^?fiS9'W«  «.  r 

tubstkttcifl?  the  valutofz  in.  our  second  we  have 

«*  — 5cx'  +  ^c**  +  ^r*  =  o,  whence  ar  =:   —  +  c i  whcr^  s  = 

V^—- /,  being  a  root  of  Z*—^  "IT  ^  +  "T  ^  ^* 


f  ^f* 


Then  a:  b^ng  known,  v  zi  --^  and  i  ==   -y  are  also  known* 


VII.    QUESTION  457,  iyAfr.  Jou^r^yTTEBWORTHr, 


Let  ACB  be  a  given  semicircle,  cd  any  ordinate,  an^  let  A< 
be  joined.    It  ^s-  «quir^'  to  tleterkiiie'  tKc-  qwadhiCare  of  5h 


AC 

She 

curve  which  is  the  licus  Qf^^CiS^Sf^  ^f^^  iircle  inscribed  in 
the  triangle  A  CD.     ;  •*  ^     ^ -f     ? . 


(    «5«    ) 

•  ■  / 

FlEI?  JIfpLITTIOll,  bff  flfr.  BUTTBRWOiTM,  ihii  PffntT. 


From  r  the  centre  of  the  ioicribed  circle^  demii  f »  pefpea< 
dicular  to  ad  in  s ;  put  ab  =;  n^nd  ad  = 
9,  and  we  shall  have  AC  =:  j/(a«),  and  sc 
=  •(«—«•}; 

•••«+  t/(a;r— «*)—  /(ajr)s:  dDE  =:  asp, 

cooiequently 

AB ;: ^y        .  ■  +      .^  ■  S  the  fluxion  of  which  is 


2 


a 


X  lax  — jc»      .    i/ai 


Ir 


■wT ---«;  +  — T-  •  Hence  the  fluxion  of  the  arcs  is* 

at/(ax  — *«)       4^« 


y^(ax  — x^)       }/(ax) 


( 


_  Ai        ftf4fi  —  x^i        i/(ax)x     ■   xy^ftfAT— a:*)       ax    .    xi 
4        4V'(ax-x«)  ^       H       ^  4  8^4 

^8  4       ^     4/(a—«)  8 


iii 


^/la)xi 


•  "^  8/(a  — »)  ~  4V'{«-xJ  ' 

the  fluent  of  which  is 

-  »-  af •(<»»—  y*)    .     i    _    V^(a)  ar^  j.    i    __  .*5   _- 
T  4  4    "         »«  4  4    "^ 

—————  .i—i  -  -f-  —  '    -r 

18  4        /^  a  3         \ 


t% 


ai 


t.  ^(^>(^-*)^»  being  put  for 
the  area  of  acd]  which  is  correct^  for  when  «  =  o  it  vanishes/ 
as  it  ought  to  do ;  but  when  xna  it  becomes-r  *4-  o  —  —  — 

a*  a* 

-r  =5  ft  -*-  —  the  lurea  of  the  curve  ArBA,  where  Q  d^iolea 
4  la  '  *» 

a  quadrant  of  the  semicircle  acb. 


(     t5^    ) 


SiBCONb  Solution,  hy  Mr*  John  BainkI. 

Let  AP,  DP,  biMCtiflg  l*e  ajjgljfi  flAiDj  .ARQ»  »W«i  W  *? 
then  p  is  the  centre «fi  ^be.ckd*  >MPW«A«9  ^'      . 
the  Iriangte  acd.    Put  ab  =  a,  and  the  an- 
sle p Ail^ s e.   By tri^Hiometrx AC  =: acos 2ff^ 
^  AD  =  a  cos*  «e.    Now,  tKe  angle  adp  = 
4^,  and  consequently  ^  apd  =  «85  "~"« 

„  >«CQ^*t 

sin {laa"-*)  :  Al»  : :  sm  45  • :  A?  -  ^oj  g  ^^„ 9 

=  a  cos  rt  X  {cos  a  —  sin  flji  the  polaii  equation  of  the  «irv«, 
which  evidently  passes  through  A  ao4  B,  *>f  when  B  =  45*  and 
0%  AP  =  o  and-AB* 

Quadrature,  /i  a  P*  x  rf9  =  f  ayifS  (cos  9  -  sfh  fi)*  cos*  i»  = 
|i»^9  co»»ftfl(i-sia«fl)»i«^(i-sin-fta-.8xn?a6+8i«'  afl) 

=  i«*/S9  {—  J  sin  68+icos  48  —  Jsin  tO  +  i)  =!«'(*  «<»  6* 
+  isin  4©  +  4co8«fl.+  ffl)  =  a«  (5  -  fj  =  'SopSfiS*'  = 
the  area,  taken  between  fl  =  o"  and  9-:r  45°. 

Vm.    QUESTION  4a^r  hy.the.Riv.  Mr.  UEvaks. 

It  is  recorded  that  Menechmus  was  one  of  those  apcientffc. 
theraaticians  who  solved  the  Delian  Ploblem  by  two  mrthodj; 
mTc  of  which^  was,  by  the  construction  of  two  parabolas,  havittg 
«ne  ownrtop  summit,  with  their  axe.  perpendicular  to  eaek 
other,  and  for  their  respective  parameters  the  side  of  tl»  giv«i 
cube  md  double  that  side ;  then  the  two  ordmates  drawn  to  the 
ooint  of  intersection  of  the  two  curves- are  two  m?an,prOToi> 
aSnais  between  thoKi  parameters,  the  first  of  which,  Menechmu. 
dbcovered  would  be  the  side  of  the  cube  sought.  Rf<l"'«i» 
SSSStfaMi-  See  Bossut'tGcmtral  Hutory  ot  Mathe«*u^ 
whence  the  above  originated. 

«oitJTit)ir,  by  the  im^  Rev.  Mn  L.EVanS,  tkePf^ser. 

Ii«t/«/oaBA'  BV»c-bff  two  panbolMi  whose  "«*  «»  «f 
li^wgles  and  having  one  common  vertex  at  «,  with  thei*' 


(    iSSf    ) 

parameters  yi  and  Fp,   the  onCt  ndxnilx$y^ 

Siven  eMe,  attd  A^  otlier  vp  s:  ' 
ouble  that  si4e.  Draw  BC,  6c, 
ttns«AKpi9tei  i«>?tlie  f6itit^  in^rr 
MEMO  cf  ^e  im^  cUt^M«  NW^ 
lie  «;  to  pffMr^  i^  ^  4rf t  f^laee, 
that/d  :  ftc  :;  bc  :.  df. 

Since*  by  the  construction,  a  and 
A  are  the  two  foci  of  the  respective 
parabolas,  n^iz^df^  it/  =:  AVp  vi$ 
=  BQf  VB  -zz  ic, 

Thra,  bv  the  profpfiity  of  thd  ^ 
liKoIai 

»ai  !.  ad*  : :  v>  :  fc* 

Va  :  AD*  : :  VB  :  Bc^ 
?nd  by  taking  the  equafs 


=  side  of  the 


I 
I 


ftc« 
*c'bc' 


i<f/:  irf^  ::  BC  :  *c' 
iDF  :  ipr*::  6c  :  bc* 
pr  1  :    df    ::  BC 

1  :     DP    :•:  6c 
:  df.  DF  ::  bc  .^c 
:  rf/.D?  t:    1  ;^c.  BC 
J/.  DF=:*c  .  BCj  thereCpre 
df/.  he  ;;  3C :  df* 

Now,  to  find  whether  be  or  bc,  the  less  or  greater  of  these 
U§9  meaqi,  if  the  true  side  of  tSe  cube  somgKt,  ve  priKeed  Att% 

Find  two  mean  proportionals  between  d/and  a^ 

Pttt  X  2  ratio,  then  the  series  witl  be 
dff  dfm  Xi  4f.  dp%  df.  3^  y  this  fourA  term  muAbe  eqaal  to 

%dft  therefore  df.x^:^:  2df^  hence  x  ;=  \/a« 
Tften  tbe  terms  will  be  df^  dj\/  2,  df\f  a'  and  sd/i  the  $e« 

bond  term  being  df  v/a". 

Again,  if  the  side  of  a  cube  be  dj^  wh<it  is  the  side  of  dpiible 
this  cube«  in  terms  of  d/^  , 

Put  y  =  side  of  this  double  cube^ 

Then  y^z=.  df]^  x  ft  hence  y  =  dfs/Z  which  is  exactly 
eqoad  to  the  second  term  of  the  series  bdFore  found.  TherefefV^ 
^C  the  least  of  the  above  two  means^  is  the  true  side  of  the  cube 
soi^ht» 

.  lit*  Baimes  likevnst  answircd  this  QjnesHatu 

V  a 


f    »54    ) 

IX.    QUESTION  459,  tf  Air.  John  B^inb^. 

Admit  the  matter  of  a  planet,  whose  axis  is  to  its  equatorial 
diameter  as  399  to  4|OOt  were  in  a  state  of  fluidity  at  tbe  com* 
mencement  of  rotation*  Required  the  time  of  one  revolution 
on  the  a3(is* 

» 

Sotuf  ioN»  by  Mr.  Baihks>  tki  Proposer^ 

Denoting  the  axis  and  equatorial  diameter  of  the  planet  by 
39911  and  400111  the  density  of  the  earth  to  the  density  of  the 

fnanet  as  1  :  r»  the  earth's  equatorial  diameter  =:  7935  miles, 
ry  e^  aad  the  space  fallen  by  a  heavy  body  at  the  equator  in  the 
ist  second  =  16*04  feet,  by  g.  we  have  by  the  principles  of  cen^ 

Iral  forces,    — ^-    ?  ^ — ^^^->  »  9r^:400iir  ::  the  force  of 

gravity  at  the  earth's  surface  :  the  force  of  gravity  at  the  planet's 

surface;  hence,  e  z  4ooitr  ::  g  :  *-^ ^  .—   the  space  fallen 

by  a  heavy  body  in  the  first  second  ^t  the  plant's  surface ;  b<;. 
cause  the  space  descended  at  the  surfaces  of  different  bodies  if 
directly  as  the  force  of  ^gravity  at  their  surfaces*  Again^  by 
Simpson's  Flux.  Davis's  ed.  Art.  217,  8*^4159^  x  V(40oii  x 

conds  :=  the  time  in  which  a  heavy  body  would  revolve  round 
iBe  planet  a|t  its  surfacfs,  equi-poisinf  the  force  of  gravity  there. 
Put  X  r=  the  time,  in  seconds^  in  which  the  planet-revolves  on 

itf  axis,  and  5077*4r'"*  z:  Jj^r'^^ ;    then,  by  Marrat's  Mcch. 

Art.  438,  — —J  •  'ni^  ^^  Ti    '  ^  expresses  the  ratio  of  the 

force  of  gravity  at  the  planet*((  surfsfce  to  the  centrifugal  force 
at  the  equator  arising  from  the  rotation  on  its  axis.     But  the 

ratio  of  -a  ;  3  is  the  same  as  1  ;  ^r^;   and,   by    Simpson's 

Ar      '  X  TX  '  * 

riux.  Art.  397,  *(^J  +  ^*(rT*)  ^  ^^*  expresses  the 
excess  of  the  planet's  equatorial  above  its  axis,' when  the  latter  is 


se* 


(  »i*- ) 


uiiity.    Hence,  putting  4  (^^)  +lff  (~)  +  &c  zi  ^, 

we  have  ^  =  A  K/'99S^&fm71t  ^  ggl8^, 

£r.  1  •    if  r  =:  1 ,  or  the  density'  of  the  planet  is  equal  to  that 
of  the  earth's,  jr  =  113442^'^=  ja**  30"  4»i\  the  time  of.  lov 


Ex.  2.    If  f  =  »,  «  =  8021  ji'^  =:  «»»»  i6*  554'^. 

X.    QUESTION  460,  /yilfr.CuNipirPB,  R.MXoUeg€. 

Having  a  given,  €ven«  square  integer ;  it  is  ^required  to  de<v 
termipe  a  cert^p  number  of  integers,  sttch»  that  if  they  are 
severally  augmented  or  diminished  by  the  given  square,  the 
several  results  shall  all  be  nitiopal  squares* 

Solution,  hy  Mr. Cunliffe,  thePropostr^ 

Let  4iis^  denote  the  given  square,  ai^l  xpi^e  of  ihe  required 
inters.   .By  the  question  we  shall  have 

JP  +  4»*  ^a^ 

whenc*;*  :=  fJtT.  and  df—**  =  8«i«*    Put  a-f  &  =^^, 
and  a  — iF  =:  — ;  then  2a  ==  3 h   —  =  2»i  x  ^         ■    \ 

«  =  »!  X  ^  ''  ,  and  6  =  »»  x   ^* 

rj       •  r^ 

Whence  ;r  =  — - —   =:  |»*  x  -^—5-5 — - ;   where  r  and  ir 

2  r*^       * 

may  betaken  at  pleasure* 

ouppose  s  =:  1,  and  let  r,  be  successively  expounded  by  fl, 
3>  4»  6,  12,  &c.  then  by  a  proper  application  of  what  has  been 
deduced,  we  shall  obtain  ^m^  zz  j^6  for  the  given  square,  or 
rather  the  square  to  be  given,  and  S||4o,  j;2oq>  Ofi&Jt  20^40^ 
and  82945  for  four  integers  of  the  kind  required.  That  is  to 
say,  if  each  of  them  be  au^entedor  diminished  by  5769  the 
several  results  wilt  all  be  rational  squaies.  ^ 

We  may  also  add  1  |Oj  and  1360,  to  the  foregoing  numbers; 
the  first  bl  which  is  found  by  uking  r  zz  4  ana  4  s  3,  and  the 


(  «»« 

ot^er  by  Ukipgr  k  ^  »p^  j  z:  fi.^aJ|d  (Mm  V«  sh^Ubaive  t^ko^ 
i$6o,  2346,  £«09«  9^^59  ^07i^  4tia  B2945  for  seven  num- 
bers that  will  99;»)fer. 


Suppose  T  and  ^  to  be  ps^rtd  of  the  tangent  s^t  the  veilex  A, 
of  a  rectangular  liyperbola  {whose  semi-axis  =1)  cut  off  by 
lines  cp,  c^,  f||{?i^^fr«ii4*e  oefatre  to  thecurVe?  shew  tiiat 
if  sector  CAP  =  (»)  times  sector  ca/)^  ^ 


F^asT  SoLWTiojr^,  */  ^ihttMr.  Ah^hony  Cook. 

Dr9W  PQ  perpendicaiar  ^  OA  ]^i*o« 
duced,  and  put  eg  zz  ;r,  then  pq  =: 

SCg,    APQ  =  PQ    .    A(J=:  PQ  .  C(J     == 

»\/y— i';  also  area  a  CQi?  o:  |  Cft 

Qp  =:  i*v/ap*  —  1 .    Wh^pG€  t%0  aiiea 
p{  the  sector  CAP  =:  AsCQP<-=BLaQ(nisfi;g# 

r   ^ 

By  similar  triangles,  CA53t  :  at=:t  ;*:  C(J3jt :  pQzrx/j^*— i* 
A  T;if  iz  v/**-^  i»  hence  *'  =   -r^^  ;c2  .^  j  -.  — , — 

Tt 


xzz  z 


V 


J  and  X  = 


{l-T#' 


CQ9fieqt|QntIy  by  sidi«9 


$tjituupp*  w^  bftve  «tt;ea.  pf  the  swtgr  <?A|f 


^r:zt*i- 


*        ,    ^    1  4-  T 
r>,^  0*.*. — »**%!-' 

In  like  manner  it  is  il^^wa  \S\^%  ^h«  af «iad  tlHfr  MXitor  QAjb 
-  X  h.  K  — — i*    Therefore  if  tfie  sjcc^ctr  qAi;=;,ff;  X  9CjptQr  CAJ^ 


i   W   V 

wc shall  batLd.fi..  l  ---Jfe  :=  n"  :*  IL  k  -^^f . 

And  thus  ih&fn^&jfHqn  was  answered,  by  Funidus« 

SscoND  SoLtTTioir,  iy  S.  F". 

•'        ■    •     .  ■       ■  '      • 

Let  Aj^p  be  the  hyperbp^   am  ^  t^ngoit  at  A^  m4  \m 
CR^cp  cut  A^  in  Nf  and  nv  -        ' 

Then  if  cp  zr  f,  cp  =  yfr. 

XCP  Z=  e,  AO^  =-^  A^  =  T, 

Anzzi. 

By  the  property  of  the  rect- 
gagabar  ii^pevbok  (setfif-aKi^ 
=  0 


cos^d- — sin*fl 


9  A» 


y^  Jcos^Q  —  sm«a        ^  1. —  tan*e 


1  +  tan  0        *  1  •+-  T 


i&  &  :T!m  =  16^  I-  ^^ 


No  correction  is  necessary,  because  when  6  =z  o»  ACP  =  o. 

In  the  same  way  ao^s^I  b»>U    j  ij^  ' >* 
But  Acp  =  n  XaACjo: 

A  Jh.  1. =  -  h.  1. .••  h.  L.  — -r-  =:  n  X  h.  k  -—r-. 

...  h.  1. 1^ = h.  1.  (t=i)" .-.  i^  =  (i^!]"'. 

l  +  T  \1  +  t/  H-T  Vl+// 

Third  Solution,  iy  ike  Proposer • 

Let^AP  l^  the  curve,  c  its  cen- 
tre, x  =  CQ,  jf  =  pg.    Then  y  = 

\/«*-f- 1    is  the  equation  to  the 
curve.  ' 


Now  CPQ 


Xy  — « — 

2 


A«      Q^ 


a 
> 


C    ti«  ) 


8  ^  a 


_,  •  •  • 


Now/ =   -y  ^  .^'cap  :S        .1       i 

k%  sector  CAP  =  I  hyp.  log.  x  +  V^**— i;  wanii  no  corr# 
Similarly^  ii  «^  =  any  abscissa  Cf  , 

sector  CAP  zz  |  hyp.  log.  w  +  \/w*—  i^ 
and  by  supp*  cap  =  («)  sector  CAp ; 

•%  a:  +  v/iTZn  =  (a?  +  v^i»«~t)*  by  the  nature  of  loga-^ 
rithms.  also  from  the  nature  of  surds 

V  

'  *— \/*«— 1  =  (a;— \/ti;  — i)* 
Now  from  similar  triangles 

and 

**•  ■  ' .    -^  ■    .t  1=?'  —  "— •  and J     I  T—  SI        ■"   a 

*  +  %/*«— 1        i+T*  a'  +  t/tw*— 1  1+' 

««l,,lncel=^^E  =  f ?i=VSy ...  ill  =  (lr£\\ 
a+v/af»— 1      Vw+v/w*— i/        t+T      V*+'' 

XIL    QUESTION  46a,  *y  Mr.  Taos.  White,  DumfrUt, 
Required  the  sum  of  the  infinite  series 

converging  ever  so  slowly,  by  a  direct  method  purely  alge« 
braical  ? 

SoLVTlON^  by  the  Proposer. 


{a)  Put  s  =  the  required  sum ;  then  s  —  i:;r*+-r  + 

,  a         o 

^  +  2^  +  .  •  •  •  n  (suppose)  to  the  seriesal 

A^  -f  Aia?*+  A^jr*  + A,ar^i-f  >..,^ 
r""^    jc       «»       x^       X*  * 

Bi         B,         B,         B^ 

then  (as  is  done  in  Prize  Quest.  Gent/i  Diary,  i8ao.)  yrt  shall 

find 


(  *59  J 


1  1     1   .   t 

A  =  —        A^:it   —  — ./ —  +  

^^  bR       aBj   ^    Jr        cb^        6b^        cb 


CB     dBi     CBg     6B3    l«B^ 

_j[ i-4--i ^JL+  *       * 

^  ** /b   eBi   dBjj   CB3    5b7   ilB^ 

.-.^  *.l  ^1*  *.*lZf-^ 

A.  = •  7:—    +   -~  -^  T h    —  -J —    +    etc* 

gB         JBy  eB^  OBj  CB^  6B5  flB^ 

The  law  is  evident. 

Having  found  a,  Aj,  Ag,  ....  in  terms  of  b,  Bj,  b^,  which 
are  yet  to  be  determined  }  let  u&  suppose  ax^zz  a  and  find  b^  ; 
0A2  =  A^»  and  find  Bg  ;  yAj^A^  andfind  b^;  ^a^zta,  andfihd 
B^,  &c.  &c.  and  consider  b  and  a,  ^,  y*  ^^  •  • . .  as  whole  numbers 
assumable,  at  pleasure,  we  shall  find,  by  these  equations 

1-  —  £.  r^  —  -LV 

»  Bj  *"   iT  \6        aiJ  * 

b,  ^  Bi  V6        aff)       b  U        ^/^/  * 

•1 — -f.  /i  —  -L^  _  iL  ^1  _^  2-  Vj-  ^  /^^    *  ^  • 

Bj  "  B.  V6        oy/        57  \c        6y/        «  ^3"*"  c^y  ' 

B^^BjU     a^y     bAc      b^J^B^d     a)     B\e      dlj* 

and  10  on;  which,  because  a  is  always  less,  by  hypothesis,  than 
cither  b^  or  c,  or  rf,  or  . .  • .,  are  all  prober  fractions  constituting 
the  coefficients  of  the  alternating  series  m  the  denominator;  and 
the  law  of  formation  is  obvious  and  singularly  beautiful. 
Moreover,  because 

tfB     ^  aB        a/S         *         flB      a|3y5 

we  have 

A     -—      i.    A     -  i.        -i--  &C 

*         tfB      a  *        aB       agy' 

Hence,^ the  numerator  of  the  seriesal  fraction  (when  x  zz  t) 
is=:  -—  (1  +  -  +  -::,  +  -;r--  +  ««*»)of  which  we  command  the 

as  a.        ap       apY 

coQvergency ;  and,  by  assuming  a  (any  whole  number  we  please) 
^^^^  =:^=:  .•••A  it  becomes  a  decreasing  geometrical  series. 
you  V*  pabt  I.  X  ' 


(    »6o    ) 


H  t^ 


%  l« 


9 


00 

.1 


I 


+  :  + 


.  + 


^••^ 


I 

+ 

I 


?     I     +      I 


04 


«> 


53 


I     +      I 


+ 
I 


*hJ  va 


•  * 

5  ^  ^ 

S  -  ^ 

4J  -^    >7 

CO  c«    S      ' 

§  5  -  "*  ^ 

i  -3+    - 

g  O  *-    I    — 

3  g    <0    ^      II 

O  ?  •?     t^   u 


'i    I 


I 

**     a* 


n 


1 


I 

55 


I   +  - 

+  I   s 

till 

S    <3    Q 

I  +  I 

+  f  I 


S       • 
CO     + 

•  I 

•4-     «o 

*•**    CO 

^    CO 


+ 

I 


I 

m 

09 


I  'J 


>  4)  S^ 


^         ^       •1-4       •"* 


ti    w    e   -• 
^•5 '5 


B 


•    W    R    _ 

C  «?   ^  bo   a> 

a  p  ?  bo 
^  2  fr^  A 

^       «lrf       4Ml        U 


s 

u 
II 

00 


II  . 

«o  Si 

I  bo 

00  a 

S  <« 

S  « 


+  '  I    « 


It 


Q      01 

u 

.Till 

I    a' 
S    I 


o 

•9 


Q      CO 
Ol 

it 

«      CO 

+  I 

+  I 


I 

cO 

CO 

I 

n 

9 


^ 
Q 


I 


n 


2^    CO 

t    ^ 

^      CO 


CO  c0 

Id, 


It  »r 

o<  a 
4- 


01 

I 


^        -^ 


01 

C 


01 

I 


2.  .a 

1  s 

o(   bO 

2  I 


(    t6i    ) 


«!•    - 


of » 

li 

CO 


li 


OD 


« 


?1« 


h 

« 

+ 

1 

1 

Al* 

M 

»1«  « 

•• 
« 

so 

4-     + 

CO 

+ 

d 

cs 

01 

*H 

Q 

o 

01 

^ 

-^ 

1 

«  1 

CO 

1 

9 

1 

« 

^ 

Q 

o 


il     II 


•9 

OS 


n 


^{VO 


«1 

+ 


01 
CO 


+ 


el 


II 

-•-* 

•14 

iQ 

f 

II 

%s 

1 

T 

■ 

»-• 

OD 

m 

01 

01 

V 

u 

C 

-  V 

«9 
II 


I 

C5 


01 


{A 
II 

I 

CO 


CO 

I 


VI 
01 


CO 

II 

+   -a 


oi 


I    i    1 


* 
« 


o 
6 

X 

o 


CO 


va 


C 
01 


+ 


•  •» 


!        + 


0« 


I 


00 


•  M 


m 


Of 


1-« 

1 

^  1 

+•    + 

II         II 


+ 
il 


Cll 


%   2 


(    i6«    ) 


I       • 

Jo  Si 

a  w> 
o  c 

•     C« 

•^  p 

T  o 

O    ^ 

■  c  o 
S  5 


H<; 


43    o 

c  o 


CA 


U 


S  • 

:  s 

o  ^ 


CO 

Xi 

*3 

u 
o 

J3 


c« 


5    *»- 


CO 


01 

1+ 


+■ 


-I- 


<n 


X/1 


<0  '"^ 


-c  o  £ 

i-<  bo  o 


OS 


o 

oa 


o 

■  an 

a 

5 


+ 


« 


o 

+ 


+ 


•1 

+ 

•  - 

+ 


"s'"- 


+ 


It 

(A 


c 
o 

a 
*§ 

u> 

O. 

CU 

o 


+ 
+ 

.a 


n 


+  -- 


+ 
+ 

o 

CO 

+ 

01 

+ 


+ 

01 

+ 

+ 


eo 

01 


II 


m 

CO 

+ 

01 

+ 


+ 

m 

CO 


l( 


01 


+ 

< 


01 


01 


00 


+ 

•ft 


eo 

01 


+ 


e4 
01 


+ 


'-I'S 


00 


01 

•ft 

+ 

•ft 

00 


-ft 


d 
^ 


d 


6 

'g 
2 

a* 


ti 


+ 
+ 

• 

+ 
+ 

"ft 
v> 

CO 
01 

+ 


+ 
-ft 

+ 

•ft 


a 
o 

'5 

a 

o 

o. 


U3 
to 


+ 


< 


II 


CO    v» 


01 

+ 

•ft 

+ 

►ft 

•ft 


CO 

•ft 


< 


•ft 

"ft 


•ft 


•c 

CO 
01 


^ 


<2 


o 
•o 
•a 

§ 

o 

CO 

CO    t: 

01 


eo 

01 


«o 


+ 


•ft 


s 


01 


"ft 


+ 

H 

CO   ' 


+ 
11 


1 

O       *i  1 

o      ^> 

t>     CO 

O^     M3 

+ 

+  + 

+  + 

•Ci 

•         • 

•                • 

• 

<z  8 

&   !^ 

+  + 

+  t 

+ 

S 


II     II     II 


<  « 


kS    % 

c8  :^ 

u 

+  + 

+  + 

+ 

O     <i 

«0    "O 

•« 

•     ■ 

•         • 

• 

*i    53 

^      V* 

•1^ 

*0   « 

t**   ^^r* 

+   + 

•c  •c 

O 

+ 

+ 


4 


09 

o 


II     II     II     11 


01 


u 


Q 


W3    OO 

8.%] 

%» 

+    + 

+  + 

+ 

•«    •« 

.«  •« 

*Q 

•  f       • 

• 

• 

:j.8 

^    ^ 

•O 

+  + 

+  + 

^  •<> 

•O    •Q 

QO 


(     ifij     ) 


+ 


^    ^ 

oB    & 

«4 

4 

i'. 

s.a 

^1 

+  + 

01 


+ 

o 

9* 

r* 
+ 


1^ 
+ 


i 


+  , 

.   it 


II 


IT 


^ 
« 


il+ 


il       11 


c^ 


II     11     n     n 


« 

% 

t 

71    G 

a 

> 

S 

^  B 

*£: 

«o 

So 

bO 

2'- 

£ 

*=B 

W9 

•  •T3 

o   «? 

*S 

U 

s 

•  w4 

S  B 

CO 

v2  *-• 

• 
• 

S  <> 
^  >% 

v^f  01 


i  + 


+ 1 


SooS 


+ 


+  + 

•      •   • 

+  + 


+ 

+ 


-?    5!  S 


II     II     II     i) 


> 
:? 


It 


•  r«   •♦# 


(    »64    ) 


XIII.    QUESTION  463,  by  Mr.  Adhngfleet. 

If  D  and  \>'  be  the  lengths  of  a  degree  of  a  meridian  at  the 
equator  and  at  the  latitude  \  respectively  ;  (a)  and  (b)  the  equa^ 
torial  and  polar  diameters  : 


a 


Then  7    = 


smeX 


\/  m-"^A 


First  Solvtiox,  by  Mr.  Adlingfleet,  tkc  Proposer. 

Suppose  P/,  VB,  the  polar  and  equatorial  diameters  respec* 
tively,  M  a  place  on  the  meridian 
whose  latitude  =  X,  m/  a  tangent, 
MR  an  ordinate,  od  parallel  to  Mi. 

Tzkc  UX0  perpendicular  to  m/, 
and  let  MX  =  rad.  of  curvature  of 
meridian  at  m. 


Then  by  conies,  mx  r: 


MUt 


OD*  X    Ma*  1  1  1       f 

MX  ^       ■■  ■  "3 a  — I  cc  Mp^  .**  rad.  of  curvature  gc  uzr^ 

.%  length  of  9  degree  a  mp^* 


Now  R/  3: 


OE 


RM 


— .  X    — 

OP*  OR 


and  R/. :  rm  : :  rm  :  nzi  sz  • 


RM' 


R/ 


0£ 


RM* 


OP 


OP' 


=:  RM«  -r    -~   X    -- ^-  Z=    — 5  X  OR  f\  ^V^  =    — ^    X     OR* 


OP 


OR 


OR 


0£' 


♦  OE'       ,       .  ..         OP*  OP*  , 

OE*  OP*  "^  OE^  OE* 

'Hovr  Mv  :  MR  : :  1  :  sin  X  •*.  ^f  r  =:  mi/  .  sin  X^ 


♦'• 


.a  


OP* 


RV^  =   -^.  -r- 


OE' 


OP  4       .   . 

—  .  M?  .  sm  X, 


OP 


.".  MD*  =  — i  —  — i  .  »iz>'  •  sin^  >•  +  Mi;^  •  sin"  X  ; 

OE  OE  ' 

OP* 

/.,  by  tran position,  Mi;*=:  7 .  i  >■; 2 ,■  .  ^     • 

^%  length  of  a  degree  ot  Mt/'  a  <, r-jrr — -v; i — r-j- 1 

■         °  ^  ((1  — sin*X)oE*  +  op*.sm'x|i 

»%  D  :  D'  : :   { (1  —  sin^  xj .  <j*  +  6* .  sin*  x|  ^  :  (^i)^^ 


(    «65    ) 


fD\i       ri— sin' X).  «•  +  &*.  siVx  ,,.*••• 


^*      •  «.        /"D  M  ,.        «  sin.  X 

••  -?  •  8in  X  =  (  -7  I    —COS  X  .♦.  -r  =:  ■- .  y  ■ — r- — 


C08«  XI 


Second  Solution,  by  L. 

Let  pp  represent  the  polar  and  e'£  the  equatorial  diameters^ 
and  H  a  place  on  the  meridian,  whose 
latitude  is  X.  Join  HC  and  draw  DC 
semiconjugate  to  h  meeting  the  radius 
of  curvature  at  h  in  o,  and  draw  the 
ordinate  di« 

The  lengths  of  the  degrees  of  which 
the  middle  points  are  £  and  h,  are,  as 
is  well  known,  as  the  radii  of  curva- 
ture at  £  and  h,  and  these  radii  are  as  '"^ 
the  cubes  of  the  semidiameters  cp,  cd,  (Hamilton's  Conic  Sec- 
tions, V.  B.)  therefore  d  i  i>'  : :  cp'  :  dp',  and  consequently 


/M*  _  cp« 

VDV      ^  CD^ 


(1). 


Again,  because  the  semidiameter  cd  is  parallel  to  the  tangent 
at  H  it  is  perpendicular  to  ho  ;  wherefore  the  right  angled  tri- 
angles IDC,  COG  are  equiangular,  and  conseauently  the  angle 
IDC  =  DCP  =  CGO  =  HOC  =  X,  the  latitude  ot  h  ;  hence  ci  = 

CD  sm  X,    DI  ZZ  CD  COSX,    EI  =    -   +  CDCOSX^E^I  = CD 

COS  X,  and,  by  the  ellipse, 

a*  :  i'  ::  EI  X  e'x  :  Di*, 

that  is,  a*  :  i'  : :  —  —  CD*  sin*  X  :  CD*  cos*X, 

4 

and  a*  CD*  cos*  X  = 6*  cd*  sin^  X. 

4 

Whence,  by  reduction, 

cos*  X  +    -^  sin  X  zz    r-  =    — : . 

or  4CD*  €D* 

But  (57)^=  ^-^,.  (i)» .•  therefore 


cos^X  +  ^  sin^Xz:  \^) 


.  (t). 


)    ifis  ) 

And,  by  reduction, 

a                             sin  X  .     t 

-p   —.    -~ ~- _--  as  required. 

In  like  manner  if  d  be  the  length  of  a  degree  in  latitude  tt 
we  have 

cos«5+  ^sin«5=  {^y (3). 

And  eliminating  O  from  equations  (e),  (3)  we  get 

...  J          cos'  X  +  -i  sm  X 
/«\t  ^ a* 

cos*X  ^ ;  sm'ff 

a* 

or  by  reduction, 

f^y  X  cos»  S  +  (p)*  X  ^  sin«  «  =  cos'X  +  |1  »in«  X. 

Whence  y  =  V    I  --^ 

{  —7  I    cos'  0  —  cos'  X 


*     »  • 


the  general  expression  for  the  ratio  of  the  diameters  where  X  and 
i  are  any  given  latitudes. 

This  question  was  also  answered  by  Mr.  John  Baines  and 
the  late  Mr.  Anthony  Cooke. 

XIV.    QUESTION  464,  by  A.  D. 

If  any  number  of  planes  as  p,  Q,  r,  &c.  are  projected  on  the 
same  plane,  the  sum  of  the  projections,  when  a  maximum,  is 
equal  to  the  square  root  of  the  following  expression : 

P*  +  Q*  +  R  +  .  •  •  -f  2PQ  cos  PQ4-  2PR  COS  PR  +  ...  +  ftQR  COS  QR 

+  ••«•..     Required  proof. 

First  Solution,  by  A.  D.  the  Proposer^ 

Let  X  be  the  plane  of  projection,  then  the  sum  required 

>\  v\  /\ 

S  =  P  COS  PX  +  Q  COS  QX  +  R  COS  RX  +    •  .  ^ 

Take  any  point,  and  through  it  draw  three  planes  at  right  an- 
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gles  to  each  other,  making  with  x,  p,  Q,  R,  .  • « •  the  angles,  x. 
y,  z;  a\b^c;  a\  b',  cf ;  a!'^  V\  cf*\....  respectively. 
Then 

COS  px  zz  COS  a  cos  x  -|-  cos  6   cos  y  «f  cos  c  cos  < 

COS  Qx  =  COS  a^  cos  x  +  cos  fr'  COS  jf  4-  cos  c^  cos  z 

COS  Rx  =  COS  a' cos  x  4-  cos  6^^ cos  y  -f  cos  c^ cos  z 
&c,  •  .  ^ 

hence 

8  =  L  cosx  +  M  cos  y  4-  N  cos  2  •  •  •  .(i)^  assuming 

L  =  p  cos  a  +  C  cos  tf'  4-  R  cos  a'<  +  . .  •  • 

M  =  pcos^  +  QCOS&' +  Rcos  y'^-f  •••  (a) 

K  =  FCOSC  + QCO$^+  R  COSc''+ ••    • 

and  by  difierentiation 

d$  zz  —  L  sin  xdx  — -  M  sin  y  Jy  — -  N  sin  sdz. 

We  have  also 

cos  «*  +  cos  y*  +  cos  a*  =  i 
whence 
2  cosx  sin  xdx  4-  s  cos  y  sin  ydy  +  8  cos  t  sin  tdz  =:  o. 

Eliminating  dz,  the  conditions  for  a  maximum  value  of  S 

ds  ds  ^, 

^^^  ??  =  ^*  dy  =  ®'  ^^  '* 

L  COS  Z  Z=  N  COS  X 

M  COS  s  =;  N  COS  y. 
Hence 

(L«  +  M*  +   N*)  cos  2«  =  K*  (cos  «*  +  COS  y«  +  COS  «*)  =  N% 

And 

_^    N 

_    L 

cosx-  -/(l«+  m«+  »«)• 

Now 

s  =:  L  cos  X  4-  M  cos  y  +  N  cos  s 

'  If  we  now  revert  to  equations  (a)»  observing  that    . 

cos  a*  M-  cos  *•  +  cos  c*  =  i 

cos  of*  +  cos  6'*  +  cos  c^  =  1 

&c.  . 
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COS  a  cos  a  +  coi  3  coi  ir  -f  cos  c  co$c^  zz  cos  Pi2 
cos  a  co%a"  +  cos  6  cos  6'  +  cos  c  cos  </'  =  c6s  pr 

we  ahall  find 

I.*+M^+N«Or  S*  =  P^  +  Q*  •{•  R*  +  «PQ  COSPQ  +  SPRCOS  PR  + 
2QR  COS  QR   -f  &C. 

SrffcaN0  Sotinrtarr,  i[y  Jllr.  Bonrycawle. 

Let  the  sum  p(  tife  aieas  when  r«f<3rr€d  lo  tbre^  rectengular 
planes,  be  respectively  a^  b«  aqd  C ;  ar^i,.  let  alsp^  the  angles 
which  these  co-ordinate  planes  make  with  afourth^  plane  be 
n,  ^f  c;  tbeu  the  i^rojections  of  the  areas  upon  this  last  will  be 
equal  to    . 

A  •  cos  a  +  B  •  cQs  i  +  c  .  cos  c (i). 

And  since  this  expression  is  to  be  a  maximumt  we  b^ive  the 
equation 

A  •  ^ .  cos  a  +  B .  flf .  cos  J  +  c .  rf^^.  cos  c  =  o  • . .  .ffi); 

But  as  the  quantities  a,  b^  and  c  are  connected  by  the  equation 

cos*tf  4- cos"6  +  co$'€;;r:  i,: 
it  will  be  necessary  to  eliminate,  by  means  of  this  expression, 
one  of  the  variables  from  (2) ;  let  us  fix  upon  c,  and,  the  opera- 
tion being  performed,  there- arises 

(Atcosc-r-c  cos  a)  d .  cosa  +  (b  cos^  —  c  cosi)  d.  cosbrz  o. 
From  which,  and  the  identity  c  co»  c  =  c  cos  r,  we  obtain 
the  three  equations 

A  cos  c  —  c  cos  a  =  o 

B  cos  c  —  c  cos  fi  =z  o 

c  cos  c  —  q  cos  c  =  o.. 

By  squaring  which  expressions,  and  adding  them  together 
here  will  be  deduced  the  equation 

c«  =  (a*  ■+•  B*  +  c*)  cos*  c; 

or 

And  consequently, 

cos  o  zr     I  , 

♦^(A*  +  B«  +  C^J  • 


(    »% 

Substituting  which  in  the  expression  for  ih»  t^l  f^^  <^  ^^ 
areasi  (iL  it  becoB^iefi 

1/(A«  +  B»  +  €*)• 
That  is  to  say  the  property  of  the  plane  we  have  found  is 
such,  that  the  square  of  the  sum  of  the  projections  i^hich  the 
given  areas  make  upon  it,  is  equjil  to  the  sum  of  the  squares  of 
the  total  projections  upon  the  co-orditiate  planes :  froW  which 
very  elegant  property  we  readily  deduct  the  required  theorem ; 
for  if  the  planes  which  contain  the  areas,  maike  with  the  co- 
ordinate planes  the  angles  «,  a\  f'\  fi,  &,  &\  y,  /•  •/'.  respec- 
tively;  the  values  of  Ky  B,  c,  will  be 

▲  :?  p  cos  a    +  Q  cos  ^    +  B  cos  y, 
B  IT  P  cos  a'    +  Q  cos  jS^  -4-  R  COS  y', 

c  =  P  COS  of'  +  a  cosiS^'  +  B  cos  y''» 
The  sum  of  the  squares  of  which  are 

4-ftPR  (c<»«*)sy  +  cos«'cos  V-h  c<»  /'cosy") 
1  +  &c. 

And  as  the  multiples  of  PQ,  pr,&c.  are  the  well  known  ex- 
pressions for  the  cosines  of  the  angles  which  th^  plariei  con- 
taining  the  awas  P  and  Q,  ?andR,  &c,  make. with  each  qther; 
the  above  equation  will  reduce  to 

A'-f  B«  +  C*=3]i^*+(j«+  r'+  li^e  eto  ^2  +  jipR  6dspR+  Kc. 

S.  F:  answered  iL 

XV.    QUESTION  4l$|.  hy  Mr.  CuNLif  fe. 

Let  two  given  weights  P  and  Q,  be  fastened  to  the  given 
points  c  and  d  in  the  string  acd  ;  and  suppose  one  end  of  the 
string  to  be  fastened  to  a  given  point  a,  and  another  part  of  iht 
stmgto  pa<s  over  the  pulley  b,  fixed  at  a  given  point  b,  in  the 
horizontal  line  ab  ;  it  is  required  to  find  the  nature  or  equation 
of  the  curve,  which  is  the  locus  of  d,  while  the  part  of  the 
string  DB,  itf  sflawly  drawn  over  the  pulley,  the  weights  p'anti 
2  all  the  time  hanging  freely  in  the  vertical  plane  acdb. 


B-F 


I 


Solution,  hy  Mr.  Cunlipfe,  the  Proposer i 

FrodoMse  qd  and  PC,  «to  meet  ab, 
in  w  and  £.;  also  produce  DC  to 
meet  ba  in  l;  and  draw  bh  and 
AC,  parallel  to  bf* 

Put  AC  na,  CD=:&,  AB=:c,  BF  =;ir» 
FD=:y,  ELzzv;  then  Fi»=  v— a?,  BL 

=  \/(»— x)2  +  y-  =  Z|  CL  =;  ;r— *, 

LA  zz  V  "^  c* 
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By  reason  of  parallels 

LP  :  FD  ::  la:  AG  =  y  x  (»  — 0-r- (»— -Jrlf 

LF  :  FB  ::  lb  :  bh  :^  t;y-i-(t> — a?), 

LF  :  LD  ::  BF  :  HD  =  xz^(z; — x], 

LD  :  pF  ::  LC  :  ce  =y  X  (z  —  ij-J-^t 

LD  :  LF  ::  dc  :  ts  =:  i  x  (c  — «)-;-«;,  whence 

EA  =  AB-BE  =   '  ^  (^--«)~^  X  f"-'). 

2 

Moreover  ac*  =  ea>^  +  fe«,  that  i«, 
,2_  {z  X  (g— x)  — &x  (»  — jr)|*  +  y«  X  f«  — A)«^ 


^  =  i^ ^  ^  ?    which 

A  111*     W 

*    ^  expression  after  proper  reduction  gives 

Again,  by  reason  of  parallels, 

LF  :  LD  : :  e  a  :  co  =  ^ ' -^ —' . 

The  string,  by  the  hypothesis,  being  drawn,  very  slowly, 
over  the  pulley  b,  the  weights  may  be  supposed  to  be  in  equi- 
librio,  in  every  possible  position. 

By  the  principles  of  statics,  and  what  has  been  deduced, 

2X{c— x)  —  bx(v^x)        ,     , 
AC  :  CO  ::p  : p  X   xfp  — r) ^  *^  ^^^^^  ^^ ^' 

in  the  direction  CG. 

AIsobh:hd  ::  a  :  ^ —  =  the  force  of  o,  in  the  direction  0h. 

/       oy 

And  these  two  forces^  being  in  opposite  directions,  when  the 
weights  are  in  equiliforio,  will  be  equal'to  each  other,, 
thatis.^x  ^x(.-^)-^x(r~^)-^    ggg 
'^  y  X  iv—c)  vy  • 

.  pbv  X  iv  —  x)  . 

''''*^""  '  =  pvMc^x)-qx,,\v^c)  =  v/C-'i'+y*...!") 

From  the  equations  (i),  and  (a);  taking  away  (exterminating) 
i;,  we  shall  then  have  tne  required  equation  of  the  curve,  which 
is  the  locus  of  D,  in  terms  or  its  own  abscissa  and  ordinate.    ^ 

Mr.  John  Baines  answered  it* 


C    »7i    ) 
XVI.    QUESTION  466,  fty/fr.CuNLiifE- 

T«  find  the  nature  of  such  a  curve^  that  a  tangent  being  drawn 
to  any  point  thefeof^  and  a  perpendicular  to  the  tangent,  from 
a  given  point  in  the  axis,  the  part  of  the  tangent  intercepted 
between  the  point  pf  contact  and  the  perpendicular,  shall  alwaya 
be  of  the  same  given  length. 

*  *  •  .  ' 

Solution,  6y  L. 

Let  c  be  the   given  point,  ma  a  portion  of  the  required 
carve,  and  cp  a  perpendicular  frpm 
C  upon  the  tangrat  at  M.    Put  (p  zz 
the  measure  of  the  angle  acm,  ra-  . 
dius  I ;  y  =  CM ;  z  =:  the  arc  am 
and  a  =  pm. 

Theni^/(i«4-W").and«=^; 


wherefore  v^(y*+7*?^J  ^ 


^yy 


and  by  reduction 


ai  =  I  Viy^ 


or 


tf(p  + 


ary 


a«) 


y  /(>•  -  «•) 

And  Uking  the  fluents 

af  4-  ire,  sec. y  (rad;  a)  zz  |/(^*  —  tf'). 

Now  wheii  ^  rr  o,  ^ is  a;  hence  if  C A  be  uken  =  a,  the 
curve  passes  through  a.  From  the  centre  c,  with  the  radius 
CAy  describe  a  circle  ade,  and  from  m  draw  the  'tangent  me, 
then  ap  is  =  the  arc  ad  ;  arc  whose  secant  is  y  and  radius  a  is  1= 
D£,  and  •(^'  —  «*)  =  MB ;  whence  from  the  above  equation, 

arc  Ai>4~^i^Si>c  =  ME, 
or    arc  ae  =  tangent  me  ;      . 
therefore  the  required  curve  ma  is  the  involute  of  the  circle 
ade. 

# 

'Messrs,  Cooke  and  B Am  es  answered  this  question. 

XVII.    QUESTION  467,  Ay  Mr.  CuN LI FFE. 

Prove  that  the  series 
1 


{»  +  *)» 


continue<t  In  infinitum  is  equal  to  the  Series 

continued  in  infinitum  :  and  find  the  sum  of  n  leading  terms  of 
each  series. 

First  SoLurtoMt  by  tie  tatc  M^^  A* Cooke. 

TV  «*.  ,  +  ,.j^  4- ^  +  j^  +  ft..  U 

evidently  in  geometrical  propairtioh,  the  irat  tetmimag  t»  ailcl 

the  common  ratio  :r  j — rf^^rr;  ^onMoueatlsr  it  is  «v«U  kiKM^rni 

(i  +  *)*  ^        ^ 

that  the  sum  of  n  tenni  of  the  said  series  will  be  r= 
imd  the  sum  of  the  same  contintted  in  infimtnm-  . 

Again,  the  scries  i  —  .    ^*-  ,  4!  ^  ^^    ,.  —  ;    *  .4.  +  &C. 
is  also  evidently  in  geometrical  proportum,  the  common  ratio  be-i 

SAP 

ing  =  —  ; -rj  and  therefore  the  sum  lo  n  tenn»  = 

(1— *P) 

and  the  snn  of  the  same  continued  in  infinitum  =: 

Hence  we  evidently  have       '  . 

(Tn^  ^   ?•+  fr+i?+ (IT^  +  *'^-  to«term,}  = 


\n 


whenn  is  iafinite,  this  becomes  =  — ^—~,  ' 

1  +  ** 


(    ^Tf  ) 


^'^TT^^  ^-(75g^+o^*7*-*-«t-~}  = 


^'-*^    >  ri    "      V  — i"*^** — ^""^ 

when  fi  is  infinite)^ 

Consequently  the  iwo  series  contiptfed  in  infinitum  are  equal 
to  each  other. 

Second  Solution,  iy  Mr.  Cunliffe,  the  Proposcri 
Itiscvidentthat  H-ar*=(i'+x)»-ax=tH-x)*  A 25__\  • 

(TTS)'^'*^  Ci'^xf'  ■*■  *^^**"  iflfinitumf .  AnJwriting.— xforATii 

Therefore  the  two  expressions  in  the  question  are  equal  to 
csch  of  ten 
We  have  found 

Whenoe  ^■^  4  ^»+.    ■.^%«4-,    .  ^^•*'/  '  .^  J  inc^tmnfinu. 

whieh  piift  z^  %<   Then.  we.  shall  obviouslybave 
sx  a*a?*  a'jp?  a*jc*    ^ 

ajr  a* J?*         a'.«^    «  •  a^x" 

c  a"x"    ?       (i-h^)* 

Vhejfitei,  by  truMpositioB>  s' If  ^«  —  ^.^  ^  ^y»^  =T+5»" 

ft****    /         •      fix           2*a?^          a';if' 
1  «w  .  t .>  ^^1^+'  "4<  , 1-  *• TTi to  w  terms- 

(i-f »>*^f       {»+«)*  (»+*)♦  (»+*) 
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,  «d  therefore  ^-J-   .J.  -  ^j^^J 

terms. 

Writing  —  x  for  or  in  the  preceding  exiM*e8f  ion,  it  becomes 

to  fi  terms.     The  upper  or  lower  sign  takes  place  accordingly 
at  n  is  even  or  odd. 

Messrs.  Baines,  Bonnycastle»  ^fi^.S.F.  answtred  this 
Question* 

XVIII.    QUESTION  468,  by  Mr.  Nosyt. 

Required  the  ratio  of  the  time  of  describing  the  paraboh'c  arc 
AP  to  the  time  of  falling  down  ps,  in  terms  of  SP  and  s  a.  a  being 
the  vertex  and  s  the  centre  of  force. 

Solution,  by  the  Proposer. 

Let  PC  be  a  normal  and  po  an  ordinate.  Then  from  the 
nature  of  the  parabola  sp  r=  so  and  go  =  ssa.  Let  v  =  vel. 
at  A  in  the  parabola  ;  m  =:*i6-A'fcet;  t  =  time  of  describing 
a^c  AP;  F  s:  central  force;  9r,r:  circumference  of  a  circle  to 
radius  i. 

Then  ^^  ^  '^  ^  '^  =  area  asp.    (Newt.  Prin.  Sect.  8.) 

Now  vet.  at  a  :  vel.  in  a  circle,  rad.  SA  ::  ^1/2  :  i.  (Sect  7.)* 
or  vel.  at  a  :  v^2mF  x  SA  :  t  Va  :  1 
.-.  vel.  at  A  in  parab.  =  ftv^wiF  X  SA, 

.%  by  substitution  area  aspzt^a'xTV/Wf; 

area  asp 

*      1*    ^*     nil  . 

SA^  X  V  WF 

Now,  area  asp  =  po  X  - — g-2— .  (Newt.  Prin.  Sect.  fi.Kb.  i.) 

J  "     ■  AC  -4-  5IA8  , 

=  \/4As  X  AO   X   7~^ — ,  and 


A      fi  n  0r 


J 


(    ^7S    ) 

AO  =  A8  4-«0=S  AS  +  SO  — CO  =  AS  +  SF  — 2AS  =  8P  — AS; 

SP  "^  2  As 

.%  area  asp  zz  V/4SA  x  (sP  — as)  X  g 5 

\/4SA  X  (SP — as)         SP  +  2AS  1 


X 


-  ''        6  \/mf 


Again,  time  down  PS  =  f  period,  in  actrdewho^ediim.  =: 

SP,  (Sect.  /.)•    Now  forge  oc    -^ 

... 

••    F  :  forc^  ftt  ?  ; :  sp*  :  SA« ;  .%  force  at  p  =  f  x  ^—^ 

Cvelocity)«     ,  Sa«      pp.    ^.    .         „  x^  SA* 

.%  i.      .    /^   rad.  sP  =  4mF  •  r-r  •  ^  («eG|.i^)  =  WF.  X  —^  ; 
fin  circle)  ^         sp*       4  ^^ 

••.  velocity  in  a  pircle,  rad.  SP  n^  \/    - — *  X  BA. 

SP 

_        J  circumf.  of  0  w .  SP* 

i.%  per.  time  ma®,  rad.  SP  =  -. i — ; =:   — ■  .    -» ; 

*^  ^  velocity  SAv^mp 

.•.'per.  tim?*  or  time  down  PS  =  *  ; — ; 

.*.  f  time  of  describing  parabolic  arc   AP  :  time    of  descent 

,1  .  \/aSA  .(PS — as)    ^    SP  +  9AS  1 

through  PS  : :  -^^— ^ ^ X  ^ X        : 

y — :  ::  (SP  +  gAS)  X  V  SP  —  SA  :  2—    X   SP*. 

»SAv/;»P        ^  2 

Mr»  BAines  answered  it. 
XIX,    QUESTION  465,  by  Mr.  Nosyt. 

t 

Sum  (n)  terms  of  th^  series 

cos  fl  +  2*  .  cos  29  +  3*  .  cos  3O  +  &c. 

First  SoLUxioir,  6y  the  Rev.  ^r*  £•  C«  Tyson. 

Now2(a;tt)  itiwSm  — A2^2«i^i  +  A'X^tt,  —  &c. 

Let  u  =  cos  z  and  iu.  =  Jr^« 

Th?n  A?i;  =:  (a?+  a.»)*  —  «*  =  %xikX  +  (£^x)* 

A^wzz  2(A;r)^aii\d  A^^  =:  o  ,— • 
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/  (     »7«    ) 


i«5»* 


Ag91tll»  £2^  =  S  OQ&Z  =3     •■'    "'   ^ ■    '   ■*  ''  * 


.     As; 
2sm 


2Sin  — 


2  Sin 


2 


4«i#^^ 


a*d  »a  =Jlk»(^  +  »A4 


«  A  condsa  melliof  dlo^tatniiif  £  mb  0  and  cos  0« 

fiz  <4-  A2^  •    A  X 
AMii2=:iui(a  — A2)  — ttn«=:2C08  — j — sm  — 

«         A«\         Asiits 


2  /  .     Az 

2  8in  — 
2 

Let «  +  ^  at  d^  /.  A«  =  A®,        (A«)  being  constant. 

.%«itO—  S-,..^mvecet*s-— »rT — *-»- 

2.  •    Aiti 

ssin  — 

.•.  £  COS  0  =S  r-z -I-  C. 

A0 

2sm-^ 
2 

-Affain 

Acosz  =  cp»(z+ A«)-r-co5«  =  — «sin  ^a+   ~y  sin  -^ 

A«\  —  A  C0S2 


.-.  sin(z+  --^)  =  " 


«'  5isi«^' 

2 

kcace  ite  same  supposition  being  snad<^  as  ^bove^ 

— a:^<»(o—  — ) 

wc  have  sin  d  ±   '•* — r-g 

2  sm 

2 

—  cos  I  0  —  —  I 

•*•  £  Sin  9 1^  _— ->-- ^  . 

^  ^^ 

2Sin  -  - 


(    »77    ) 

.•.2«,  =  ^- — and£\  =  i_.co>(2+4«) 

f  2  sin  *  4  sin*  -^ 

and z'«4 .5^  •• •  •»  In  ■■  11  ■■*  i 

Sin'  — 

•••  r*  •  cos  z  zi  ■  + ^  •  .".MiM  M'» 

A2  .4  .   %  Ai 

2  2 

•    />*  +  A  y\ 

«M»  vrn  .tJu  ,  a— — »^i <  u»  Jfpr  1^, 


4  ,te«A£ 

2 

Now  in  the  series  proposed  the  general  term  ^  n*  •  cos  ii9 ; 

•\  the  ilioreme^t 4tf  the  sum  cr  n+i\^  .  Goi^{n'^  i)4,  d)it  wiU 

coincide  with  soif^  •  cos  z  by  making  n  4  1  r:  a?  and  »-f-i  9  =: « 

A  Az  =  6  and  A«  s?  1 

rn+i}*sin 9  .  #   j    ia 

>*«£(«  + tr»€0^il9  2?*    laoi  iLJL^^  I.J    uia^>-t S-»  t  ^ 

2  sin  ~  ^  sin*  - 

2  2 

*     «»  +  8  A 


(n+t)«singg±i9-sini      f,^43),cos(»+«)9-.ac#s9 
.•.j(«+i)«.cos(»8)= g + ^ ' — ^ — 

2  sin  -^  4  sin^  -« 

2  ^2 


fCOSnr^d.JMn^ 

2  2 

itiuiiiijn  113  «"4^  mw  til   • 

9..«in'--- 

2 


The  correct  sum  of  {n)  t^rps. 


(  »7«  y 

SscoND  Solution,  by  Mr.  John  Baines. 
First,  by  Gregory's  Trigonometry ;  note^  at  page  45, 

tin  \n%  cos B 

coi  B  +  cos  20  4-  cos  gO  ft » •  • « •  cos  »9  =    • ; — -^ 

**  sin  |d 

=  \  sin  «9  cot  ie  —  sin*|fiO« 

Taking  the  diiFerentiaU  on  both  sidesi  substituting  —  dB  sin  6  for 
d  cot  0,  —  4^9  cofiec""  r|0  for  d  Cot  |(?,  &c.,  and  dividing  by  de^ 
we  have 

—  (sin  fl  +  2  sin  20  +  3  sin  36 ..... .n  sin  nB) 

=   -  COS  nB  cot  i^  —  J  sin  116  cosec*  \B  —  \n  sin  «0. 

Taking  the  differeotials  on  both  sides  again,  lubstituting,  di- 
viding, &c.  and  changing  the  si^ns  of  every  term» 

co89+2*cos2e!+3'co8  39..  ..n«cos«9+  —  (cos«9-l-«nii9cotffl) 

>  4^  (cos  nfl.cdsec'  4  9)  -r-  J  sin  «9  cot  {  9  cesec^  \B^  which*  va* 
nithing  with  n^  is  the  sum  of  the  series  required. 

Mr.  Cooke  answered  this  qu€sdoU4 

XX.    PRIZE  QUESTION  470,  hy  C.  B* 

Two  persons  A  and  b  play  at  **  heads  and  tails^**  a  has  the 
privilege  of  regulating  the  bets  at  each  throw,  which  he  does 
thus :  To  the  constant  sum  u  he  adds  the  nth  part  of  all  his 
winnings  by  all  the  previous  throws,  or  if  he  have  lost  he  sub^ 
tracts  the  nth  part  of  his  loss  from  the  same  sum  u.  After  ^  +  f 
throws,  out  of  which  p  have  been  won  and  q  lost,  what  is  the 
amount  of  his  profit  ? 

FiJiST  Solution,  by  C.  B.  the  Proposer. 

The  first  stake  is  u  and  whether  he  is  successful  or  otherwise 
his  profit  may  be  expressed  thus,  tt(-^  t)^  for  if  he  lose  a  is  an 
odd  but  if  he  wins  it  is  an  even  number.    The  second  stake  is 

u  -f  ( —  1)'  -^and  his  profit  on  this  may  be  similarly  expressed  by 
without  deciding  which  it  is : 


(     «>9    ) 
The  third  stake  is 

n  0  n 

and  the  profit 

j  «  +  (-.  l)«  I  +  (-  «)» I  +  (^  »)•  (—  I)*  J?  (-ly 

Continuing  in  this  manner  and  colleaing  the  profits  on  each,  we 
have  for  its  amount 

w  = 

«(-i)'  +  ^{(-in-i)'+t-i)»C-«)'f  +  Jj(-i)«(-»)»(-i)'J 
«(-0''  +  |j(-t)-+(-i)»+(-i)'|(-i>' 

•  +|?J(-0''(~i)*+(-i)«(-i)'+(-«)*(-»)'5r->)' 

■I-&C J  J  {-,)<.(_,)»{-»)'(- O"}. 

The  right  side  of  this  equation  consists  of  u  multiplied  by  the 

ft 

sum  of  all  the  quantities  (— ^  i)*,  ( — 1)\  ( —  i)*^  &c.  plus  -  mul- 

tiplied  by  the  8um  of  all  their  products  two  by  two^  plus,  -*^  mul- 

tiplied  by  the  sum  of  all  their  products  three  by  three,  plus 
&c.  &c. 

From  this  consideration  it  appears  that  if  the  right  side  were 
divided  by  n  it  would  be  equal  to  the  sum  of  all  the  coefficients 
except  the  first  of  the  equation 

i'+^^"U-'-^^^-^^r =• 

or 

:-w=.j(.+<^)(.^<^0('*^')-:-'i 

but  f  of  the  quantities  a,  b,  c,  &c.  are  by  the  question  even 
numbers  and  q  are  odd,  or 

hence  the  whole  profit  is 


A  +  iV/'a  — iV 
Cor.    li  p—f 


^  («*-») 


P 


w  rr  = — r— = — « — »«• 


It  is  obvious  that  if  A  win  ^e  ^rst  throw  his  gain  will  be  » , . 
and  if  he  lose  it  his  loss  will  be  »,  or  his  profit  —  ti;  sq  t)iat 
we  may  represent  his  profit  at  the  first  throw  by  ua^^  where  a^ 

will  be  =  +  1  if  A  win,  or  =  —  i  if  h«  lo^c.    The  «e<2Miiut 
stake  will  then  .b^  5^  u  (1  +  —  )»  and  a*s  profit  by  iljp  second 

throw  =  ttflg  •  (1  -* — '\  where  ^g  will  be  =r  +  1  if  A  win 

the  second  throw,  and  =  —  1  if  he  lose  it ;  also  the  sum  of  the 
profits  by  the  fijst  apd  secpnd  throws  = 

Therefore  the  third  stake  will  be  = 

and  A*s  prpfit  by  the  third  throw  =  ua^  (i+'^/»(i+-^)t 


^,  repre$ftnjiiig  +  %  9X  -^  I  according  a3  a  wins  or  Iq^^^i,  as 
before ;  the  sum  of  the  profits  by  the  three  first  throws  .::;= 

a.  {(1  +  ^).{i+^)}  .(«  +  o,)  — |i«- 
WhejrpforiB  the  fourth  stake  zz 

A^sprofit  by  the  4th  throw  zzua^{i+  ti)  .  (l  +  ^)  ♦  (I  +  ^)i 


(    »8i    ) 
9mi  iht  sum  of  his  profit»  by  the  4  first  throws  r: 

«.{(i  +  ^).(i  +  ^).(.+^)f. («  +  «,)-««  = 

Mfhete  iht  tsKitr  oi  c^tlttuatidn  Is  tt^altiffesu  tience.  If  tf^  f epfi^ 
sent  +  tat  —  i  according  21S  A  win^  Gf  foises  the  ^th  chrdW,  it 
is  evident  that  the  sum  6f  a's  profits  by  ihh  Brit  ^throws  will  be 

IftiiWf  tinte  A  Wrtis  p  itki  lo^es  ^  throWjT.  it  is  obvious  diat  /> 
of  iht  qtlailtities  rf^,  a^,  tf,.  ^^4,  Ac.  will  be  =  +  1,  anct  q  of 
theirt  ==-***  1 1  ifrbetidc  the whofe amount  of  a*s  profit  inp  +  q 

throws  will  be  r=  M  •  l(*  +  ^/  •(•*^'*/  —  1  ?  »  as  required* 

Thikb  SoiL.uxiOKt  iy  Afr*  Bon nycastls* 

If  the  person  who  has  the  mMngiaMlkt  cf  the  stakttf^  hM  at 
titsf  iht  tmta  w }  and  after  wtnimg  for  at  tbroir^  has  gkinti  Fx  ; 
YHf  shall  have  froni  the  conditioits  df  the  quttMiod 

F.x=:  tt  +  (1  4-  — )f.(«  —  1); (1) 

or  by  expanding  the  right  hand  member 

the  function  f  (x —  (x  •—  l))  being  equal  to  w^  or  the  sum  first 
ifCived* 

Also  if  this  person  had  constantly  lost  for  the  first  x  throws* 
and  his  loss  was  Expressed  by  t^o^ ;  we  shoitld  have  had 

But  as  this  expression  Is  simitar  to  (1)  witb  the  sign  of  11 
changed*  we  coiichide  that  the  equation  (2)  wilt  give  the  sum 
won  or  lost  in  either  of  thes6  CaSe^ ;  taking  ri  pdshive  when  there 
is  a  gain,  aftd  negative  when  there  is  a  loss. 

l^w  tet  u^  cohcdVe  that  a  first  wins  x  throws^  and  then  loses 
a/ ;  tbetiy  as  iti  the  question  to  is  restricted  to  be  equal  to  u^  his 
winnings  at  first  will  be  found  by  substituting  u  for  w  in  the  ex- 
pression (2) ;  which  reduces  it  to 

rot  =  «K  J  (^^-i-i)*— I  j  :  • (3J 
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But  at  every  succeeding  throw  of  the  next  x^  throws,  be  loses 

IT  -^  —  of  what  he  had  won  before ;  wherefore,  we  may  repi^er 

sent  the  sum  that  remains  in  this  case  by 

r,*'=  'i^^li-Jr^C*  — i)J-.«:  ........(4) 

which  being  the  same  as  (1)  with  the  si^ns  of  b6tk  n  and  u 
changed,  its  value  may  be  found  by  changing  the  signs  of  those 
quantities  in  the  equation  (s);  which  will  then  become 

F,a?'=:jiir)(?^)'— iJ+»(?^)    (5) 

a/  being  put  instead  of  «^  —  1  because  in  this  case  it' is  manifest 
that  the  series  mutt  be  carried  00^  place  further  back :  but  as 
this  loss  began  after  having  won  for  x  throws,  the  value  of  uf 
must  be  the  same  as  that  of  fx  in  the  expression  (3) ;  substi* 
tuting  which  in  our  last  equation  it  becomes 

which  is  the  expression  for  the  sum  won  after  winning  x  throws 
successively,  and  then  losing  x^. 

Again  bad  A  lost  x^  throws  and  won  the  next  jr,  the  formula 
from  which  we  should  have  had  to  compute  the  sum  won  or  loiyt, 
would  have  been 

Which  being  the  same  as  (4)  with  the  sign  of  n  changed,  its 
value  may  be  found  by  changi^  the  sign  of  s  in  the  expres- 
sion (5)9  or 

Where  substituting  for  w  its  value  r ^a/n  — «ii  ^  ( )  —1  j » 

we  have  ^s^' ^—^^H—^Y*  V~)  —^l'> 

which  is  the  expression  for  the  sum  lost  after  losing  a/  throws 
successively,  and  then  winning  x. 

Wherefore  it  appears  that  the  result  is  the  same  whether  A 
wins  X  throws,  and  then  loses  x\  or  loses  x^  throws,  and  then 
wins  X ;  from  which  it  will  readily  be  perceived  that  however 
the  order  of  winning  or  losing  be  varied  if  p  is  the  whole  num« 
ber  of  times  of  winning,  and  jr  of  losing ;  the  sum  won  or  Ic^st 
will  be  ^ 


ARTICLE  IV. 


JOHN  PLAYFAIR,  Esa.  F.R.S.  L.  and  E. 

Late  Professor  of  Natural  Philosophy  in  the  University  of 

Edinburgh. 

John  Playfair,  the  eldest  son  of  the  Reverend  James 
Play  fair,  was  born  at  Bervie,  in  Forfarshire,  on  the  loth  of 
March,  1748*     He  received  the  rudiments  of  his  education 
from  his  father,  and  at  the  age  of  fourteen  was  sent  to  the  Uni- 
versity of  St.  Andrew's,  being  intended  for  the  Church.     At 
the  University  Mr.  Playfair  evinced  those  habits  of  industry 
and  steady  application  to  study  which  distinguished  him  through 
life ;  and  such  was  the  opinion  entertained  of  his  character  and 
acquirements,  that  before  his  philosophical  course  was  finished, 
he  was  selected  to  read  the  Public  Lectures  on  Natural  Philor 
sophy,  during  the  illness  of  Professor  Wilkie.     This  incident 
probably  .contributed  to  confirm  him  in  the  preference   he  had 
already  shewn  for  mathematical  studies,  in  which  his  proficiency 
was  such,  that  he  was  induced  by  the  advice  of  his  friends,  to 
offer  himself,  in  1766,  as  a  candidate  for  the  Professorship  of 
Mathematics  in  the  Marischal  College  ot  Aberdeen,  an  office 
which  the  patrons  had  determined  to  fill  up  by  a  comparative 
trial.     Although  Mr.  Playfair  was  at  this   time  only  eighteen 
years  of  age,  he  sustained,  with  credit  to  himself,  an  examina- 
tion which  lasted  eleven  days ;  and,  of  i^ix  competitors  two  only 
were  preferred,  namely,  the  Reverend  Dr.  Trail,  who  was  then 
appointed   to  the  oflice,    and  Dr.  Hamilton,    who  has  since 
x:reditably  filled  it,  and  who  has  distinguished  himself  by  his 
.profound  calculations  respecting  finance. 

After  finishing  his  course  at  the  University,  Mr.  Playfair 
passed  several  years  in  Edinburgh,  where  he  enjoyed  the  friend- 
ship and  familiar  society  of  most  of  the  illustrious  men  who 
^t  that  period  adorned  the  Scottish  metropolis. — Dr.  Robertson, 
the  historian.  Dr.  Adam  Smith,  Dr.  Matthew  Stewart,  Dr» 
Black,  Dri  James  Hutton,  &c.  In  1772  he  was  an  unsuccess- 
ful candidate  for  the  chair  of  Natural  Philosophy  in  St.  Anr 
drew's,  vacant  by  the  death  of  his  friend  Mr.  Wilkie,  private 
influence  in  this  case  interfering  to  prevent  his  appointment. 
In  the  course  of  the  following  year  he  was  inducted  to  the 
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living  which  had  been  held  by  his  father,  who  had  died  some 
time  previously.  To  a  mind  stored  with  the  truths  of  natural 
science^  and  ambitious  of  literary  honours  and  distinction,  the 
monotonous  duties  of  a  parish  minister  are  not  calculated  to 
afford  much  pleasure;  yet  Mr.  Play  fair  is  said  to  have  entered 
upon  them  with  considerable  zeal^  and  to  have  devoted  the 
greater  portion  of  his  time  to  the  religious  instruction  of  the 
peasantry.  His  leisure  hours  were  employed  in  the  education 
of  his  brothers,  and  when  these  double  claims  upon  his  time 
were  satisfied,  few  moments  remained  for  the  prosecution  of  his 
favorite  studies. 

While  Mr.  Playfair  filled  this  situation  he  had  an  opportunity 
of  paying  a  visit  to  Dr.  Maskelyne,  the  Astronomer  Royal, 
when  engaged  in  i|fiaking  experiments  on  Schehallien,  to  deter-* 
mine  the  effect  of  the  attraction  pf  mountains  in  altering  the 
direction  of  the  plumb*Iine.  Mr.  Playfair  passed  some  days  in 
the  interesting  society  of  this  celebrated  observer,  and  the  friend- 
ship thus  commenced  among  the  mountains  of  Perthshire,  con* 
tinued  without  interruption  till  the  death  of  Dr.  Maskelyne* 

Mr.  Playfair  continued  in  his  living  of  Bervie  till  1782, 
when  he  was  induced  to  resign  it  in  order  to  superintend  the 
education  ol  the  sons  of  a  private  gentleman  in  Fifeshire. 
Three  years  after,  in  1785,  in  consequence  of  an  arrangement 
eiiterea  ipto  between  Dr.  Adam  Ferguson  and  Mr.  Dugald 
Stewart^  he  obtained  a  chair  in  the  University  of  Edinburgh. 
Pn  Ferguson'^  health  rendering  him  unfit  to  discharge  hi$ 
academical  duties,  be  resigned  his  own  chair  of  Moral  Philo. 
sophy,  to  Mr.  Stewart,  and  accepted  that  of  Mathemi^tics ; 
Mr,  Playfair  being  appointed  joint  professor,  and  charged  with 
the  care  of  instructing  the  class.  This  was  the  most  agree- 
able oJfHce  which  could  have  been  selected  for  him.  His  resi-> 
dence  in  Edinburgh  afforded  him  the  means  of  enjoying  that 
literary  society  of  which  he  was  so  distinguished  an  ornament  ; 
and  the  long  vacation  of  seven  months  allowed  him  ample  lei- 
sure for  the  prosecution  of  those  scientific  researches  which  he 
had  alrf^ady  commenced  with  such  happy  success. 

The  fruits  of  the  leisure  which  this  appointment  afforded  him 
soon  appeared  in  a  series  of  excellent  papers,  which  be  now 
began  to  contribute  to  the  Trsmsactions  of  the  Royal  Society  of 
Edinburgh.  A  Memoir  or^  the  Life  of  Dr.  Matthew  Stewart, — 
On  the  causes  which  effect  the  accuracy  of  Barometrical  Mea- 
surements,— Remarks  on  the  Astrohoniy  of  the  Brahmins, — 
On  the  Origin  and  Investigation  of  Porisms,  &c.  Before  hiy 
appointment  he  had  contributed  a  Paper  to  the  London  Trans- 
actions, on' the  Arithmetic  of  Impossible  quantitips»  In  lygs^hq 
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published  an  edition  of  the  First  Six  Bookc  of  Euclid,  accom« 
panied  with  an  investigation  of  the  Rectification  and  Quadra- 
ture of  the  Circle,  the  Intersections  of  Planes,  andtheGeome- 
tr)'  of  Solids ;  also  a  Treatise  on  Plane  and  Spherical  Trigo* 
nometry  with  the  Arithmetic  of  Sines.  This  work,  which  is 
well  known,  went  through  five  editions  during  the  life  time  of  the 
author,  and  has  gone  through  one  or  two  editions  since,  under 
the  learned  care  of  his  distinguished  successor  Professor  WaU 
lace.  It  differs  from  Simson's  chiefly  by  the  introduction  of 
Algebraic  symbols  in  the  second  and  fifth  Books;  apian  which 
has  not  been  universally  followed  in  this  country,  although  by 
rendering  the  demonstrations  more  compact,  without  interfering 
in  any  respect  with  their  spirit,  it  unquestionably  tends  to 
facilitate  the  acquisition  of  these  Books  to  the  young  student. 
The  notes  which  accompany  the  volume  are  extremely  interest- 
ing and  valuable. 

iVhile  Mr.  Flayfair  occupied  the  Mathematical  chair,  a  great 
portion  of  his  time,  during  many  years,  was  devoted  to  the 
composition  of  his  **  Illustrations  of  the  Huttonian  Theory  of 
the  Earth."  This  work  is  an  exquisite  model  of  elegant  and 
perspicuous  writing  ;  indeed  it  is  doubtful^  if,  at  the  time  of  its 
publication,  there  existed  in  the  English  language^  any  scientific 
disquisition  at  all  to  be  compared  with  it  in  point  of  style  and 
composition.  Notwithstanding,,  however,  its  great  merits  in 
this  respect,  and  its  admirable  developement  or  the  theory  in 
question,  it  is  to  be  regretted  that  Mr.  Playfair  spent  so  much 
time  on  a  subject,  which*  however  seductive  to  a  mind  delight- 
ing to  trace  the  general  laws  of  the  Universe  through  the  end- 
less variety  of  terrestrial  phenomena,  leaves*  after  an,  so  much 
to  hypothesis  and  fanciful  speculation. 

In  the  year  i8oj  Mr.  Playfair  was  appointed  by  the  patrons 
of  the  University  to  succeed  Professor  John  Robison  in  the 
chair  of  Natural  Philosophy.  For  this  department  he  was  ad» 
mirably  qualified.  The  wider  range  of  the  course  afforded  ample 
opportunity  for  bringing  forward  the  V9st  stores  of  information 
which  he  bad  accumulated  on  every  subject  connected  with  phy« 
sical  science;  and  his  clear,  impressive,  and  eloquent  expositions* 
by  pouring  a  flood  of  light  over  the  most  abstruse  topics,  ren- 
dered his  lectures  equally  interesting  and  instructive. 

In  1814,  he  published  hi$  Outlines  of  Natural  Philosophy^ 
This  work  was  intended  for  the  use  of  the  students  in  his  c|ass, 
and  contains  merely  the  heads  of  the  lectures,  the  principal 
propositions  on  which  the  different,  theories  are  founded  be- 
ing given  without  the  demonstrations.  The  second  volume* 
however*  contains  an  admirable  Outline  of  Physical  Astronomy* 
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and  IS  invaluable  to  the  student  ay  a  guide  to  direct  !iim  in  the 
study  of  that  difficult,  sciende.  It  points  out  the  order  in 
which  the  investigations  can  be  undertaken  witli  the  greatest 
advantage,  and  refers  to  the  best  sources  of  information.  A 
third  volume  was  projected,  to  contain  Optics,  Electricity,  and 
Magnetism ;  unfortunately  it  has  not  been  executed. 

In  the  summer  of  1815,  Mr,  Play  fair  proceeded  on  a  tour  to 
the  Continent,  passed  the  following  winter  in  Italy,  and  before 
his  return  visited  the  most  interesting  parts  of  that  country,  as 
well  as  of  France  and  Switzerland.  The  opportunity  of  ex- 
amining in  person  the  geological  features  oF  these  countries, 
with  which  he  had  long  been  familiar  from  the  descriptions  of 
Naturalists,  afforded  him  unbounded  gratification,  and  he  intend- 
ed to  employ  the  observations  he  might  be  able  to  make  in  cor- 
recting and  improving  the  Huttonian  Theoty\  of  which  he  con- 
templated a  new  and  extended  edition.  But  before  this  design 
could  be  carried  into  execution,  the  power  which  had  been  so 
frequently  and  so  sccessfully  exerted  in  tracing  the  mutual 
connexion,  and  common  dependance,  of  multitudes  of  isolated 
facts,— which  was  able  to  spread  a  charm  over  the  driest  ahd 
most  uninviting  subjects,— was  extinguished  by  death.  The 
account  of  the  slide  at  Alpnach  is  all  that  has  been  gained  from 
this  scientific  tour.  After  his  return  from  the  Continent,  the 
short  remainder  of  his  life  was  employed  in  the  composition 
of  the  Dissertation  on  the  Progress  of  the  Mathematical  and 
Physical  Sciences^  which  appeared  in  the  Supplement  to  the 
Encyclopoedia  Britannica,  and  which  has,  perhaps,  contributed 
more  to  extend  his  reputation  than  any  of  his  other  writings. 
He  died  on  the  19th  of  July  1819,  and'^he  civic  authorities  of 
Edinburgh  did  themselves  honour  by  grantihg  to  his  remains  a 
public  funeral.  A  monument  has  been  erected  to  his  memtory 
by  private  subscription ;  it  ]forms  an  angle  of  the  wall  which 
now  surrounds  the  Observatory.  A  selection  of  his  works  has 
been  published-since  his  death,  iii  4  vols.  8vo. 

Although  when  compared  with  his  illustrious  contemporaries 
Lagrange  and  Laplace,  Mr.  Playf air  can  scarcely  be  regarded  as 
a  Mathematician  of  the  first  order,  it  must  be  admitted  that 
he  contributed  more  than  perhaps  any  other  individual  of  his 
day  in  Britain,  to  propagatje  a  taste  for  Mathematical  studies. 
He  was  early  acquainted  with  the  most  recent  improvements 
^lade  in  the  science  on  the  Continent,  and  was  mainly  in- 
strumental in  introducing  them  into  this  country,  not  only 
by  explaining  their  advantages  and  utility  within  the  circum- 
scribed sphere  of  his  class,  but  also  by  his  eloquent  recom- 
mendations of   them  in  the  Edinburgh   Review,    atid  other 
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publications.  As  an  instructive  public  lecturer  he  has  sel- 
dom been  equalled.  His  knowledge  of  the  subject  was  so 
complete,  and  his  ideas  so  matured  and  methodically  ar- 
ranged^ that  his  illustrations  never  failed  to  be  accompanied 
with  a  degree  of  luminous  simplicity,  which  rendered  theni 
perfectly  intelligible  and  highly  instructive,  even  to  the  least 
informed  of  his  auditory.  Few  who  have  enjoyed  the  benefit 
of  hearing  his  lectures  will  soon  forget  the  earnest,  impres- 
sive, and  dignified  manner  in  which  he  inculcated  the  truths 
of  science,  the  felicity  of  his  illustrations,  and  the  enthu- 
siasm with  which  he  seemed  to  be  inspired  when  explaining 
the  grand  and  magnificent  phenomena  of  nature,  or  the  sublime 
harmony  of  the  material  universe.  As  an  individual  he  pos- 
sessed great  influence  in  society,  less  on  account  of  his  splendid 
scientific  acquirements  than  by  reason  of  the  virtues  which 
adorned  his  private  character.  Kind  and  benevolent  in  his 
disposition,  perfectly  disinterested  in  his  conduct,  and  of  spot- 
less purity  of  manners,  he  seemed  to  look  down  from  an  emi- 
nence on  the  contemptible  jealousies  and  passions  which  infest 
ordinary  society,  and  are  but  too  apt  to  disturb  the  repose 
even  of  philosophers.  •*  Independent  of  his  high  attainments,** 
says  his  eloquent  panegyrist,  Mr.  Jeflfery,  *•  Mr.  Playfair  was 
**  one  of  the  most  amiable  and  estimable  of  men^ — delightful  in 
*^  his  manners,  inflexible  in  his  principles^  and  generous  in  his 
**  affections,  he  had  all  that  could  charm  in  society  or  attach 
*^  in  private ;  and  while  his  friends  enjoyed  the  free  and  un- 
**  studied  conversation  of  an  easy  and  intelligent  associate, 
<*  they  had  at  all  times  the  proud  and  inward  assurance  that 
•*  he  was  a  being  on  whose  perfect  honour  and  generosity  they 
**  might  rely  with  the  most  implicit  confidence,  in  life  and  iu 
"  death, — and  of  whom  it  was  equally  impossible,  that,  under 
**  any  circumstances/  he  should  ever  perform  a  mean^  a  selfish, 
^  or  a  questionable  action,  as  that  his  body  should  cease  to  gra« 
"  vitate  or  his  soul  to  live." 


CHARLES  HUTTON,  LL.D.  F.R  S. 

Dr.  Charles  Hutton  was  born  at  Newcastle-upon-Tyne, 
on  the  14th  of  August,  17^7$  He  was  descended  from  a  fa- 
mily in  Westmoreland,  one  branch  of  which  had  removed  into 
Northumberland,  and  another  branch  into  Lincolnshire,  where 
a  female  of  the  family  married  into  that  of  Sir  Isaac  Newton, 
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being  indeed  the  aunt  of  that  illustrious  philosopher.  Dr.  Hut- 
ton's  father,  though  not  a  man  of  theoretical  science,  had  con- 
siderable knowledge  and  skill  in  practical  roechanicsj  and  had 
extensive  employment  as  a  viewer  of  mines ;  being  also,  if  I 
am  rightly  informed,  for  some  years  land-steward  to  the  then 
Lord  Ravensworth.  He  intended  devoting  his  son  to  his  own 
profession  ;  and,  to  that  end,  procured  for  him  the  best  instruc- 
tion which  could  then  be  obtained  at  Newcastle,  and  from  a 
clergyman  in  a  neighbouring  village;  the  knowledge  he  thus 
acquired  extended  simply  to  the  rudiments  of  the  English  and 
Latin  languages,  and  the  leading  principles  of  mathematics. 
The  youth,  however,  had  an  injury  done  to  one  of  his  arms  in 
very  early  life,  which,  by  unfitting  him  for  such  active  pur- 
suits as  his  father  had  proposed  for  him,  rendered  it  necessary 
that  he  should  devote  himself  still  more  sedulously  to  study. 
From  the  earliest  age,  he  evinced  an  extreme  fondness  for 
reading  of  every  description;  but  especially  delighted  in  the 
**  Border,"  songs,  legends,  and  stories,  of  which,  while  a  mere 
child,  he  made  a  large  collection.  But  no  sooner  did  it  become 
necessary  for  him  to  devote  himself  to  study,  with  a  view  to 
a  profession,  than  the  natural  bent  of  his  inclinations  led  him 
to  that  of  a  mathematical  tutor;  to  prepare  himself  for  which^ 
he  laboured  day  and  night  with  unwearied  vigilance  and  assi- 
duity. 

At  about  the  age  of  18,  having  long  before  lost  his  father,  he 
commenced  the  employment  of  a  teacher  of  mathematics,  at  the 
then  delightfully  sequesterd  village  of  Jesmond,  near  New- 
castle :  but,  young  as  he  was,  such  was  his  success,  and  such 
the  proficiency  of  many  of  his  pupils,  that  he  was  soon  invited 
to  remove  to  Newcastle  itself,  that  noble  capital  of  the  northern 
mining  districts.  Here,  although  he  received  no  pupils  bat 
upon  about  double  the  terms  that  had  previously  been  charged 
in  that  quarter  of  the  kingdom,  his  pupils  soon  became  nu- 
merous. He  did  not,  however,  confine  himself  to  the  mere 
business  of  their  instruction,  arduous  as  it  was ;  but,  being 
fired  by  the  laudable  ambition  of  reaching  the  acme  of  his  pro- 
fession, he  determined  to  go  through  an  extensive  course  of 
mathematical  reading.  This  he  pursued  chronologically,  going 
cautiously  over  the  principal  mathematical  productions  of  the 
Greeks,  Romans,  Spaniards,  French,  and  Germans,  as  well  as 
those  which  had  appeared  in  Britain.  Such  an  extensive  course 
at  once  proceeded  from  a  genuine  love  of  science,  and  increased 
it :  and  this,  together  with  his  unfailing  success  as  a  preceptor^ 
greatly  augmented  his  well-earned  reputation.  His  character 
became  accurately  appreciated  at  Newcastle :  so  that  he  was 
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frequentty  consulted  and  employed  in  reference  to  other  im- 
ponant  points,  than  those  which  related  immediafely  to  his 
profession. 

Notwithstanding  the  multiplicity  of  his  avocations,  he  found 
time  for  investigation  and  composition ;  and  made  himself 
known  to  the  world  as  an  author.  Before  the  year  1760,  he 
was  a  frequent  contributor  to  those  well-known  publications  in 
England,  the  Ladies^  and  GentlemarCs  Diaries^  and  Martinis 
Magazine;  in  all  of  which  he  proposed  and  solved  many  ma- 
thematical problems  of  considerable  difficulty  as  well  as  utility. 
His  first  avowed  separate  publication  was  a  small  treatise  on 
Arithmetic  2iiii  Book-keepings  for  the  use  of  schools.  It  made 
its  appearance  in  the  year  1764 ;  and  has  since  gone  through 
numerous  editions. 

Soon  after  this,  he  began  to  employ  his  leisure  in  the  com* 
position  of  a  much  more  elaborate  and  recondite  work,  viz* 
A  Treatise  on  Mensuration^  in  Theory  and  Practice.  At  the 
time  when  Mr.  Button  commenced  this  undertaking,  the  books 
on  mensuration,  that  were  generally  adopted  in  seminaries  of 
education^  were  those  of  Hawney  and  Robertson^  Of  these, 
the  fir^t  contained  some  attempts  at  theory,  but  exhibited  in 
so  inelegant  and  inaccurate  a  manner,  as  to  render  the  volume 
altogether  useless.  Robertson's  work  was  neat  and  correct, 
but  limited  in  its  nature,  being  confined  altogether  to  the  ex* 
hibition  of  practical  rules  and  examples.  There  had  been,  it  is 
true,  from  the  time  of  Wallis  and  Huygens,  and  especially 
since  the  invention  oi  the  fiuxional  analysis,  a  variety  of  disqui- 
sitions and  investigations  relative  to  rectifications,  quadratures, 
cubatures,  &c.  inserted  in  the  works  of  eminent  mathematicians^ 
and  in  the  transactions  of  difierent  societies  and  academies  hoth 
at  home  and  abroad.  But  there  needed  some  masterly  hand  to 
seize  and  collect  these  scattered  fragments,  to  reduce  them  to 
method  and  order,  to  correct  what  was  erroneous,  curtail  what 
was  too  protracted,  expand  and  elucidate  what  was  incomplete 
and  obscure,  and  develope  with  perspicuity  the  practical  results 
and  applications.  All  this  is  attempted  with  complete  success 
in  thi^  treatise  on  mensuration,  which  was  first  published  in 
periodical  numbers^  and  then  altogether  in  a  quarto  volume,  in 
the  year  1770«  A  second^  and  improved  edition,  was  pub* 
lished  in  a  thick  octavo  volume  in  1788  ;  since  which  time  there 
have  appeared  two  more  editions.  There  can  be  no  question 
that  this  i%  by  far  the  best  treatise  on  mensuration,  in  its  several 
branches,  which  has  yet  been  published  in  any  country.  In« 
deed,  the  subject  is  so  exhaustea  in  this  performance,  that  sub- 
sequent writers  upon  it,  at  least  in  England,  have  attempted 
little  else  than  mere  abridgments. 
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The  overthrow  of  Newcastle  Bridge,    and  other '  bridges 
across  the  river  Tyne,  in  November,  1771,  by  reason  of  a  very 
high  and  rapid  flood  in  that  river,  drew  our  author's  attention  to 
another  subject,  that  is  to  say,  the  tbeory  of  the  equilibration 
of  arches  and  piers.    The  result  ot  his  investigations  was  laid 
before  the  public  in  1772,  in  an  octavo  tract,  on  "  The  Prin* 
ciples  0/  Bridges ;  containing  the  mathematical  demonstrations 
of  the  properties  of  the  arches,  the  thickness  of  the  piers,  the 
force  of  the  water  against  them,  &c.    together  with  practical 
observations  and  directions  drawn  from  the  whole.*'     This  per- 
formance was  entirely  out  of  print,  when  on  occasion  of  Tel- 
ford and  Douglas's  project  for  erecting  an  iron  bridge  over  the 
Thames  at  London,  it  was  republished  in  1801,  verbatim  from 
the  Newcastle  edition.     The  author  had  for  several  years  been 
collecting  materials  for  ah  enlarged  and  improved  edition  of  this 
treatise^  among  which  were  theoretical  and  practical  observa- 
tions on  several  of  the  most  celebrated  bridges  in  Italy  and  other 
parts  of  continental  Europe;  but  these,  unfortunately  for  the 
world,  are  lost ;    the  author,  however,  has  made  several  im- 
provements, though  by  no  means  to  the  extent  which  he  had 
contemplated,  in  the  edition  of  this  essay,  which  appears  in  'hi# 
Collection  of  Tracts  in  1812. 

About  the  year  177a,  also,  our  indefatigable  author  com- 
menced the  republication  of  the  ^^  Ladies*  Diaries^^  from  the 
origin  ol  the  series^     From  a   full  persuasion  of  the  utility  of 
such  an  undertaking,  Mr.  Hutton  determined  to  repul^lish  the 
whole  of  tl)e  poetical  and  mathematical  departments  periodically. 
As  he  proceeded^  he  gave  new  and  improved  solutions  to  many 
q{  the  problems.     He  also  inserted  in  each  successive  number 
of  his  publication,  a  series  of  new  and  curious  problems ;  while^ 
in  several  numbers,   there  appear^^d  valuable  disquisitions,  by 
himself  and  his  correspondents^  on  a  variety  of  subjects,  con- 
nected both  with  pure  and  mixed  mathematics.     These  were 
afterwards  published  separately,  under  the  title  of  The  Mathcr 
matical  Miscellany^  in  a  single  volume. 

Labours  like  those  which  we  have  already  enumerated,  soon 
led  our  author  into  a  most  extensive  correspondence,  and  pro- 
cured for  him  a  very  exalted  reputation ;  such,  indeed,  as  oc- 
casioned his  removal  to  a  situation  of  great  importance,  as  well 
as  respectability.  The  professorship  of  Mathematics  in  the 
Royal  Military  Academy  at  Woolwich,  became  vacant,  in  con- 
sequence of  the  resignation  of  Mr.  J,  L.  Cowley ;  and  the 
Marquis  of  Townsend,  at  that  time  Master  General  of  the 
Ordnance,  formed  the  laudable  determination  ot  giving  the 
appointment  to  the  individual,  who,  by  a  public  examination^ 
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should  prove  himself  the  best  qualified  to  discharge  the  dutiei 
of  a  ]](^themat{efiil  pfcftuor.  Mr.  Hmtoti  wa«  p€lr$^mM  if 
bis  friend  ColtMi^l  £dward  Witlkms,  of  tlvs  Roy^  AitUkyyt 
him^lf  a  mathematician  of  eonsiderable  acqitireiaQnif,  t9  in- 
come ;i  candidate  ftr  tht  fiftuatidn.  His  naluial  liitidtMce^ 
ywYAch  has  ^t  att  titties  t>eet!  a«  i«maf  kabt«  as  his  ialents*  4?«a|eid 
him  at  Srst  to  shrink  (f^m  M  ^esm  to  dbt^iu  a  profti«QrJi|  1 
chair^  -which  had  pnevfooily  hft&n  <i««ufmd  i»jr  one  so  <ks€ry4<)^ 
eminent  as  Thomas  Simps&n  :  but  fris  Iriendi  at  lenffb  avff cispi]^ 
his  scruples,  and  he  travetled  Irom  Newcastle  to  Weofcdfi^b^  ^ 
distance  pf  300  miles,  to  pr0>pose  hirnsdi  a  caniiidalSt  He  k9d 
no  less  than  ien  etimpetttnrt*  among  vrhom  w«nr  Afr.  Retgamm 
Oonn^  the  author  of  The  Gtofnettidanf  atid  other  wellr^JiafA^ 
works  ;  itfr.  Hugh  Br^wn,  4he  able  ti^iislacor  aad  comsneoUtiar 

Si^n  Euler\s  Gunnery.  The  gentlemea  appointed  to  c^duot 
e  examination,  ^vere  Dr.  MmsAeyline^  (fcen  astroapmer  Ao/al ; 
^iihop  Boult^t  the  leartied  edito>r  6f  Newtot^'s  works  (  C^. 
Henry  Watson^  afterwards  Chief  Engineer  in  Qcngal;  ai^ 
Mr,  Landen*  To  all  these  gentlemen  tJbtn  flni^on  xvas  ^otifsl jr 
unknown^  except  by  character^  The  tJumtnation  c€»tismefl 
for  several  da^,  atod  was  Ai^ected  to— the  manner  of  commnni- 
eating  instrnction,  the  (>est  treatlfes  to  be  employed  in  di&nent 
branches  of  science^  1^  his^oty  of  the  prtn<^pai  departments 
of  mathematics,  the  solutions  of  a  variety  of  problems,  .&e. 
More  than  h^If  the  candidates  passed  through  this  or^leal  in  nuch 
a  waj  as  jav6. entire  satisfaction  to  the  examiners ;  but  the  sU« 
perlority  of  Mr.  HuUon  was,  in  every  respeot,  so  marked  and 
decisive,  that  they  unanimously  recommended  him  as  pcctfliaiil^ 
qualified  to  fi^^H  and  adorn  the  situation ;  to  which  be  was  necocd* 
in^y,  appointed  on  the  s^th  of  May,  i/y-s. 

About  the  sam^  time  he  was  appointedi  by  the  StadontrS* 
Company,  the  edTU)r  of  The  Ladies^  Diarvf  and  shortly  a£tcc» 
wards  that  truly  respectable  body  entrustefl  to  him  the  afltrono- 
ipica'l  computation  and  management  of  <t^  principal  Almaoaos 
which  they  publish.  These  he  continued  to  conduct,  with 
great  honour  to  himself,  aud  advantage  to  the  Company,  ivMil 
die  year  1818. 

Shortly  after  Mr.  Hutton's  retnova!  to  Woolwich,  iie  irats 
elected- a  fellow  of  the  Royal  Soceity  ;  and  abont  the  v^ear  sj;!y9 
lie  received  t^e  degree  of  LL.  D,  from  the  Univcrsify  of  £din« 
burd^.  In  January,  1779,  he  wasappninced  Forei^  SecnctMy 
to  the  JRoyal  Siociety^  an  office  which  he  held  till  the  endolsihe 
year  1783 ;  when  m  Consequence  of  the  dvcsensions  nriiioh  na- 
happily  prevailed  ip  the  Society,  and  the  avei'sien  and  sbsreiish 
whi<5h  were  then  evinced  with  respeot  to  ^e  niathenutical 
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scienceg,  by  some  of  the  leading  officers  and  members,  he  retired 
from  the  Society,  together  with  Dr.  Maskelyne,  Dr.  Horsley, 
arid  other  eminent  mathematicians. 

Dr.  Button  devoted  himself  very  seduously  to  the  discharge 
of  his  academical  duties ;  yet  found  time,  notwithstanding,  to 
pursue  a  variety  of  interesting  analytical  investigations,  as  well 
as  to  plan  some  extensive  and  important  experimental  inquiries, 
arising  naturally  out  of  his  appointment  at  Woolwich.  Among 
the  papers  which  about  this  period  he  sent  to  the  Royal  Society, 
was  one  published  in  the  Philosophical  Transactions  for  1776, 
entitled  **  A -new  and  general  method  of  finding  Simtle  and 
Quickly  Converging  Series:  by  which  the  proportion  or  the  di- 
ameter oi  a  circle  to  its  circumference  may  be  easily  computed 
to  a  great  number  of  figures. 

In  the  Transactions  for  1778  appeared  Dr.  Hutton*s  first 
paper  on  the  force  of  exploded  gunpowder^  and  the  velocities 
of  balls  projected  from  artillery.  The  experiments  detailed  in 
this  paper  commenced  in  the  year  1773,  and  were  carried  on 
by  a  consecutive  series  till  a  short  time  before  the  preparation 
of  this  account  of  them.  I'his  paper  was  no  sooner  laid  before 
the  Royal  Society  than  its  ingenuity  and  value  were  acknow- 
ledged, by  the  Council  awarding  to  Dr.  Hutton  the  Copleian 
medal  for  that  year. 

In  the  same  year  our  author  laid  before  the  Royal  Society, 
his  **  Account  of  the  Calculations  made  from  the  Purvey  and 
Measures  taken  at  Mount  Shichallien,  in  Perthshire^  in  order 
to  ascertain  the  mean  Densiiy  of  the  Earthy  This  is  a  truly 
excellent  disquisition,  and  the  calculations  of  which  it  exhibits 
the  results,  were  more  laborious,  and  at  the  same  time  called 
for  more  ingenuity,  than  has  probably  been  brought  into  action 
in  any  computation  undertaken  by  a  singie  person  sinp^  the  pre- 
paration of  logarithmic  tables.  It  is  but  justice  hejre  to  state 
that  Dr.  Button  was,  unquestionably,  the  first  person  who 
made  a  tolerably  correct  appreciation  of  the  mean  density  of  the 
earth  by  elaborate  computations  applied  to  actual  experiment. 

While  the  Doctor  was  engaged  in  these  researches,  he  turned 
'his  attention  to  some  analogous  inquiries,  calculated  to  be  use- 
ful to  those  who  might  in  other  places  repeat  similar  experi- 
'  ments  and  observations  to  those  at  Shichallien.    These  were  read 
'  to  the  Royal  Society  in  November,  1779,  and  afterwards  pub- 
'  lished  in  their  Transactions   under  the  title  of  **  Calculations 
>  to  determine  at  what  point  in  the  s^eof  a  Hill  its  attraction 
''  will  be  the  greatest. 

?      In  the  year  1780,  Dr.  Hutton  presented  to  the   Royal  So- 
ciety an  Essay  on  Cubic  equations  and  Infinite  Series;  and  in 
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the  year  1783  he  laid  before  the  same  learned  body,  his  project 
for  a  New  Division  of  the  Quadrant.*  , 

In  1784,  appeared  the  first  edition  of  the  Compendious 
Measurer;  and  in  the  succeeding  year  that  highly  useful  and; 
laborious  performance,  the  Mathematical  Tables  was  pub- 
lished. 

In  1786  Dr.  Hutton  published  a  quarto  volume  of  Tracts^ 
'  ••  Mathematical  and  Philosophical ;"  and  in  1787,  "  Elements 

i  of  Conic  Sections,  with  Select  Exercises  in  various  branches 
of  Mathematics  and  Philosophy,  for  the  use  of  the  Royal  Mili- 
tary Academy  at  Woolwich."  1 

For  several  years  after  the  publication  of  the  last-mentioned 
volume.  Dr.  Hutton  employed  his  leisure  from  academical  du- 
ties in  the  composition  of  his  "  Mathematical  and  Philosophi- 
cal Dictionary^'*  which  made  its  appearance  in  1796,  in  two 
large  quarto  volumes.  This  was  a  work  of  great  labour,  and 
and  has  been  regarded  by  the  British  public  as  of  considerable 
value.  A  new.and  greatly  enlarged  edition,  with  many  improve- 
ments, was  published  in  1815* 

In  1798,  appeared  the  first  edition  of  Dr.  Hutton's  Course 
of  Mathematics^  in  two  octavo  volumes,  for  the  use  of  the 
Gentlemen  Cadets  in  the  Royal  Military  Academy.  This  has 
gone  through  several  editions.  In  1811,  a  third  volume  of  this 
Course  was  published :  it  was  written  by  the  Doctor,  in  con- 
junction with  Dr.  Gregory. 

From  1803  to  1809  our  author  was  employed,  in  conjunc- 
tion with  Doctors  Pearson  and  Shaw,  in  laying  before  the 
world  an  Abridgment  of  the  Fhilosophical  Transactions  oi  the 
Koyal  Society  of  London,  from  their  commencement  in  166^1 
to  the  end  of  the  last  century.  The  departments  oi  pure  and 
mixed'  mathematics,  including  the  practice,  as  well  as  the 
theory,  of  mechanics,  hydrodynamics,  optics,  astronomy,  elec- 
tricity, and  magnetism,  were  undertaken  by  Dr.  Hutton,  in 
addition  to  the  general  editorship  and  correction  of  the  press, 
of  the  whole.  The  greater  portion  of  the  biographical  articles, 
as  well  as  of  the  translations,  were  from  the  Doctor's  pen ;  and 
every  competent  judge  will  admit  that  they  do  him  considera- 
ble honour.  .1 

In  July,  1807,  Dr.  Hutton  having  suffered  much  from  a 
pulmonary  complaint  during  the  preceding  winter  and  spring, 
resigned  his  Professorship  at  Woolwich,  after  having  most 
honourably  filled  it  for  upwards  of  34  years.     On  his  retire- 

» 

•  In  the  year  178 1»  r)r  Hutton  also  prepared  "Tables  of  Powers  and 
Products,"  which  were  published  by  the  Board  of  Longitude. 
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ment,  the  Board  of  OrdnHDc^  «sf  igtied  him  a  nenston  of  ^£00 
f^  tmilttlfiy  ih  MbHiiK)n)r  of  regard  for  hU  long  ao^  taiimul 

In  the  yMir  iSia^  Dr«HuttM  {^ublisbedL  in  three  volumes 
octavo,  a  collection  entitled  "  Tracts  on  Mathemdtlcat  and 
Fh^9^phtc9i  sUbje€%$t  eompriting  among  nMtaerous  important 
iftteltl^  iht  Thsary  of  Brldigean  y itb  several  ptans  oF  recent 
imi^f oiTffhdAi  I  bI80|  the  retulti  oS  nutnerona  expertmenta  on 
rill$  tbrtm  of  Otiti|lowderi  with  aj^pHcaftiona  to  the  modern  prae- 
tice  of  Artillery,**  These  volumes  coouin,  with  improvementa 
sUsd  Mrnsotkiiis^  te\fciral  bi  the  detached  papers  ana  esssayt  of 
whkh  mention  has  i^lrtady  been  made :  th^y  alio  include  the 
Hiinofy  0/  the  Writings  tod  Investigatiom  in  I'xigoiiometry 
and  LogaHthmSi  aa  published  in  the  Imaro^iuction  to  tlic  tioc* 
Wt*%  Mathelndiical  Tables^  and  the  History  of  the  Discoveries 
and  Inventic»nli  in  Algebra,  which  was  first  published  under  the 
i0OtA  At^asnBA^  in  tim  Dodtor'ft  Mathematical  and  Philosophi- 
cal Dictionary.  But  several  olF  theie  **  Tracts^'  are  altogether 
IDe#)  ind  etMst^in  i  hietbodi^al  and  perspicuous  accoiint  of 
DK  Button ^s  valuable  etxperimenits  00  gunnery,  and  Whb  the 
^hirlihg  machine ;  together  with  a  copioua  exposition  and  »2pli* 
Mlioii  of  the  pHneipal  scientific  deductions  which  have  neeo 
iMde  from  tbc^  numerous  and  <)autiou8  estperiment^ 

As  a  Preceptor^  Dr.  Hutton  was  characterized  by  milcLncss^ 
^indnevi^  pomptn^sa  in  dtacov^ring  t)k  difficulties  which  hi»  pu<a 
jpli^  expenettcedi  patience  in  labouring  to  remove  those  diffieul- 
tifiift,  linwva^ted  persever^i^cei  and  a  never- failing  love  cffthe  ec^  qf 
t^Mmunicatting  kmmUdge  bg  orai  instructiQn.  Hts  pmtiencf^ 
imiMAi  was  perfectly  invincible.  No  dulness  of  dpprehenston» 
9fik  fcrgi^tfnlness  in  the  PHpil^  ever  induced  him  to  yield  to 
ivaseible  vmottonis   ts^  forfeit  h^s  astonishing  power  of  self* 

ids  a  Letijttrer^  Jm  waiuier  waa  deliberate  Imd  perspkuons* 
IkU  iUttStrationa  ha|)py  and  convincing,  and  his  experiments 
umaily  porfermed  with  neataesa  and  success* 

As  urn  Aftthar^  Dn  Hut  toil  has  long  been  the  most  popular 
of  English  mathematical  writers ;  and  there  ilire  obvious  reasons 
for  tfa»  pi^ularity  t  which  promises  to  be  as  permanent  as  k  is 
MfeeoaiVce.  Hts  grand  ob}e€;u  were  utility  in  the  topics  of  investi- 
^tton^  imjb/fc^y  zn  the  mode  of  their  attainment  or  advaace- 
n»nt\  He  had  a  constitutional.^ tmd,  I  believe,  a  conseientious» 
aversion  from  the  pedantry  and  parade  of  science.  He  loved 
science^  and  he  promoted  it  for  its  own  sake,  and  that  of  iti 
tehdehei^s.  Ije  never,  by  affecting  to  ht  abstrme,  became 
obscure ;  nor  did  he  ever  sHde  into  digressiof)s,  fbr  the  pur* 
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pose  of  shewing  hov  much  he  knew  of  other  things  besides 
those  that  wereipunediatety  under  discussion*  Hence,  he  was  at 
once  concise  and  perspicuous ;  and  though  he  evidentfy  wrote 
rather  to  be  usejui  than  to  obtain  celebrity^  he  has  procured  for 
himself  a  reputation,  such  as  hundreds,  who  have  written  for 
feputalioQ  alooes  will  never  attain. 

During  the  last  six  or  seven  years,  the  Doctor's  increasing 
infirmuies  led  to  rather  more  quiet  apd  rec!us«  habits  than  be  had 
formerly  adopted ;  though  he  became  neither  indolent,  nor  es. 
traiu^ed  from  his  friends. 

Much  of  his  time  was  occupied  in  carrying  through  the  press, 
new  editions  of  some  or  other  of  his  woiks.  'JThus,  during  the 
last  year  of  his  life,  he  published  the  15th  edition  of  his  Arith' 
meiic^  the  8ih  edhion  of  his  Compendious  Measurer^  and  the 
6th  of  his  Maihematieat  Tables. 

tit*  H.  had  often,  and  at  distant  intervals,  expressed  his  con- 
viction that  many  of  the  computations  in  Mr.  Henry  Caven-^ 
disk's  paper  oh  the  Earth's  mean  Density  were  erroneous;  a 
circumstance  which  he  ascribed^  not  to  any  mistake  in  Mr.  Ca<* 
vendish,  who  was  an  admirable  mathematician,  but  to  errori 
committed  by  the  individual  whom  that  gentletnan  employed  in 
the  subordinate  calculations.  After  in  vain  inviting  different 
Friends  to  go  through  the  computations  de  novo,  this  Nestor  of 
icieDce*  in  his  eig^tty-Zdurth  year^  undertook,  and  completed 
the  labour.  As  be  anticipated,  he  found  several  errors  of  no 
irifliog  magnitude,  which,  with  their  correction,  may  be  seen 
lA  a  paper  sent  by  the  Doctor  to  the  Royal  Society  in  1 82 1 ,  and  ^ 
inserted  in  the  Philosophical  Transactions  for  that  year.  This, 
we  believe,  was  the  last  of  his  important  scientific  labours.* 

Towards  the  end  of  the  same  year,  1821,  a  meeting  was  held 
by  several  of  the  Doctor^s  frienas,  with  the  intention  of  paying 
him  a  tribute  of  respect,  and  also  with  the  desire  of  obtaining  a 
correct  likeness  of  him.  Tbey^  accordingly  appointed  a  committee, 
who  agreed  to  employ  a  sculptor  of  the  first  eminence  to  execute 
a  Bttst  in  marble,  from  which  casts  or  copies  could  be  taken  in 
any  number  that  snight  b<e  required.  The  Committee  resolved 
to  commence  a  subscription  for  this  purpose,  on  such  a  plan 
^  Id^ldtard  n)om  for  HMmeroos  friends  and  admirers  of  Dr.  Hut^ 
^entopatttcipate  in  the  pieas«^  of  thus  manifesting  their  esteem. 
A  very  wax^t  Kst  of  subscribers  ivas  soon  collected^  at  the  head 


*  T<h6  oitefisive  t^rie  of  Lcctni-ei  on  Natural  Philosophy,  delivered  by 
Ik.  ILiuon,  at  the  Royal  Military  Academy,  was  quite  ready  (or  publication; 
but  the  m^uscript  was  Io9t  in  a  very  exsiaordioary  manner  aboat  twenty  years 
ago. 
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of  whkh  htood  the  name  of  the  Lord  Chancellor^,  who  was  one 
of  the  Doctor's  early  pupils  at  Newcastle. 

The  artist,  Gahagan^  having  completed  the  Bust;  on  the 
21  St  of  September,  1822,  the  Committee  for  conducting  the 
Subscription  presented  it  to  Dr.  Button,  at  his  house  in  Bedford 
Row,  according  to  the  original  intention. 

On  this  gratifying  occasion,  the  Doctor's  spirits  evinced  no 
ordinary  flow :  his  memory,  his  reason,  his  science,  and  his 
wii,  were  excited  into  unusual  activity;  and  the  select  few  who 
were  then  present,  will  long  remember  the  peculiar  display  of 
intellectual  vigour,  as  well  as  of  generous  and  grateful  emotion, 
which  they  then  witnessed. 

The  infirmities  of  age  now  stole  upon  him  incessantly,  yet 
almost  imperceptibly :  time,  that  most  mighty,  though  most  si- 
lent of  innovators,  was  making  effectual  inroads.  In  October 
following,  the  Doctor,  by  some  unavoidable  exposure  to  the 
effects  of  a  chilling  atmosphere  caught  a  severe  cold.  This 
issued  in  a  pulmonary  complaint,  which  soon  made  rapid  en- 
croaches  upon  his  constitution.  His  physical  strength  visibly 
declined;  and  many  oi  his  actions,  and  not  a  little  of  his  con- 
versation^ evinced  that  anticipated  approaching  dissolution.  He 
retained,  however,  the  entire  possession  of  his  faculties  till  very 
near  his  death,  which  took  place  oh  the  morning  of  Monday, 
January  the  27th,  1823,  when  he  expired  without  a  groan. 

For  a  more  detailed  account  of  the  Character  and  Works  of 

Dr.  Hutton,  we  must  refer  to  a  Memoir  written  by  his  friend, 

^  Dr.  O.  Gregory,  and  published  in  the  Imperial  Magazine,  for 

March,  1823,  and  of  which  the  preceding  is  only  a  brief  ab- 

stract. 


Mr.  DALBY, 

Late  Professor  of  Mathematics  in  the  Senior  Departimnt 

of  the  Royal  Military  College. 

Isaac  Dalby  was  born  at  a  village  in  Gloucestershire,  in 
the  year  1744 ;  and  died  at  Farnham,  in  Surrey,  (to  which  place 
the  senior  department  of  the  Royal  Military  College  was  trans* 
ferred  from  High  Wycombe,)  October  14th,  1824,  in  his  eighty- 
first  year.  Some  years  previously  to  his  death,  he  sent  to  a 
friend  an  account  of  tlie  principal  events  which  had  occurred 
since  he  had  reached  maturity  ;  and  from  this  we  are  permitted 
to  present  the  following  narration. — 
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••  So,  my  good  friend,  you  request  me  to  inform  you  where, 
and  hoWj  I  have  passed  my  time  since  we  met  in  London,  which 
I  think  was  in  1775  or  1776.  To  satisfy  you  in  that  respect, 
would  be  something  like  undertaking  to  write  my  own  life — a 
task  I  could  not  possibly  execute  to  my  own  satisfaction,  if  I 
omitted  nothing,  and  stuck  to  the  truth,  and  'nothing  but  the 
truth/  You  shall,  however,  have  something  like  a  biographical 
sketch  from  the  time  I  left  Gloucestershire. 

**  You  cannot  but  remember  when  we  were  wont  to  meet  in 
the  evenings  and  puzzle  ourselves  with  x  plus  y  minus  r,  &c. 
You  were  under  the  tuition  of  Mr,  Davis,  who  wa?  reckoned 
aconjurerin  the  mathematics; — I  had  nothing  to  help  me  out 
but  Gordon's  Young  Man's  Companion,  an  old  edition  of 
WingateS  Arithmetic,  and  Stone's  Euclid.  Simpson's  Algebra, 
and  Martin's  Trigonometry,  however,  soon  increased  my  library  ; 
and  in  a  short  time  I  was  qualified  for  an  usher.  I  then  left 
the'  cloth- working  business,  for  which  I  was  designed,  and 
engaged  myself  to  Mr.  James,  who  kept  a  very  respectable 
boarding-school  at  Stoke-Bishop,  near  Bristol.  I  staid  there 
about  three  years,  and  left  it  with  an  intention  of  commencing 
school-master  in  another  part  of  the  country :  but  I  had  only 
just  made  the  attempt,  when  I  found  there  was  no  chance  of 
succeeding.  Thus  disappointed,  I  left  the  country  rather  in 
disgust,  and  arrived  in  London  in  the  summer  of  1772. 

**  My  first  lodging  was  at  Mr,  Cook's  carpet-weaver,  at 
Hoxton.  During  the  first  two  or  three  months  I  did  nothing 
but  ramble  about  London.  I  was  taken  ill  ;  and  while  that 
obliged  me  to  keep  at  home,  I  had  many  opportunities^  of 
examining  the  process  of  carpet-weaving ;  and  by  frequent 
trials,  by  way  of  amusement,  became  so  dexterous,  that  Mr. 
Cook  offered  to  engage  me  as  a  workman.  An  advertisement, 
however,  for  an  usher  to  teach  arithmetic,  brought  me  towards 
the  west  end  of  the  town,  and  I  was  engaged  at  Archbisl>op 
Tcnnison's  grammar-school,  near  the  King's  mews.  The 
master's  name  was  Applegarth,a  very  fine  penman,  but  not  equal 
to  Chinnery  or  Tomkins.  You  know  my  name  had  appeared  in 
some  of  the  magazines,  and  the  Ladies'  Diary,  among  those  of 
other  correspondents  who  sometimes  answered  mathematical 
questions ;  I  therefore  made  myself  known  to  Mr.  Thomas 
Todd,  by  whom  I  was  introduced  to  most  of  the  mathematicians 
in  and  near  London,  This  brings  to  my  recollection  a  letter 
you  sent  me  full  thirty  years  ago,  in  which  you  inquired  about 
the  Philomaths  who  figured  away  in  the  periodical  publications 
at  that  time :  this  letter,  I  believe,  was  not  answered.  Those, 
however,  with  whom  I  was  particularly  acquainted  were,  Jos. 
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Kecch,  a  clerk  and  attorney  in  the  Lord  Mayor's  court  officet-— 
Beuben  Sobbing,  bricklayer^  and  surveyor, — Mr,  *IV)d(!,  salesnnan 
by  coaimn$\on  in  f^mitLfield  market^ ^G.  Sanderson,  taijory  but 
latterly  a  private  teacher  of  mathematic«> — Mich.  Taylor*  who 
published  a  large  book  of  Logarithmsy—Mr.  Wale^,  mathema- 
tical master  of  Christ's  Hospital, — Mr.  Moss,  supervisor  in  ibe 
excise^ — Dr.  Maskdyne»  the  astronomer  royal, — Dr#  Hution, 
professor  of  mathematics  in  the  royal  academy,  Woolwicb,  but 
lately  raired, — Mr^  Bonnycastle^  who  succeeded  Dr.  Hut(on»  at 
Woolwich, — The  Rev,  Mes^s,  Crakelt  aod  Lawgon, — Mr. 
Landen,  many  years  agent  to  £ar1  Fitzwilliam;  he  usually  cajne 
to  London  once  a  year, -^ Mr-  Burrow,  who  published  the  ftiary 
for  Mr*  Cainan,  in  opposition  to  those  published  by  the 
Stationers'  Companyp-^lClr.  Witcbel,  some  time  master  of  tj|>e 
royal  naval  academy  at  Portsmouth*  He  vas  bred  a  watchieaker ; 
bat  liad  great  genius  as  a  mathematician.^— The  greater  nu9i1[>er 
oi  these  ingenious  men  have  solved  their  fasi  problems  ;  and 
the  expressions  for  liie,  like  vanishing  fractions^  are  become 
equal  to  zera. 

••  We  had  a  sort  oi  cJub,  or  society,  which  met  once  a 
Corinight ;  but  it  frequently  became  of  the  convivial  kmd. 
Keechy  who  was  a  ion  vlveuit^  and  sung  an  excellent  song, 
usually  took  the  chain  The  company,  ttowever  was  not 
exclusively  confined  to  mathematicians  ;  for  among  the  visitors 
we  sometimes  liad  the  Rev.  G-  Crabbe  the  poet. 

*•!  had  not  heen  twelve  montTi^  with  Mr.  Appleganh  wbcn 
I  met  Mr.  Bayly,  who,  for  a  short  time  bad  been  at  Muiwdl-hill, 
near  HiKbgate,  makia|C  agronomical  observations  at  anx>bserva« 
lory  which  the  Hojx.  Topham  Beaijclerk  fiad  lately  erected  in 
his  pleasure  grounds  :  Bayly,  however^  was  about  lot>e  engaged 
as  an  afttronomer  to  sail  with  Captain  Cook  ;  and  on  his  r^ecogvi. 
joenddtiojii  I  obtained  his  situation  at  Mu^well-hill.  The  obs(^. 
vatory  was  furnished  with  ajl  the  necessary  instrnmetits  ot  the 
best  kind,  except  the  mural  arc  ]:>y  Sisson^  which  was  badSy 
divided.  The  observatory  was  built  under  the  dhrectioQ  of  Or. 
Bevis;  but  lAnfortuaately  the  situation  was  a  declivity  pyer  a 
stratum  of  clay,  and  in  less  than  four  years  the  stone  pillars ^aVe 
way,  which  rendered  the  mural-arc  and  transit  useless.  Jtfr. 
Beauclerk  had  a  very  oomgplete  optical  and  philosohical  apparatas, 
of  which  I  had  ihe  mani^ement  to  make  experiments.  He 
also  buik  a  laboratory  ;  but  Dr.  G.  fordyce  was  the  chemical 
Qperahor;  he  usualily  came  lo  Muswell-hill  early  on  the  Sundays  : 
I  was  Whaciumj  biit  frequently  in  the  Doctor's  absence  got 
busily  at  work  with  the  retort^.,  salts,  and  acids  ;  this  often  cosi^ 
nae  a  pair  lof  ruiSes ;  tor,  33  you  may  rt* collect^  ruiBes  were  ^o 
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nnivtrtaUy  the  fathion  at  that  time,  that  it  was  not  uncommon  to 
see  a  pair  hanging  at  the  knuckles  when  the  shirt  was  wanting. 

**  The  library,  a  remarkably  fine  room,  was  just  finished  when 
I  went  to  Muswell-hill :  it  contained  upwards  of  30,000 
volumes;  and  I  frequently  assisted  in  arranging  them  ;  I  next 
undertook  to  write  the  catalogue  : — thus  from  an  astronomer  I 
was  insensibly^  as  it  were  metamorphosed  into  a  librarian  :  and 
'Instead  of  stargazing,  spent  my  time  in  poring  over  De  Bure'a 
Biblographie  Instructive^  and  the  Bibliotheque  Curieuse  of  X^slvxA 
Clement.  I  now  found  that  I  had  been  wholly  inattentive  to 
Latin  since  I  had  left  the  grammar  school,  (where,  by  the  bye, 
I  never  got  niuch)  however,  by  dint  of  application/ aided  by 
dictionaries  and  translations,  I  soon  acquired  more  than  I  had 
lost,  but  have  no  pretensions  to  a  critical  knowledge  of  that 
'  language,  I  was  not  long  in  getting  French  enough  tp  translate 
any  book  of  science,  but  could  never  speak  it  fluently.  My 
"time  was  now  divided  between  Muswell-hill  and  London;  but  I 
had  little  to  do  besides  rummaging  old  book  stalls,  abd  attending 
book  auctions  when  I  was  in  town. 

"  While  I  resided  at  Muswell-hill  I  had  a  sort  of  dispute  (by 
letter)  with  the  Hon.  Dairies  Barrington   about  an  old  watch. 
The  honourable  gentleman  had  a  paper  in  the  Antiquarian  So- 
ciety*s  Tracts  on  thie  invention  of  pocket- watches,  and  to  prove 
their  antiquity,  he  described  an  old  silver  watch,  said  to  have 
been  lately  found  at  Bruce  castle.     On  the  dial  plate  was  en- 
graved Robcrtus  B.  Rex  Scottorum^  in  the  old  English  or  Ger- 
man character ;  this  led  the  antiquarian  to  conclude,  and  main- 
tain, that  the  watch  must  have  belonged  to  Robert  Bruce,  king 
of  Scotland.     The  last  of  the  Roberts  died  about  1406,  which 
induced  me  to  suspect  that  the  engraving  was  an  imposition* 
A  friend  of  mine  who  corresponded  with  his  brother  in  Scotland, 
undertook  to  make  enquiry  about  the  watch.    The  result  was  a 
letter  from  a  Mr»  Jathieson,  who  lived  at  Bruce  castle,  then  the 
residence  of  Lady  Clackmannan.     He  informed  us  the  people 
at  the  castle  had  never  heard  of  any  watch  being  found ;  but 
after  much  enquiry  he  met  with  an  ingenious  watch  maker  of 
^Glasgow,  who  told  him  that  an  old  silver  watch  had  fallen  into 
his  hands  two  or  three  years  ago,  and  for  a  apiece  of  fqn*  he 
'  added  the  engraving  Rooertus  B.  Rex  Scottorum^  in  the  old  cha- 
racter. All  this  I  communicated  to  thehonourable  gentleman  ;— 
bcK  an  antiquarian  nevef  recants :  besides,  his  paper  wias  evidently 
written  for  the  purpose  of  bringingforward  this  watch ;  he  there- 
fore removed  ajfi  doubts  and  dilficalties  by  telling  me  he  Was  cer- 
tain  the  Glasgow  watch-maker  had  heard  of  the  discovery,  and 
wanted  to  put  off  his  old  watch  for  the  g'dndine  one  found  at 
VOL.  V.  PAA^  J.  2  c 
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vaich.-it^appciirp,, was.briiugbt  froip  Scot- 

r>  a  Mr.  Campbell,  upTiolsterer  to  Ilia  Ma- 

ir.  tiatioij,  a  watcli-maker  ia  thq  Old  Bai- 

l^valuable  treatise  qn  w ate h-iua king,  whp 

.  t|h^  assjjrcd  me  that  it  dittered  Ijule  in  tie 

;.  Me  made  in  the  time  of  Hool^e  and  Huygens 

!_  itch  ^mong  other  cui;ioyties  In  a  s^J^t;^ot,^n^■ 

,  rrvatory.ia  Kew  Garden^,  qnd  imiiiediitfely 

ijgraved  letters  were  not  shaped  Iifee  those 

■  liLitajipeafed  tobe,muchm9rei3Dod^ni.'    . 

I  auclerks  instrumenls^i  che^hical  aopatatiu, 

ciion.    Ttie  sale,  which  I  attended  for  tfie 

;  the  ,read^. money,  flriishei^  just^as  the  riots 

^  ,  coinmbtion  I  usually  slept  in^the  dtiy-time, 

•Qndon.^t  pigbt,  and  was  pcesetit  at  ntost,pf 

^e  conflagrations^  a]l  thitjimel  had  upwardsof  £|Soo  in.asi*^^' 

pocket: — a.iipf:  prize  I  should  have^bcen  for.  some  of  the  inQ- 

bility,  had  they  known  the  circumstance.     Iii    17&1    Mr.  B  s 

Iibran'„j«fas,^old,.^he  sale  lasted  5.9  d^ys*      ,    ,     -   , 

■  -,'.'.f^y  ^t-}^^„^^S''S^^^^^  .y^*'  wi'th  Lord  Beauchamp,   who 

Wanted, a  p<lr^qn  to  ^irange  aiid  mak^  a  catalogue  of  ^his  bookji: 

yi  jv^s^tipweij^rt  not  long  iii  bfa  lordship's  service;  ior  in  i^M 

I  >vas^,appoinled  a^matbeinati|Cai  paster,  at  the  niantinie.scn6o|, 

C,li^jse%',    Till!  ,iiWtnuon.  for  maintaining  and  ^ojicating  forUr 

]>OT;s,.jth<;  iQM  of  n^al  officers;  was  supported  by  vqiuntwy 

sypsc^ptio^^siij^ThiE^^^  grcaf'  and  good'  Jonas  Hanvfay,  Esq.  m 

jie^  was^iisu^jjl   ^enomjuated]  was  treasurer  ;    ajid,  n.6  . period 

cciuj^d  !>aye  Heen^four^  '^'■°^^.  P''9Pf  •    ^^  wrote  books  ^Itk  a 

;v:iew^  'Pi^  ,f^^^J^^P}^^^»  ''"^  ^^^  indefatigable  iti  ioTicitirw 

ii^bsi;ritti(Ons..| ., ,Biit  (n)s  Jn^ividual,  like  every   ois'er^^  mortal, 

'  bi9^, failings;  fad  Mm>)^w^'t^e'ibo^tproiniheDt :  "he  co'nc^iy'ed 

J^^jsdf  bpr4  jto  rulq;^and  iii;  2^^  jtullits  s^oiJitd  ^aye 

.iWo^Mfjmpttft'r  I  A*"^."'.''7°i,  '*feV  mI^^I^  of  Ciimte'rlarid,  bro- 

^t^er  ii?^^  M*qcsy>;^  Ge<^g&  1  n.  peoa^^^ 

'pifvct  for  Mr,,^H'a^iww.T:-;?fesyd^pt  rank's  hitter  ^nan  tVeasur^ : 
jind,  i(;,vai„^oon  j-epmKed  that^the  zeal.of  ibi  latter  fec«ao.to 
^jcbftL  aM  jb^i^lie  did  nt^^eVert^him^^^  fiuLwlSieyer 

mi^^jl^aye  bieij'thy  causp,j Jnie  siib'«:_rJ^iion»  fell  off||.  and  Jn 
"JSifliii- (jvo^jYeffrV  tlieCftijroit^fC^raijii^c^^c^  'the  ;^oWern  'lb  ilic 


■  ^co,5w^ytix  ,f  J^sf  c^^/^pe¥jii(g  |trje;aifij;  jap  (^'  of Jpi^uudeb^^^^^ 
tlie  observatories  of  Gi;eenwicn  aiid  Farii^  which  bad  alwayi 


ways 


b^n.d^rimpcd  fron  astronomical  obtervatipn.     To.ietile  this 

poyi^'_^'Tri'«fA  tfi^ffeiiiMJcians  proposed  to  J 

oT  inecit^i  \)''geoileti'ca1  iihqastirenifiTt.-fc  ' 

thc^  extended  ^  titieg  oT  triangles  Trbni 'Paris 

site  po'yerj'  anS"'  W'  S^9^'  tWy  preseii'ted  a  n  ' 

iteir  embassadors' r&qucsiing|,'bur^ to- dperitFcif 

was  laid  Uefore'ftie  Royal  Sitietf  i  and  'MK'. 

iQ.^.diaJel^  dMired  to  coiyrive  ari  instrument  bl 

Mglea  cpuid  be  tal^'eW'tb  a  sufficient  det^' 

General  ^^'selecied  to  execiKetHebusISess on  bar  -sfdc'of ■  tJ*- 

(^hannel.     Iniy'^^'fce'rtieasured'a  basetetweeii'iRvestid'iii  rntlfes" 

in  Icngthpn  Jlounslow'Meath  :  byi^'Ramyeti'^  iiiiitriirteiii  'Wai' 

rot  Snished  till  July,  iy^j-    1  ft  ad  bfeeifi  'iiitiniatelr'acq.iiainfed' 

^ij|i  f|anj||den  from,  the  ti^c  I  went  'to'Rt^fiifeirHUi;  iind'iiiB 

rp^pmpicn^cd  m'e  as  an  asBU(iht'to,ih'di'GfrifeiW>  '','  '    '  ■" 

"jlini  17^  ani  itSS^  th*  triatt;^'le«  were^eirended  frofq  Houh*-' 
iRwj^^jh'tQ  Orecfiwficli'ftbsei'yatory/anJtfiSiifCtfiWo^^ 
vj^  (^^fit  Sussex,  ti-thft^'.^oast  ob^oiiij^'Fnbre';'  aiid"  fey  re-' 
ciproear.ob'se'rvatwns  ,acriiss  the  chantieT,  'c<3ide,^tfed  *riih  tho.ie 
of  J^^fench.  The  difference  pnondtude, deduced  from  ihis: 
op^i^^on  was  foun'd  to  be  Very  nearly  (he'same  as  that  qbtaiiied 
rf9fn'f\^\^est,asti:oftomical  otsetvatloDS.' 

"  G^jneral  Boy^a  accbiint  oF  (hig  tneasurerhetjt  is'.in  the  Pbilo- 
■^pl^Ifal  Transactions  j  but' it  is  not  aibgej^ier^hai^  itou'gh't  to 
Mve  j^ecn.  His  description  of  the  apparatus',  detail  of  bcfcur-- 
renceaVStc-  are  well  enough  ;  but  he  sholildndt  have  meddled' 

?;ith  tjie  [mathematical  part,  J^or  his  kn  wledge  did  not  'WtHnd' 
fyq^'Ptifne  Ttigonomei^y  1  drew  up  ,ihe' CDinpui<rtionB"in 
a^},  rorgijwhiGhl  ihoii^ht'the  most  prbp£;r'for'p[ibhcation,-but' 
he.  wtan' continually  making  aUcreiiqVis.  '  He'ditiHoi  ertn  inS^r-J 
ita'nd'tKe  rule  I'maiie  use  6f  [fot  finding'  the  txeeii  of  the  Aitr 
of  tfi^  ljff§e  q.ngles.of  a  spherieal  triangle  obbre^iSo*,  ('>pAit* 
tirice^Mtt' time' hit  'heeh'qtfoliS  as  Gi'ieral  Ro^'f  tktoTim*J 
qnd  i^ld  not  insert  it'  until  \e'lidd'  cansulted-tR'e  Hbit.'ffenff 
Caienciish.' Tot tQndbcimg  thebiisincss  in  i«eM!d,h6**e*er,feW 
Der.sons  coulif'have'been  loin'd  belter  qu^ified'thin  thi  'Genotilv' 
I 'bellev^'he  Was-ibe  best  lopogi-apheV  m  'Kngtand ;  ^dltntW  thcj 

"♦■it  U.1id*ii«ilveiyii«PlJ)'JlPI*.Mr,.IJJ6l.tif*.b»diii^?  ^^¥">.yi^ 

SiiMii:  "*Th>»  i^comAionlf called  ^-O'eScrafRiy'iTuIe,*  mi  givet,  bjTihi 
•'ih'lhtf-niilojophical  TriAsi«i6iiifer  r^Jo.-pt'ifi  J  iti»,  SMWrever.efoelo 
"  ihe  laie  Mr.  Iiaae  Dalbv.  who  wa»  ibcn  General  Rojr'n^wMaiH  m  (k-Trigoi. 
'' nOrtcttial  Surwejr,  *nd  for  KX^al  )r«?",;he,jwlFe.^o'!'l¥ffor,of  tjic  mwhe. 


(      202       ) 

situation  of  every  barrow,  cairn,  and  hillock  in  Great  Britain. 
He  had  iomethins  of  an  observatory  in  the  upper  part  of  his 
dwelling,  and  could  regulate  a  clock  or  watch  by  means  of  tran- 
sits. In  factj,  he  was  ready  enough  at  calculations  which  de-' 
pended  merely  on  the  lise  of  tables.  But  the  rules  whivh  he 
published  for  measuring  heights  by  the  barometer^  all  came ' 
from^  Mr.  Ramsden. 

"  Gen.  Koy  died  in  1790,  and  soon  afterwards  the  President 
and  Secretary  of  the  Royal  jSociety  requested  me  to  examine  his 
account  of  our  operations.  My  corrections  with  the  errata, 
were  printed  in  their  Transactions.  About  the  same  time  I  had' 
another  paper  in  the  same  publication,  on  the  figure  of  theeaith, 
deduced  from  measurement. 

^*  In  1791,  Mr.  Ratnsden  finished  another  instrument  like 
that  which  he  had  made  for  Gen.  Roy.  This  was  intended  for' 
the  East  India  Company,  but  some  dispute  having  taken  place 
about  the  price,  he  sold  it  to  the  Dnke  of  Richmond^  then  Mas- 
iter  General  of  the  Ordnance.  His  Grace  then  determined' 
|]i^itu:ipally  on  the  earnest  solicitation  of  Dr.  Hutton,  Professor 
ipf  Mathematics  at  Woolwich,  that  a  general  survey  of  England 
should  be  commenced  without  delay ;  and  I  was  immediately 
.engaged,  together  with  Colonel  Williams,  and  Capt.  (now  Col.) 
Mudge^  pf  the  Royal  Artillery,  (the  latter  being  strongly  re- 
commended by  Pr.  Hutton,)  to  execute  the  business.  Ten  or 
twelve  artillery  men,  mostly  artificers,  were  selected  to  assi&t  in 
the  operatixj^ns^ 

••,  W«  Jbegan  ^our  opjcratiops  by  re-measuring  the  base  oa 
Hounsjow  Heath,  wit))  a  stes:\  ph^in  one  iiundred  feet  long ; 
General  Roy  measu^'ed  it  wjlth  glass  rods :  the  difference,  how- 
ever, in  the  tws>  results  was  less  t^an  thr^ee  inches  ;  a  trtlty  re- 
markable cirpjumstance  J 

**  The  details  of  our  progress  wejre  printed  in  the  Philosophi-* 
cal  Transactions.  But  in  1798^  Col.  N|udge  and  myself  under- 
took ts>  .revise  Gen.  Roy  s  paper^  ,and  connect  it  with  the 
subsequent  accounts  to  the  end  of  1796.  The  whole  was  re- 
printed and  published  in  a  quarto  v.olume,  by  Mr,  Faden^  the 
geog^rapher,  Charing  Cross. 

/'  Colonel  Williams,  our  commandant,  had  now  very  Sud. 
deiijy^  taken  his  departure  to  the  next  world; — an /event  from 
which  th^  purvey  received  a  splitafy  benefit,  in  consequence 
pf  ColoQfil  ^44idge's  appointment  to  the  higher  situation. — But 
on  this  I  shall  not  enlarge,  rppoUec^ipg  the  old  maxim,  de  mor^ 
tuts  nil  nisi  bo  num. 

*•  We  usually  left  London  in  March,  and  seldom  returned 
^efore  November ;  and  consequently  led  a  sojrt  of  rambling  life 
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during  seven  mombt  of  the  year:  a^.our  encampments  were 
nciceivaf  ily  confined  m  the  iiighest  situations^'  i^xcept  when  uiea- 
^urifig  the  base,,  we  fomdtiniea  l!Oun4-  the  tcnu  to  be  very  un* 
comfortable  lodgings  in  boitterous  wet 'weather..  But  the  time 
had  now  arrived  for  another- change  in  my  occupations^  . 

**  General  ^rry  imd  Colonel  li^.  Marchant,  by  order  of  the 
Commander-m^chief,  the  Duke  of  York,  had  established  the 
Hililary  College^  at  High  Wycombe,  in  1799;  apd  Igot  n»y 
pneiem  shuaticMi,  in  consequence  of  a  l^etter  which  the  Colonel 
wr<^e  to  Captain  Mndge,  informing  him  that  a  mathematical 
master  was  wahtii^,*— I  was  afraid  of  'being  worn,  out  in  the 
aenrice,  being  then  more  than  fiCiy  years  old,  and  thought  this 
a  fair  opportunity  of  securing  a  retreat  from  the  fatigues  of  the 

field;   ■' 

♦•  The  «uVvey  still  goes  on  under  the. direction  of  Col.  JVIudge> 
We  had  carried  the  triangles  through  the  southern  counties  to 
the  Land's  End,  before  I  quitted — but  they  are  now  extended 
over  the  greater  part  of  England.'  *  .  ', 

Here  Mr.  Dafcy's  letter  suddenly  terminates.  He  proposed 
writing  another,  in  which  he  might  pourtray  the  characters  of 
Mr.  Retihen  Burrow,  and  of  ihe  celebrated  iZam^de/i,  in  their 
respective  departments ;  but  his  increasing  infirmities  prevented 
him  from  executing  that  task. 

Of  his  own  scientific  character  it  remains  for  another  to 
speak.  Considered  as  a  mathematician,  he  cannot  be  regarded 
as  profound ;  but  his  knowledge  was  extensive,  and  his  appli- 
cation of  that  knowledge  lb  practical  purposes  usually  success- 
ful. Lik«  his  eminent  contemporary,  Hutton,  he  hated  the 
meife  parade  of  science,  and  aimed  constantly  at  simplicity  and 

perspicoity. 

Besides  the  valuable  papers  on  the  trigonometrical  survey, 
the  figure  of  the  earth,  &c.  published  in  the  Philosophical 
Transactions,  Mr.  Dalby  prop6sed  and  resolved  a  number  qf 
curious  and  interesting  problems  at  different  times  iii  the  Ladies* 
and  BurrbwV  Diaries,  and  other  periodical  publications  of  that 
kind ;  and  soon  after  his  appointment  to  the  Royal  Military  Col- 
lege he  published  a  Course  of  Mathematics  for  the  use  of  the 
Students  of  that  Institution,  a  work  of  great  utility,  and  which 
has  how  reached  a' 5th  edition.  ^  ^  ^     ^ 

In  his  various  transactions  and  intercourse  with  mankmd,  the 
subject  of  this  sketch  was  regarded  as  honourable  and  upright ; 
he  discharged  attentively,  and  for  many  years  with  great  ac- 
tivity, the  duties  of  his  successive  appointments ;  and  they  who 
knew  him  intimately,  were  charmed  with  his  society. 
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' 'i^My^A^o%,i:{f4  mnbz  Ai^/n^  MiutuQV  tAnOm)^^  ^nti^M:^ 
]^ea(e«t^matlieinitioiaD8;oFiiroodertiiitiiiie8^  Sfms^iH^m^M  '.Btsuxh 
in<dm:^rt-'Auge,  initfce'cle{»«tm«nt  of  >CaIva;{QS^joa  :jlb€i9<9ii4(flf 
March,  r^AS*  \^^  ^^  of  2t;AAcKLWf,^>whikji(widiOidy^ibiy[kiii 
dii)ly^*to}|/*{M^OGureifobUtudtfaihd<ium     the  iitj(JGll>  aeo^ar  ies 

trmtt'  ^hig^ti^rYimi  vyeans,!  pmccircd  obtiTi  !<ihe  >4>9t«iuiflige4Q£ ijnoqic 
lri^h>4i^WidlMlsv  whotion()i0rtook 

Md  4ac]Mtat«d<^»tD  iniinvahe  means  »fvitiidyi9g^itb»/nMUie«ialica9 

4W  Whitth  «)>e:ievfnQetii:af7  uiMomiiiomafiftitJjaAei  /  /lii^  prfignsv 

^as  BOt^id;'4hat'WbiW  yet  very  youiu^^ibejii^MapjMMiitediJBrQ^ 

fessoF  ol  that  science  in  the  Ccrfhege  or  his  native  town  ;  httCtifll 

diinitualioh  heire{naiiied:only>ia mci^  Aoxttdm^j .  Ismtigaled  by 

^ke  ^eft<Te>  of '^quiric^  la-doore  fMTQfounci.iknowledge  ^of  jUib 

tfeien^es;  Mid«  «( -ol^aining-giieatfimf^ciifiJieBifQrriStudyyXil^ 

moved  to  Paris,  where  the  great ipnaficiencythfi^h^Klijakfady  mde 

^siMMi  iacquired  hilO'Triends rand >jproteaors;/taflDong&thl^$» 'the 

4Htt&ti»ioti8'<d*^Alembert;v.who,.inxscmiefmeasure,  ^wtsUid  Jbisifivst 

M^ps  tin.Hbe  '(Barker  of: -science,  aindnwJiQv/did »4i.0ti«fail^> IP. ^ 

coglikse  :iti>tiietyouBg<:geometec^  one  ^l»oiiiihA<Moii|4i;|S^^^ 

have  for  a  rival.     Laplace  profited lo>»^eiliby;|hfbW#Q.IISiPf/M»l^ 

^etti^tiiaster,  that'ins  short  timQihe<»ig]ii^liaea.bii»iftlf  jby  th^ca« 

^iat 'disayfefyf oF^  the  in variabilaty:  of i : the  in^Pjdiif^it^es  j^^ii^ 

-j^nets'^^om  Ihe  sun^^^and  by  5ravft9m>.memQirfi..\rhj^h(:b/9.l)s^^ 

<iO  p«Mish ioa>  subjects: of  title,  higbestamf^rtaace.  •  I'iRlv^fi^  :^^)^ 

^ere^Mkie^underthe^Mspixses:  oL  thei  pjrmdfint  S?^oii«,il,q  wl^con 

4i€hEdieAioat|9dihi^wofks;(saod  who  de£r4rqd:2ttej^P^9i;«tPJ sil^!^ 

publication*    Laplace,  already  a  skilful  courtier„  ha4A^:.^44f^ 

.spi'*Arawi4te/4a«io^<iadv!antages^ift'06^  O^\ihkl^d0^^f^^l  he 

/appeaMd'ifreqoentlfyi  hefoceri^e  j^I^C,, :ijS^4f40(4i»  ap^^^e^  -a 

)ttftmmiM  Son  »  knowldige  ofs(lh6iAr4i«A<;€^Pd4Mal,||Q{^y^^^ 

«qualledji3oiiiyAy:uhabio£iLagi»fige.    W;Uh*5o??i?lwh  Jl^WHY 
vifce'c^mldtitbtKptmain  ikmg.«ifsili|iott^.wi^yr»ftf)^a  Jg^^^f^  4^;^.- 
4«i:dtf9«iait«i»vredihr«Qntr«^'.iO)#ufiQfic»d,Bfi?9^^^ 
J»il)ri  o€ifc»«x»tiiiner  ofi  ;^e>niioyali .C^f ps,  tjf x; Afti^Jf gy^,  ^l'  oJSiqe 
^k^iA  i]|Mpawd 'the;way :  fjofl  6*jtbpr  4p^f^ 

studied  much,  and  was  as  ambitig^$;Q|Jitj|^i|yibp^i)fSv^r9i,I^- 
njiliiafriafipbniseirwasrtiRjy^  ^w^rity•fiQ|triy^^!r%;9^?9g^ii(f^A  he.  was 
;jldbit«»d  imo  the. Academy  pf  SQie^c%;vt)iCi^;^i9i^rf^p^;s^|)ich 

-wsero-eigeii  tx^apfupoprtate  j^hejsplqqdid  ^^Iwiftsbyr^^if^fH^y^  ^^^ 

4^«adyjreaBonato*««pect;<#P'iWlich  Jy^stfe  i\yeuld  He|/eg!^pte4 

on  their  o.wn:faody.  i  fiesid^s§ihi$:ia4mi;^ioq.ij|[as.  no  i?;ip^e,^..t^^ 

an  act  of  justice.     It  would  have  been  impossible  to  have  pre* 

ferred  a  geometer  of  superior  merit;   and  the  zeal  with   which 
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tnSfrf  flurlhg'^'pcriocf  of  si^ty  years.  From  this  .time  hedlrectc^ 
hu  'lii^dit'atidhft  to  tfxfe  riseaYch  of  the  laiws  whfch  govern  the 
tsniverse,  afad'occiajited  lwrttse|f  witK  the  esfatWishment  of  man^ 
ana|^ticat^t:H\gi7r6tti$  which  lead  to  impoi'tant  applicattqrtaj  ari(f, 
if  £he  isaaie  .tiiAb;  ionteitiplated'^a  revievr  of.  the  theory  of  Pror 
BafeiUtles;  of  WBtttf  hrkag  gfeatly .  eJucidatjfed  the'dQctrines,  ex- 
teiidcfd  tikW  applifcati6its,  and  aJxpToximatM  the  caVciibitionS  f0 
ctTt^itityi  Iri  i^^iJ',  Xftpl'aie,  tvhofee  irtdefaiigable  ie^l  never 
i^fak^a,  aia  h<Wiaie  to  th6  Cotincll'  of  Five  Hundred;,  by  iht 
Wb?k  wliicfi  wis  m&  ffuiV  of  his  rfights  of  l^oUn  The  E'jtpol 
siliSH  of  tfidSyst^*  of  th6  Wc^rd,  WJiich  he  ttow  puhlishedi 
WWsrecelVbdvrt^H'adniiritibn  hy  thfe  l^i'ned,  ahd  citiied'a  sensa- 
tfoti  thitij^hiiiiif  Ev(tbp€.  A^feW^  feM  h^fore  this,  he  had  ma^i 
She  6i  i  depiit^ibii  Wkd  pfesiei^t&d  khetHselVe^  at  thi^  bar  of  thb 
Kfatibbif  CW^ettttbft  to  stJ^ear  etethar  hatred  ag^ipsi  royalty  s 
(hd  litai^r  l^^d  HOW  hecoTtiti  Caltti,  and^^these  revolutioniiry  parades 
feeiiig  iid  feriger  ill  Seafson,  it  wks'  n^cessafy  to  h4v6  recourse 
i^^  dtlielr  tliMidds  of  acqUtrihg  hbtoriety ;  he  therefore  pro:. 
j^s^dtqrM^  cdlte^gUei  ol  the  Institute  tb  bffei-tothe  Represen- 
'MiH  of  ihe  P'^o|>l6  *n  ahntial  account  of  their  labours.;  aiid  he 
U|ij^<bSired  ^  tft%  fteatf  of  the  members  who  were  Charged  with 
tnis  hiii&ibd.  tn  the  diseb'utire  which  he  pfonoUriced  ott  i'hh 
6cci^dti^  h^  "ffec^itukted  the  rtaiiies  of  ill  the  great  men  who  ha| 
'AoHeliJto^iii  to  ¥t^ht6  by  th^ilr  genius  txt  iSeir  learning,  and 
WirdfericfSi1t<ya(ih!'Ag;hbrtiig6  t6  the  memory  of  his  benefacior, 
Ae  pteildeht  S^rcAi.  After  the  ifth  JJ^ii^airctgth  NoVcmberlL 
t799,  Laplace  Wk%  k^pbi'hit^d,  by  the  Con'suls,  to  the  mimstiy 
m  tncj  ihteiSor,  fe^  he  Wa^cAliged,  in  tte  tburse  of  a  few  weeks, 
\6  resigA  tMs  M^  offiae  irtte  die  hand*  of  Luden  Bonapaii;©. 


tfiougn  ne  consraerea  nrmsrert  an  acconipiistiea  a  ^tatesmati  as  ne 
WSiS  TiniVei'sfliy  -^IFowed  to  lye  a  fhrolouttd  mathematipian,  lie 
'cbatdlii^cJr-ii:dulc5i[t^*thh  6pitiibn  on  Bonapatte, 'Wlio,  tn  ot^cr 
1t^ipytis^'^&  ^^dr^^hpo^iAto  shew  liM  favbUr,  ahd  do  j 


ustite 


\6  nrk  'rW&cMWmdxikii.    '^  A  %etm^)kr  of 'the  tost  ordet^  wroi^p 
fee  W^fer^^^l^fae^'q^t'e^^^  :a  mitiittet  bdlcfwmerfi- 

htH^.   ^i  VafySftt  6f»cial  a'ct  'Cott^^ikcek  us  fhalt  we  ^ad 


"^^icimd'birhifl^fis'With'riig^d  ^to'Mm.  L^pbde  iiever  Wized 
"iSy.  bhiJsaon  ih^it'^Hfttfe  pbirit  cff  ^\^iew;  'he  bought  ifter  subtle- 
lie$'€Vti^tlrhefe';'hi$ Ideas  Wtt-e  prbbleinatical,  apH  be  cutrfed 
*^fce'Wirit-bf -fAMit^irhkls  ^rtto'the  adtnini^trat^^^^^^       After  a 
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he  became  Chancellor  of  u  the  following  month,  and  received 
the  Grand  Cross  of  the  Legion  of  Honour.  In  iSojt  when 
the  imperial  government  proposed  to  efface  the  last  traces  of  the 
RepuhiiCi  Laplace*  who  never  lost  an  opportunity  of  paying 
court  to  the  ruling  powers,  hastened  to  make  a  report  to  the 
Senate  on  the  necessity  of  re-establing  the  Gregorian  calendar, 
and  of  abandoning  that  of  the. revolution.  In  181 1,  he  became 
President  of  the  Maternal  Society;  two  years  after,  he  was 
nominated  Grand-ofticer  of  the  order  o^  Re-union;  he  had  been 
Count  of  the  Empire  since  i8o$.  Loaded  with  all  these  favours 
by  the  kindness  of  Bonaparte,  Laplace,  in  1814,  actively  con- 
tributed to  the  overthrow  of  the  man  to  whom  he  owed  them  ; 
he  was  one  of  the  first  to  subscribe  to  the  subversion|of  the  impe- 
rial throne,  and  to  vote  for  the  re-establishment  of  a  provisional 
government.  Although  the  charge  of  ingratitude  is  not  extremely 
.rare,  yet  on  the  restoration  of  the  Bourbon  family,  he  was  re- 
warded for  the  facility  with  which  he  had  abandoned  his  ancient 
master  by  the  title  of  Marquis  and  a  seat  in  the  Chamber  of  Peers. 
On  this  occasion  he  maintained  the  engagements  he  had  con- 
tracted in  accepting  a  seat  in  the  Aristocratic  Chamber  of  the 
kingdom,  and  during  the. hundred  days  he  did  not  make  his  ap- 
pearance at  the  Tuilleries.  In  1816  he  was  chosen  a  member 
of  the  French  Academy,,  of  which  he  was  president  in  1817. 
He  was  also  one  of  the  lounders-of  the  Societe  dCArcueily  com- 
posed of  persons  who  consecrated  their  labours,  and  even  their 
fortunes,  to  the  promotion  of  science.  He  died  oh  the  27th  of 
March,  1827  ;  and  his  last  illness  was  attributed  to  the  chagrin 
which  he  experienced  on  account  of  the  pasquinades  of  which 
he  had  become  the  object  in  the  public  journals. 

As  a  mathematician  and  a  philosophsr  Laplace  must  be  re- 
garded as  one  of  the  most  highly  gifted  men  who  ever  lived.  In 
the  course  of  his  Ions;  and  brilliant  career  he  had  the  glory  of 
completing  what  had  been  begun  by  the  genius  of  Newton  ;  and 
like  that  great  man,  whose  sublime  meditations  on  the  laws  of 
the  heavenly  motions  would  have  bten  su'fficient  to  aih&orb 
any  inferior  intelligence,  he  could  descend,  so  to  speak,  to 
the  phenomena  of  our  own  earth,  and  give  a  new  character  to  the 
study  of  that  nature  with  which  we  are  so  intimately  surrounded. 
^Yo  his  refined  and  comprehensive  views,  seconded  by^the  most 
ingenious  methods  of  the  ^alculus,— to,  the  persevering  sagacity 
which  formed  a  distinguished  feature  of  his  character— we  arc 
indebted  for  the  first  germs  of  that  mathematical. system  of  cor- 
puscular philosophy^  to  the  perfection  of  whicli  the  highest  ef- 
forts of  the  human  mind  will  henceforth  be  directed.  Newton 
comprehended  in  a  single  thought  the  constant  laws  which  act 
on  matter,  and  what  is  not  less  worthy  of  adiniration,  he  indi« 
cated  the  greater  part  of  tlie  ^consequences  of  his  principle. 
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¥^hich'  have  berii  developed  by  time  and  assiduous  observation. 
But  there  is  a  vast  distance  between  the  anticipative  views  of 
that  great  genius,  and  the  perfect  appreciation  of  phenomena, 
and  their  comparison  with  experience  which  constitutes  the  as. 
tronomy  of  the  present  age.  The  labours  of  Clairaut,  d'Alem- 
bcrt,  £uler«  Lagrange,  and  Laplace  were  necessary  to  bring  it 
to  this  perfect  state ;  and  the  appearance  of  the  M^canique 
C^16ste  in  1799,  formed  the  complete  development  of  the  book 
of  Natural  Philosophy.  Posterity  will  regard  Laplace  as  a  great 
philosopher,  who  endeavoured  to  explain  nature  by  the  appli*- 
cation  of  geometry ; — an  application  by  which  he  has  given  the 
theory  of  capillary  attraction  ;  determined  the  degrees  of  pro- 
bability of  different  methods  of  the  calculus  applied  to  a  great 
number  of  observations; — arrived  at  the  laws  of  the  flux  and  re- 
flux i>f  the  sea.  which,  in  spite  of  all  the  arbitrary  elements  on 
whi;ch  they  depend,  he  has  expressed  by  formulas  which  repre* 
sent^  with  singular  accuracy,  observations  separated  by  an 
interval  of  centuries.  By  the  same  means  he  discovered  the 
cause  and  the  measure  of  the  secular  inequalities  of  the  moon, 
and  those  of  Jupiter  and  Saturn — problems  which  had  resisted 
the  eflforts  of  all  preceding  geometers :  detected  among  the  nu* 
merous  periodical  inequalities  of  the  moon,  those  which  depend  on 
the  solar  parallax,  and  afford  the  means  of  determining  the  figure 
and  compression  of  the  earth,  so  that  an  astronomer  without 
leaving  his  observatory  may  determine  the  form  of  our  planet,  as 
well  as  its  distance  from  the  sun;  and  to  shorten  this  very  incom- 
plete enumeration  of  the  great  results  with  which  he  has  bene^ 
fitted  astronomy,  he  has  unravelled  the  complicated  laws  of 
Jupiter's  satellites-i-a  problem  of  which  the  peculiar  difficulty 
consists  in  a  circumstance  regarding  the  motions  of  the  three 
£rst  satellites  unique  in  the  system  of  the  world,  and  which  he 
has  seized  with  a  prodigious  perspicacity.  But  it  was  not 
enough  for  Laplace  to  have  traversed  the  heaven  of  Newton, 
and  to  have  there  inscribed  his  name  beside  that  of  his  illustrious 
predecessor;  he  carried  his  calculus  into  regions  less  known,  and 
guided  by  a  genius  no  less  penetrating  than  vast,  descried  in 
the  molecular  construction  of  material  bodies,  so  manv  new 
systems  of  worlds  still  obeying  the  laws  of  mechanics.  The 
introduction  of  mathematical  considerations  into  this  class  of 
phenomena  is  of  vast  importance  to  natural  philosophy  and  che- 
jnistry.,  .Descartes  caught  a  glimpse  of-  this  application  of  me- 
:Chanics«  Newton  partially  introduced  it,  but  it  was  reserved 
lor  Laplace  to  establish  it  on  irrevocable  foundations,  and  open 
up  a  wide  field;  for  the  researches  of  his  successors. 
,  The  labours  of  Laplace  were  continued  without  interruption 
during  the  long  period  of  sixty  years.  His  scientific  life  is  one 
of  the  fullest  that  can  be  cited ;  and  if  feeundiiy  were  not  it- 
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»elf  one  of  the  miracles  of  geniui,  it  w0trkl  be  difficiih  to  belrctc 
in  the  srlmost  itidrvellotis  extent  and  variety  oi  his  service*  to 
science.    His  activity  and  ardour  contitiued  unabated  to  the  very 
close  of  his  life ;  fifteen  days  before  his  last  illness  he  read  to 
the  Bmeau  of  Lbng»itudes  a  memoir  on  the  oscillations  df  tbfe 
atmosphere,  which  has  been  published  in  the  Connoisancti  dts 
Tempi*     He  had  begun  the  impression  of  a  new  edition  of  th^ 
Bysteme  du  Monde  ^  was  preparing  a  new  Supplement  to  the 
Micanique  Celeste ;  and  th«  7th  volume  of  the  Memoirs  of  the 
Academy  still  cotitain^  si  p&per  by  him.     The  influence  he  ex- 
i^rcised  on  the  progress  of  mathematical  and  physical  knowlcd^ 
was  immense.     The  crowd  of  active  and  enthusiastic  youths  hf 
whom  he  was  constantly  surrounded  were  taught  to  seek  glorjr 
by  t)erfecting  methods  of  calculation,  instruments^  and  mearis 
of  research ;  and  sent  forth  to  conquer  nature  by  new  facts,  dtld 
new  methods  of  observation.  In  this  sense  he  liisly  be  said  to  have 
founded  a  school.    The  Aragos,  the  Guy-Lussacs,  the  Poissoni, 
the  Biots,  are  among  the   disciples   he  fornifed.     Among  fo- 
jeigncrs  he  has  always  been  honoured  with  a  sustained  admira- 
lion  s    ahd  Frar.ce,    notwithstanding  some  weaknesses   in   his 
character,  will  long  be  ptoud  to  reckon  him  anlong  those  of  her 
ions  who  have  contributed  the  most  to  illustrate  their  Country. 
Lapliace  is  one  of  the  few  meh  of  science  who  have  been  distin- 
guished in  the  belles-lettres.     Hi^  works  are  written  with  equal 
perspicuityi    elegance,  and  purity,    and   afford   an  illustrious 
proof  ttjat  scientific  disqaisitidris  do  nbt  exclude  the  merit  of 
style;     Hii  Exposition  iu  System!^  du  Monde  ii  a  chel  d'oeuVrfe 
of  lucidity  and  precision. 

The  works  which  We  have  of  Laplace  are :— First,  Theory  of 
the  moliohs  and  of  the  elliptic  figures  of  the  Planets,  1784,  ih 
4I0. ;— Second^  Theory  of  the  attractions  of  Sbheroids,  and  61 
the  figure  6f  the  Planets,  178^,  it)  4to.  5— Third,  Exposition 
of  the  System  of  the  World,  1796,  2  vols.  8vo.,  i799>^^4}^*; 
4th  edition,  1813,  in  4to.  or  2  vols.  8vo.,  5th  edition^  revised 
End  augmented  by  the  autht>r,  1824,  in  4to.,  with  pottrait,  ox 
ft  vols.  8vo. ;— Fourth,  Treatise  t)f  the  MteantqUe  Celeste;  17^8, 
2  vols,  in  4to.,  torn.  III.  1803,  in  4to.,  torn.  IV.  1805,  in^to. 
toAi.  V.  1825  -.—Fifth,  AnalylicalTheory  of  Probabilities.  1812, 
in  4to.,  grd  edition,  1820,  itt  4to. ;— Sixth,  Philosophical  Es- 
says on  Probabilities,  1814,  tn8Vo.,  5theditioni  1825^  in  8VO.5 
Seventh,  P/tfc?*  of  the  History  of  Agronomy,  1824,  in  8ija. 
(This  is  no^w  printed  ^ith  the  E^epositlon  of  the  System  of  the 
World) 5 -Eighth,  Fiotihh  Supplemeiit  to  t&e  Theory  of  IVo^ 
babilities,  1825,  in  4to.  He  has  besides  given  a  grieat  nnmbfer 
of  memoirs  in  the  Journal  6t  the  Polytechnic  School,  and  e*^ys 
in  tbe  Connoiuance  des  Teitips,  &c.  ^ 

Fram  tU  Biogmphie  mi^rsMe  et  Partattve  €es 
ContempG^ains. 
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ARTICLE  V. 


Solutions  to  Questions  proposed  in  No.  XIX. 


I.    QUESTION  471,  iy  G  V, 
Draw  a  normal  to  a  given  parabola  from  a  given  point. 

First  Solution,  hy  L. 

Let  ACB  be   the  given  parabola,  ce  its  axis,  p  the  given 
point,    KPE    the  required    normal; 
draw  the  ordinate  kf  and  the  line  pd 
perpendicular   to   C£.     By    similar 
triangles    kf   :    fe    ::    dp    :    d£; 

wherefoi«  kf  X  de  =.  fe  x  !>?• 
But.  by  the  property  of  the  parabola, 
FB  1%  equal  to  half  the  parameter, 
and  OP  is  a  given  line;  therefore 
KF  X  i>£  —  a  given  space.  Take 
DH  =:  F£,  and  through  h  dr^w 
MHM^  perpendicular   to   ce,    then 

FH  z=  DE,  and  KF  X  DE  zz  KF  X  FH  a  given  space.  Where- 
fore the  locus  of  the  point  k  is  a  rectangular  hyperbola  passing 
through  p  the  asymptotes  of  which  are  the  straight  lines  C£ 
and  MM^  ' 

Wbe0  the  poiat  pis  in  the  axis,  the  iocus  is  the  straight 
line  MM^ 


Second  Soltjtiok,  by  K.N. 

Let  p  and  q  he  the  ordinates  of  the  given  point,  xand  y 
the  co-i>rdinates  of  the  required  point   in  the  curve.     Thefi 

q — y  •=. — '  j-(p  —  x)h  the  equation  to  the  normal  at  the 

|\oint  xy  w>hich  fko  fiasses  throug];i  the  point  pq.    Also  if 

dx 
ym-^n  ^  ^m  ^n  l;)e jthe  equation  to  the  parabola,  then  —  -^   =^3 

•  .  -  .     Therefore  a  —  y  = •  -—  (x  —  p):    irom 

n         y  I      J  n         y   ^ 
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this  equation  and  the  equation  of  the  curve,  the  values  of  x 
and  y  may  be  found,  and  the  normal  may  therefore  be  drawn. 

If  m  z=  1  and  72  =:  i,  the  parabola  is  the  common  one,  and 
fiy'  +  (<»'  —  sap)  y  zi  fl'y  :  From  which  y  and  thence  x  may 
be  found. 

This  question  was  also  answered  by  Messrs,  Baineh,  Davies, 

an^GoDWARD. 


II.     QUESTION  472,  by  Phantom. 

In  a  plane  triangle  let  r  denote  the  radius  of  the  inscribed 
circle,  r,  r^,  and  r'  the  radii  of  the  three  circles  touching  the 

sides  of  the  triangle  externally ;  then  will-  = --  +   -7  +    ~/l 

r  R  R  R 

required  a  demonstration. 

First  Solution,  by  Mr.  T.  S.  Davies,  Batk* 

r  .  R  .  r'  •  r'^  z:  r'  X    semiperimeter  (Gent.   Mathematical 
Companion,  No.  xxii.  or  Phil.  Mag.  vol.  ii.  N.  S.  page  28.)  = 

r*{R  .  r'  -H  R  .  r^'  +  r'  .  R^''}  (Repository,  xvi.  p.  5.  Comp. 
xxvii.  or  Phil.  Mag.  ubi  supra.) 

Hence,  dividing  by  r*  .  r  .  r'  .  r^'  we  get 

r  R  R^  R''         ^ 

Second  Solution,  by  Mr.  John  Baines,  Thornhill^  near 

Wakefield. 

Denoting  the  sides  of  the  triangle  by  or,  6,  e,  we  have,  by  a 
well  known    property,    twice    the   area   ^  r\a  ■\-  b  -\-  c)  ^ 

R  (^  -r  c  —  a)  =  K^  [a  —  6  +  c)   =   r^^  (a  +  6  —  c) ;    hence 

1  6  +  e  —  a        1  a— ft+c  ,    1  a  +  ft— c 

5  and  --  = 


R  "  r(a^b  +  cy   k'  ^  r(a4-6+c)'         r'^  ~"  r(a-*-6-i-0' 

and  consequently  —+—74 r,  =  -r — n r  +  -7 7-;— r 

^         '^   R         r'^    r'^       r(a  +  6  +  c)      r^a^b^-c) 

,         ^  +  ^  — g      ^       fl  +  ft  +  g      _    1  ^     r.    ;) 


Afr.  Godward  answered  it. 
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IIL    QUESTION  473,  hy  Gi  V. 

Let  the  sides  of  a  triangle  be  a^  b^  c  and  its  angles  A,  B.  c. 

T>     *      ,       f^  +  6  +  c)*  sin  A  4-  sin  B  +-  sin  c 

Prove  that  ^      '  '    — 


4  .  area  cos  A  +  cos  b  +  cos  c  — ^  1 

First  Solution,  by  R*  N. 

If  r  be  the  radius  of  the  inscribed  circle,  then  —  = 

r 

.,      .  r  sin  i(B  +  c)  sin  J(b+ c)  sin|A 

cot  IB  +  cot  iC   ==       .      ;        .      ,         =     -: ^         .       J r-~—  =Z 

*  ^  sin^Bsin^c  sin  I A  sin  J  B  sin  Jc 

g  cosjA  sinf  A  sin  A „ 

ssinf  A  sin|B  sin^c  2  sin  ^A  sin^B  sin^c  * 

tf  +  6  +■  c  sinA  +  sinB  +  sin  c         .,  ,        /    .  ji  •    , 

=:  — r-; — r— — !~v-  •    Alsowehave(tf+6+c)r 

r  2sin|Asin|Bsin|c 

=  s  area  of  the  a  ;  therefore  — =  —  •     Therefore 

4  area  2r 

(^  4-  fe  ^  cY  _  sin  A  +  sin  B  +  sin  c  _ 

4  area        ""  4sin|A  sin  |b  sin  |c 

sin  A  +  sin  B  -+-  sin  c 


8  )  cos  i(A  —  B)  —  cos  f(A  -f  B)  ^;  .,  sin  \Q 

sin  A  +  sin  B  4-  sin  c      

siiii(A+c-B)+sln|(c+B-A)  +  sini(A  +  B— c)+smi(A  +  B  +  c) 

^     sinA-hsinB-hsinc    ^  ,i„ce  x(a+ b-c)  =  i(a  +  b  +  c) 

cos  A  -f  COS  B  +  cos  C  —  1 

—  c  =  90°  — c;  and  .-.  sin|(A4-B  —  c)  =  cose. 

Second  Solution,  by  Mr.  Wm.  Godward,  Wakefield. 

9  area 
Put  J  r:  i(a  +  6+c) ;  then  by  trigonometry,  sin  a  =  — g^  ; 


,I„B=  t^^,  andsinc=  i^;  hence  sin  a + sin  b+ sine 


abc    ^                         abc 
Also  cos  Ar;  ^ ^^^ ,  cos  b  =    — .   *nd 
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=  Li-  K  f  >i;  thejefj^r<  cp*  4  +  coi  b  +  co»  c  —  1  = 

Wli^nce  by  decomposing  t|iis  expression  into  factors  we  have 
cos  A  +  cos  B  +  cos  c  —  1  =   -r-  .  (^  +  f  —  fl)  .  («  +  c  —  i) 

-,,       -          sin  A -^  sin  B  +  sin  c            ^         C^+i  +  r)* 
Theretore —   —  -  ^^     ^ 


■»■   ■  »■ 


cos  A  +  cpsB+cos^— -i        are^  4  ieirea 

i/Us4f$^  Bain£5  and  Davibs  answered  this  Question. 

IV.    QUESTION  474.  Ay  X- 

Betennine  jr,  y  and  2  from  the  three  equations 

a^  +  xy  +  y^  =  a 
a^  -^  xz  -^  z^  zz  b 

y*  +  yz  -^  z^  zz  € 
a,  6,  c  tusdx^  g.iy.en  numbers. 

First  SoiiUTIon^  £y  il(fr.  Davies,  £tf/A. 

a:*  +  ;ry  +  y*  zi  a  =  28 (1) 

jp*  4-  .iv«  ,+  a«  =  6  =;  21 (2) 

»*  +  y*  +  2*  =  ^  =    7  .  •   (3) 

Subtract  (2)  from  (1),  and  (3}  from  (2),  and  we  get 

xj,y  —  z)  +  y*  — z«  =  ar  +  y +  g  .y  —  zzz  a  — J. ...(4) 
2((P — y)  4*a:^  —  y2=2  a?  +  y  +  a;  .  w-^yzzb — c.jffi). 
Divide  (4)  by  (5)  and  we  jret  

^— —  =  7 or  0?  =  ^ 1 ,   dr  puttmg 

X— -y        tf — c  a  —  b  ^        ^ 

a-^  c  b-^  c  .   .  ,-, 

r   =  A,  —    r  =  B,   It  IS  A?  =  Ay  +»  B2  . .  .  .fo). 

a  —  b  a  —  b  ^  ^  ^ 

Insert  this  value  of  x,  {from€)j  in  equiuion  {2^)  and  we  obtain 
the  homogenous  quadratic 

A* .  y*  -rjr  2B  +  "1  .  A  .  yai  +  b'  +  B  +  1  .  »*  =  i . . .  47) 


t    tiS    ) 

The  equitions  (^)  and  (f)  eoiribitied  iti  any  of  theiiHitfabds 

applicable  to  the  caseivill  gitre  the  values  of  j^andt;  and  by 
means  of  these  values  and  equation  (6)  we  find  the  value  of  x. 

A  single  example  adapted  to  the  numbers  which  I  have  an- 
nexed to  the  original  statement  will  be  sufficient. 

In  this  case  we  find  A  =  3,  b  =  —  2,  and  our  equations 
become 

9/— 9?^  +3^^  =^1 (f) 

y2+    yz  ^    t"^  =    7 (3'). 

Put  y  —  vz  in  these  equations  and  divide  (7'')  by  (3^)  which  giy^* 

pr* — gv  +  3  _ 

In  equation  (3'')  write  22  for  ^,  and  we  obtain 

2=1;  then,  also^  =  2s  n  2,  and,  Jt  z:  3y  —  22  zz  4. 

These  are  the  equations  which  express  the  lines  drawn  from 
the  angles  of  a  triangle  to  a  point  within  it  such  that  their  sum  is 
a  minimum.  See  Peacock's  Examples,  where  it  is  stated  that 
the  elimination  leads  to  2l  fourth  power. 

Second  Solution,  ^j^  Mr.  Wm.  Cod  ward,  WakeJUld. 

Making^  =:  mx  and  z  —  nx  the  given  equations  become 

x*(m'  +  «•  +  1)  =  a 

x\n^  +  «   +  1)  =  i 

x^(m^  +  iw»  +  n«)  =  €. 
Hence 

,  _  a b c 

These  equalities  give 

»'  +  «  +  1  =  -    (m*  4- «  4-  0 (b(- 

'a 

And  by  taking  (b)  from  (a)  we  obtain 

c J 

Hence,  by  J>uttihg  -CZ-.    zz  d,  we  have 

n  =1  -, (»!«  +  «+  O  — (^  +  i)- 
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This  value  of  n  substituted  in  equation  (b),  and  the  result 
divided  by  the  trinomial  w^  +  m-+-  i»  gives    . 

This  equation  reduces  to  the  quadratic 

Let  us  now  take  an  example  in  numbers,  viz.  a  =  a8,  *=  172, 

and  c  =  fto8 ;  then  d  =  ^-=^  =  ^.    These  values  being  sub- 

a  7 

stituted  in  the  final  equation  give,  by  reduction,  m^—  —^    — 
i.    the  resolution  of  which  determines  w  =  2  and  n  = 

-£-(,«*  +  «  +  i)-.(m  +  i)=:6.     HeDce^=(^q:^j   =^ 
2^  y  zz  mx  zi  J^t  and  z  zz  nx  zz  12. 

Third  Solution,  J;'  Mr.  John  Baines. 

Put^  =  wx,  and  2  =r  ua:,  then 

ac*(i  ^  m  -^  m^)  zza..  ..(1) 

jp'(i  4-  «  +  «M  =  ft. •..(2) 
and  ;t*(m«4-w2n4-«*)=  c....f3). 

Dividing (1) by (2)    ^a^^^/-=  5  ••••(4) 

and(3,by(2)-^-3p^^-:pp-=^....r5)       ^. 

C      '  (I 

Subtract  (4)  from  (5)  and  m[n  —  1)  =  — j-  (n-  +  n  +  1)  — 
^fi^ —  1)^  which  gives 

m  =r  ^^^  (^\^^      y  —  (»  +  i)....(6). 
Substitute  this  value  of  m  in  (4),  or  in  its  equal,  »i*  +  wi  +  l 

=   T-(«*+  «+  1),  and 

fc-ay     (n^+w-f  iT  _  2(g>>-fl)     (w  4-i),(«*+ w  +  i) 
V    6   /    *     (n  —  ij*  ft        *  «  —  1 


Clewing  this  last  of  its  denomiflatof  {n  —  i)«,  and  r edueing.  It 

IS  observable  that  the  whole  is  divisible  by  «*+«-+-!,  and 
nence  vrt  have 

«  -^0«^-p|  —  p^  and  (hii  by  farther  reduction  becomes  . 

Consequently,  completing  the  square,  &c. 

From  thi3  value  of  n,  m  may  be  obuined  by  substituting  it 
in  (6),  and  thence  x,  y,  and  z  from  (i)  and  the  assumptions  at 
the  beginning. 

JEx.    If  a  rr  1,  6  mfi,  dhd^rr4,  ^e  haven  *-'8V^^^,+  ^^ 


3       7 

i'35622ji,  &c. 

V.    QUESTION  475,  by  G.  V. 

Shew  how  a  straight  line  may  be  drawn  ta  touch  a  given  cir- 
cle  from  a  given  point  either  in  the  circumference  or  without 
the  circle  by  meahj^  of  a  ruler  only,  without  employing  com- 
passes, r    /     o 

'    Solution,  by  Mr.  Davies,  Baik4 

Let  A  be  the  given 
point,     and    situated 
CFtg.  ij  without  the 
circle.  Draw  any  three 
lines  from  a  td  tut  the 
circle  in  b,  c ;  D,  e  ; 
F,    G,     respectively. 
Join  D,  c  Sind  fi,  E 
intersecting  itt  H,  and 
B^^  and  OF  inteiP^ed-* 
ingini.    The  line  hi 
bein^  4rawn  will  cut 
the  circle  in  k;  l,  the 

VOh.   V.    PART  I.  fi  B 
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points  of  contact  of  the  tangents  from  A.     This  has  been  rto- 
peatedly  proved. 

Fig.  9.  When  the  point  a  is  in  the  circumference.  Take 
any  point  k  without  it,  and  find  the  tangents  kl,  km  (case  i.)* 
Join  KA  cutting  the  circle  again  in  b  ;  through  b  draw  lb,  mb 
meeting  the  tangents  in  o  and  p  respectively.  Finally  draw 
OP,  LM  intersecting  in  Q  and  qa  will  be  .the  tangent  sought. 

For,  draw  qk.  Then  since  ab,  lm  are  harmonically  di- 
vided in  K,  B  and  Q,  r,  the  line  qk  is  the  polar  of  the  pok  k. 
Whence  A,  B  are  the  points  of  contact  of  tangents  from  q  to 
the  circle, 

SchoL  The  same  construction  applies  to  all  the  conic  sections 
as  to  the  circle,  and  resting  on  the  same  investigation. 

This  question  was  answeted  by  Messrs^  Bain£s  and  God- 
ward. 


VI.    QUESTION  476.  by  A.  B. 

If  from  the  extremities  of  the  base  of  a  spherical  triangle 
perpendiculars  be  drawn  to  the  arc  which  bitepts  th^  vertical 
angle :  Prove  that  the  rectangle  contained  by  the  sines  of  the 
perpendiculars  is  equal  to  the  rectangle  of  the  sines  of  the  seg- 
ments of  the  base  made  by  the  contact  of  the  inscribed  circle. 

First  Solution,  hy  R.N. 

Let  ABC  be  the  triangle,  o 
the  centre  of  the  inscribed  cir- 
cle which  is  situated  in  the  great 
circle  ade  bisecting  the  verti- 
cal angle  A.  l)raw  of  perpen- 
dicular to  BC ;  CD  and  be  per- 
pendiculars to  DE ;  join  CO, 
BO.  Now,  since  it  is  well 
known  that  the  angle  cop  = 
BOE  and  that  bof  z=  coe  z: 
supplement  of  coA,  we  have  by 
Napier's  Rules 

sin  be  =  sin  J^o  •  sin  boe  =  sin  bo  •  sin  cof 
and  gin  CD  =  sin  CO  .  sin  COD  =  sin  go  .  sin  bof 
•*•  sin  be  •  sin  CD  =  sin  bo  .  sin  CO  .  sin  cqf  .  sin  bof  •  • « .f  1) 


See  my  Paper  oa  Solid  Geometry,  for  the  definition  of  this  term* 
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Again  by  the  same  rules 

sin  BF  =::  sin  bo  •  sin  BOP 

and  sin  cf  =:  sin  co  •  sin  coF.     Therefore 

sin  BF  .sinCF^zsinBO  .sin CO  .sinBOF 
=  sin  BE  •  sin  CD  by  (i). 


sm  COF 


Second  Solution,  ty  A.  B;,  tke  Proposet* 


Let  o  be  the  centre  of  the  inscribed 
circle,  p  the  point  of  contact  with 
the  base;  ad,  be  the  perpendicular 
arcs  on  the  line  bisecting  the  vertical 
angle.  Then  it  is  well  known  that  the 
angle  aop  is  =:  the  angle  bob  and 
consequently  the  angle  ao  d  =  the  an« 
gte  BOP.  Now  in  the  right  angled 
triangles   aod,  bop. 


sin  Ap  :  sin  ad  ::  (rad  :  sin  aod  (bop))  ;:  slnoB  :  sin  bp, 
and  in  the  right  angled  triangles  aop,  bob, 

sin  ap  :  sin  ao  ::  (rad.  :  sin  AOP  (boe))  ::  sin  be  :  sin  ob  ; 
therefore  ex  equali 

sin  ap  :  sin  ad  : :  sin  be  :  sin  bp 
and  sin  ap  .  sin  bp  =  sin  ad  •  sin  be.     Q,  E.  D. 

From  this  theorem  we  immediately  deduce  the  well  known 
rule  in  spherical  trigonometry  for  finding,  an  angle  when  the 
three  sides  are  known.  For  sin  ad  =  sin  AC  X,  sin  ^  ^  C»  suid 
sin  BE  =:  sin  cb  x  sin  |  Z.  c,  therefore  sin  ad  x  sin  be  zz 
sin  AC  sin  BC  sin^  I  c» 

.    .     .  /sinADsinBE  /sinAPsinBP 

and  sin  \c  =  \/  —. ; =:  \/  — 

V     sin  AC  sin  bc  V     sii 


^/ 


sin  AC  sin  BC  v     sin  ac  sin  bc 

sin  j(AC  + AB— * Bc)  sin  |(ab  +  bc  —  ac) 

sin  AC  sin  bc 


Cor,    Tan*  op  =  tan  od  tan  oe. 
For,  tan  ao  :  tan  op  : :  (r  :  cos  aop  (boe)  : :)  tan  ob 

tanoD:tanAO  ::  (r  :  cos  aod  (bop)  ::)  tan  op 

Therefore  tan  od  :  tan  op  : :  tan  op  :  tan  oe, 

or  tan^  op  =  tan  od  tan  oe. 


:iano9 
:  tan  ob^ 


In  a  similar  manner  it  may  be  proved  in  a  pUn«  triangle  that 

AD  X   BE  =  AP  X  PB. 

Because  the   angle   Aop  ;::  bop,    and   AOP  ::;  bob;    and 
the  angles  at   p^    f,  and  £  right 
angles,  the  triangle  ado  is  simUar 
to  BQPy  2|nd  aop  similar  to  bob  ; 

Therefore  ad  :  Ao  : :  bp  :  bo, 
and  AO  :  AP    :;  bo  :  be; 

therefore,  exequali 

ad  X  AP    ::  bp  :  be, 

and  adXbe  =  AP  X  bp. 

Or,  it  may  be  proved  otherwise,  a$  follows : 

because  the  points  a,  o,  j^  b  are  in  a  circle,    the  angle 

APD  =  aod  z=:  bop.    Also,  because  the  points  o,  E,  p,  B  are 

in  a  circle,  the  angle  p^b  3=  bop;  therirfbre  Apd  zz  peb,  aQ4 

BAD  is  =  pbe;  therefore  the  triangles   pda,  bbp  are  equi-. 

angular.     Hence  ad  :  ap  ::  bp  :  B6  ai^d  AO  X  BE  :;=:  AP.  X 

BP. 

The  same  maj^  also  be  proved  in  this  manner : 

Draw  the  radii  QH,  ok^  and  join 
HDt  EK.  Because  the  pbmts  a,  h, 
o,  D  are  in  a  circle,  the  angle  ahd 
zi  aod  =  BOP;  and  because  the 
points  B,  p,  E,  o,  K  are  in  a  circle, 
the  angle  keb  =:  kob  3:  bop,  there* 
fore  ahd  =:  kbb,  and  the  angle  dah 
is  li:  EBK  (each  being  the  complex 
incnt  of  f  c) ;  therefore  the  trialiigles 
XHT>,%Sk&zft  equiangular;  where- 
fore AD  <  AH  : :  BK  :  bb,  and  ad  x 
BE  =r  AH  X  bk  zr'Ap  X  Bp. 

Cor.      OP*  iz  OD  X  OE. 

Answered  also  by  Messrs.  Bai  NEs,  Davies^  and  Oqdwa  rd. 

•  •  •  * 

VII.    QUESTION  477,  iy  A-B. 

To  find  an  expression  for  the  area  of  a  spherical  quadrilateral 
inscribed  m  a  small  circle  of  the  sphere  in  terms'  of  the  fow 
sides  01  the  quadrilateral. 


First  Solution,  by  M.  Guenea  D'Aumomt. 
Taken  from  the  Annales  de  Mathematiques  ;  Tome  XII. 
I-et  a,  b,  c,  d  be  the  consecutive  sides  of  a  spherical  quadrila- 
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leral  inscribed  in  a  circle  of  th9  ipbf  re ;  ^  iiiHl>  the  tw^  dmfgo^ 
naU  of  this  qu?drilai«ral  |  the  Sr$t  b^ing  that  which  tisrminAle« 
in  the  summit  of  the  angles  (a,  &)^  [c^d);  and  the  latter  l^at 
which  terminates  in  the  summit  of  the  angles  {b^c)^  (a,  d). 

The  chords  of  the  four  $ides  and  of  the  two  diagonals,  which 
are 

2  sin  f tfy  2  sin  ^6,  t  sin  l^,  8  sin  f  rf,  a  sin  {a:,  2  sin  fy, 

a^e  the  four  sides  and  the  two  diagonals  of  the  rectilineal 
quadrilateral  ioscrtfo«d  in  the  same  circle;  and  substituting 
these  val^s  in  ihe  well  known  formula^  for  the  diagonals  (in 
the  plane  quadrilateral)  in  terms  of  the  sides^  we  have 

sin*  |a?  :^ 

sin  n-  sin  —  4-  nil  -  sin  -J  { sm  r  «in  -  +  sm  -  sm  -1 
22  ^2/\92  22/ 

.     0    ,    c  .     a    .      d 

sm  »  sin  •^^  -4*  sin  ::  sm   •. 

I  sin  -  sin  — Hsin  -  sm  -  )  ( im  -  sin  -  +  sm-  5in  -  1 
\.-      « '      2  2        2/  V       «         •  a        «/ 

.     d    .     b         .     c     .     d 

sm  *  sm   ^  -^  sm  -t  sm   *- 

22  22 

whence  it  follows  that 

trin  fa?  sin  f  7  3:  sin  |4  sin  ic  •+-  sin  |i  sin  |J 

sin 

sin  iy 
In  the  spherical  triangle  of  which  the  three  sides  are  a,  d, 

X,  we  have 

,      ,,        COS*  — cosfl  cosrf 
cos  ifl»  d)  Zm    *  ■■*'■»■ '     •    J        9 

whence 

v:                      ,                           ,-        cosi^  —  rf)  — cosa? 
2sinJ(4,rf)=:*-cos(a,/)=    -iTIThTrf • 

-       co8J»~^cos(a  +  <Q 
a  cos  i(a,  d)=i+  cos  (a,  <0  =  STaliS^         * 

But,  in  general, 

cos  *  =  1  — asm'l*, 

therefore  .  . ,,         •, 

_  sin*  4*  —  sin*  Ka—  tf J 

sm' K<».  <0  -  sio Asin d 

cosM(«.  d)  =  sin «  sin  d 


HOWS  mac 

a?  sin  iy  3:  sin  ia  sin  |c  •+-  sin  |*  sin  |J  1 

itfl  iT        sin  ia  sin  |*  sin  ^e  Bin  id        S  •  •  •  •  (H.) 

(in  iy       sin  i*  sm  if  sm  ia  sin  f «         7 


Putting  for  sin»  |*,  in  these  two  formula,  its   value  j  ust 
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found  (I)  they  become,  by  collecting  in^o  one  part  all  the  terms 
multiplied  by  sin  \b  sin  \c^  and  into  another  all  the  terms  mul- 
tiplied by  sin  \a  %\x\  \d^ 

sin  \h  sin  \d  {sin^lJ  +  sin*|  c — sin*  \{a  — df)}> 

sin«  Ha  d)  =  +""^^^^"2^{^^"*iQ  +  »'"Mg?"-""^i(^'-^)i  J 

(sini^sin{c+siniasin|i)sina»ind-         • 

sin|i2sin{^  {sin^(a  +  rf)  — .sin*|6  — s}n*|c} 
cn^^ifn  rf\-^  +«in  j^sinJ£r{sinM(g4-tf)— sin^g-sin*  jrf} 

(sm  io  sin4c+sm|a  sm|d)  sin  a  sin  a 
but  it  is  easily  found  that 

sin^|a  +  sin^id — sin'|(a  — e/)  zz  a  sin  |a8ini<;(cos  i(a+  d), 
sin*  i(a  +  d)  —  sin'^a  —  sin*^rf  =  2  sin  ^asinf^cos  |(a4-^)  ; 
by  substituting  therefore,  and  putting  in  the  denominators  for 
sin  a  and  sin  d  their  values  2  sin  ^a  cos  |a  and  2  sin  ^d  cos  ^<f, 
and  suppressing  the  common  factor  sin  |a  sin  ^d,  we  find 

sin'  i(a^  d)  = 

h  ,       C-  *  •      h     ,      C 

sin'  •  +  sin^-*  —  sin^  \[a  —  cT)  +  2  sin  -  gin  -  cos  {[a — d) 


2  2 * -_ 2  ft 

4(sin  \b  sin  f  c  +  sin  \a  sin  \b  cos  fa  cos  \d 
cos'  \[a^  d)  =• 

sin*4(<»  +  d)— sin' sin'  -  4-  2  sin  -  sin  -  cos  \(a  +  d\ 

*V  2 2      2         2         ^^ 

4(8in  \b  sin  \c  +  sin  \a  sin  |cs()  cos  \a  cos  fc^ 

whence  by  changing  respectively,  in  the  numerators,  sin-  J(tf  —  rf ) 
and  sin2i(a  +  d)  for  1  — cos-|(a  — rf)  and  1— cos|(a+<f} 

cos*i(A — rf)  -i-  2  sin  \h  sin  |r  cos  \(a  —  d)) 

«n*  if«.  d)  =        ■         -(*^:ff-"ny     \ 

^  4  (sm  -1^  sin  ^c-hsin  \a  sm  ^cs(j  cos  ^a  cos  Jrf 

(1,  —  sin'  \b  —  sin'  {c) 

cos'i(a  dl=  —  {<^os'  i(g  +  rf)— 2  sin  \l  sin  ic  cos  |(a  4-  ^)} 
*^  4(sin  {b  sin  |c  -f-  sin  \a  sin  J(/)  cos  \a  cos  i^jf 

But  *  , 

1  — sin sm  —  =(1 — sin'  -J  (1  —  sm  -  )— sin'-  sin   -r 

2  2^  2/^  2/  22 

zr  cos'  -j^  cos'  \c  —  sin'  Ji  sin'  ^  r ; 

therefore  by  substitution 

sin*  ''a  d)=:  (cos  !(«  —  ^)  +  sin  jb sin  ^g}* ~ cos  jb  cos  jg 
^'   *  .    4(sin^Asin^^  +  sin-^asin^^Jcos^tf  cos^df 

*  r X     j%      cos'  4^  cos'i^c  —  (cos  i-(a  4-//)  —sin  ^b  sin  ^^c}' 

co&*i(«,rf)=   •  ,J  J,   r  - — ,     .   V    •    Lw. ? l:r-» 

^''  4^8in  ^b  sin^c  4-  sm  fa  sin  ia)  cos  ^a  cos  ^d 
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The  numerator  of  the  first  fraction  is  decomposable  into  the 
two  factors 

cos }(a'-d)+ cos {b  cosic+sini^8inic=cos^(a— d)+C08|(^  +  c) 

cosjCn— cf)— cosficosic+siniisin  4^=cosf(a— (/)— cos|''i+c). 

The  numerator  of  the  second  into  the  two 

be  be 

cos— cos sin-  sin  -  -h  co%  ^(a +  d)z:  cos  lb -{-c)  f  cos  ^f^+d), 

b        c        ,    b  ,    c 
cos  -cos-  +8in  -sin-  cos  |(a+J)=:cos|(^— c)  — cos  |(o  f  d); 

4B  B  8  2 

whence  we  have 

sin«f(o,d)  = 

{co8|(a  —  d)  +  cos  j(^  —  c)}  {cos|(^ — d)  ^cos  j(^— c)^ 

.  .     b     ,    c        .    a    .    d\        a         d  * 

4  (sin  —  sin  — h  sin  -  sin  —  J  cos  —  cos  — 

^22  2  2/  2  2 

COS*  ^(j,  d)  = 

{cos  |(i>  +  c)  +  COS  ija  -f  ^)}  {cos  ^b — ^—^cos  ^{a  -t-  d)} 

^  .    b    .    €        .    a   ,    d  \        a         d  * 

4  (sin  —  sin  — |-  sin  -  sin  -  J  cos  —  cos  — 

^22  22/2  2 

but^  we  have 

cosi(a— rf)+cos  J(i— r)=:2cos|(a+6— r— d)cos  J(d+c-^— rf), 

cos  4fa— rf)—  cos  |(&— f)z:2  sin  i(tf +^+c— flfj'sin  |(6+c+flf— a), 

cos  j  (i  +  c)+  cos  { (a+d)  =  2  cos  |(a+i+r+flf)  cos  J  (^+c— a  —  d\ 

cos|(^— c)—  cos  |(a+d)=2sin  |(d+fl+*— c)sin  4(c-f.d+a— i) 5 

therefore  finally 

sin«  i  {a,  d)  = 

cos  i(tf+^+g+^cos  t(a+c—  b—d)  sin  j(g4-^+c~i)sin  j(c4.d— <g~6) 

(sin  4^  sin  f^  4"^'^^  i^^^^i^)^^^  i^  ^^^  i^  ' 

cos^  -^(a,  d)  zz 
cos  Ktf+Z^'-CT^)  coai  i{b+c'-'a—d)  sin  i(d+a+ft— c)  sin  |(c+(f +a— &) 

(sin  {b  sin  jc  +  sin  ]a  sin  4^)  cos  ja  cos  ^d 

Putting,  for  the  sake  of  abridging, 
cosi(a+^+£:+d)cos  i)^i+ft— c— rf)cos|(fl+f— i— djcos  |(  J+c-a-^=M; 

8ini(i+c+^-a)sinJ(c+d+<i-6)sini(flf+tf  +  6-c)sin^(a+^+c-^)=N  ; 

in  which  case  m  and  n  are  symmetrical   functions  of  the  four 
sides  a,  6,  c,  d;  and  recollecting  that 

sin  (a,  d)  =  2  sin  i{a,  d]  cos  |(a,  d), 
we  have 

sin  (a,  d)    ZZ    — : — rr — : r — ; — : — r -: — r-j- j p^ (IH) 

^  (smio  Sin  ic4  sintasm  iajcosiacosia 


(       222       ) 

whence  we  see  that  here  the  opposite  angles  are  not  suppfe- 
ments  to  each  other  as  they  are  in  the  inscribed   rectilineal 
quadri  lateral. 
By  changing  respectively  ai  b^  c,  d  for  c^  d^  m,  h  we  find 

sin*  4(6,  c)  =z 

co8l(^+i— (r-flflcoslffl+r—i— ^)sini(c+^+fl'^i)sini{d+d+6 — c) 
(sini^  sin^t:  +  sin^d  sin^cf)  cos^^  cos^c 

cos*  1(^1  c)  = 

(sin I*  sin  ic  +  sin  ia  sin  id)  cos  i  6  coi  ic   "^  * 

but  we  have 

sin^{(ayd)  +  {b,c)}z=s'm^(a,d)cosl(h,c)+C6$l{a,d)tin^[b,c)^ 
cos|{(a,^)+(4,rJ}=:coS^(a,rf)c6ii(6,c)  — sIn>Cd,</jsinl(i,r); 
substituting,  therefore,  and  putting  for  abridging 

cos  ia  cos  ii  qqs  i^  Cos  -^d  :^  p 
we  get 

sini{(fl,  cr)^-(^,c)}- 
C      sinf(i  +  c-\-  d  —  a)  sini(<2  +  ^  +  c — d)') 
l+sinl(c  +  d'^  d^b)  sinl(d  ^a+b^ c)S 4 / M* 
8ih  ib  sin  ^tf  ^4^  sin  ia  sin  ii        '         •^  f 

con  ^{ifl,  dT)  +  (ft.  ^)}  :± 

5     eds^(ii  +  *-f  c  +  rf)ca$i(ft  +  c— a— rf)>       _ 

/  — cos|{g  +  b  —  c  —  d)  cos|(a  4  c^b  —  d^jt/ iT 
sin^^  sin-^c  +  sin^a  sin}^  •^   p"' 

which  becditie 

sini{(a,d)+(6.  0}  =  lLi^£2i^^ 

^  ^       ^  fi  sin  i*  Sin  ^c  +  sin  ^a;  iin  J^/    '^^    p  » 

C     {e6si{a+i)+cOSi(i  +  c)}) 

•'        '^  ^         2  sin  ib  sin ^c 4-  sin  ia  sift |^    *^     j?^  ^ 

whence,  by  further  dcvelopement, 

sini{(a,  rf)  +  (J,c)}=  +  V/5L, 

p 

cos  i{(a,  d)  +  (i.  e)}  =  —  \/2L  . 


(      22}      ) 

These  two  fuiittions  being  symmetrical,  it  results  that 

sin  J  {(a.  d)  +  (*,  c)}  =  sin  |{(a,  ft)  +  (c,  d)}  =  +  V  ?!, . 

p 

cos\{{a,d)  +  (b,c)}  =  cosHU.  *)  -i-  (c,  rf)}  =  +  \/?  , 

P 

and  consequently 

that  is,  that  in  all  inscribed  spherical  quadrilaterals  the  sum  of 
two  opposite  angles  is  equal  to  the  sum  of  the  other  two  oppo- 
site angles ;  a  property  which  belongs  to  the  inscribed  recti- 
lineal quadrilateral  as  well  as  spherical,  with  this  difference  only, 
that  in  the  first  the  two  sums  are  constant,  whereas  in  the  last 
they  are  variable. 

If  we  designate  by  q  the  area  of  the  quadrilateral,  we  have, 
as  is  well  known 

Q  -  (a,  d)  4-  (ft,  c)  +  (c,  d)  +  (a,  d)  — aw, 
Qr,  from  what  has  been  said, 

Q  =  t{(a,  d)  +  {b,  c)  — ot}  i 
whence 

sin  ie  n  ~  cos  \{{a,  d)  -h  (*,  c)}  =?  \/ ^  \ 

COS  iQ  =  +  sin  {{{a,  d)  +  (*,  c)}  =  v/-  . 

and  again^ 

sin  Iq  =:  2  sin  ift  cos^q  =  ^      ^^ 

p       * 

tanie=:5yL|?=:/i.         . 

^  COsIq  »^      M* 

functions  which  are  all  symmetricaL 


Sjicokd  Sototion.  6^  Afr.  Johw  Bainbs. 

Let  A  BCD  be  the  small  circle  of  the  sphere,  circumscribinir 
the  spherical  quadrilateral   dcba,  whose  four  sides   ab    bc 
CD  and  DA  are  arcs  of  great  circles*    Let  a  great  circle  be 
drawn  on  the  sphere,  passing  through  the   angles  bad   bcd 
also,    let  the  chords  ab,   bc,    cd,    da  and  ac  be  drawn' 
then  u  IS  evident  that  the  same  circle  which^circumscribes  the 

Vol.  v.  Part  i.  a  p 


.(IV) 


i 


(    ^U    ) 

spherical,  viitt  also  circumscribe  the  Hghl-lined  ^laadrifateral 
ABdb  •  Denoting  the  angles  of  the  sphe- 
rical figures  by  the  letters  at  the  angular 
poixTfSi,  and  the  opposite  sides  by  the 
sraaft  IMers  a,  S,  e  and  d,  and  the  arc 
AC  By  ^,  we  have,  chord  cd  =  a  sin 
^a,  AD  =  a  sin  ib,  ac  =z  2  sin  id,  ab 
=  a  sin  ir,  and  bc  ==  st  lin  id.  N<»Wf 
because^  in  the  plane  iSgures^.z.  adc  4- 
/f,  ABC  =z  ,1^0^  one  of  them  is  the  sup-. 
plexDent  of  the  otber«  ana 

4Sin*  ■  +4sin« J— 4sin^^  4Sin<-.  +4sin« 4sih«-^ 

4  sin  Ja  sin  ^^  "~  4  sin  ic  ilh  fd 

which  gives  sin^  80  =: 

siu  ic  sin  i</  ^sin*  ia  +  sin*  |ft)  J 
I"  sin  ^a  sin  ^&  (siii^  jc  4-  siii^  fd^ 
sin  ^a  siu  ^6  sin  ^r  sin  ^ct 

hence  the  diagonal  0  is  given  in  terms  of  a,  &,  c,  and  d. 

Again,  since  the  area  of  a  spherical  triangle  is  proportional 
to  the  excess  of  the  sura  of  its  three  angles  above  two  right  an- 
gles, technically  termed  the  spherical  excess,  which  (spherical 
excess)  by  Simon  Lhuillier's  Theorem,  may  be  obtained  from 
the  three  sides  only.  We  csln  frdhi  h^nce  find  the  a^ea  of  the 
quadrilateral  in  terms  of  its  sides.  Putting  e  and  £  =z  the 
spherical  excess  in  the  triangles  ado,  abc»  we  have  by  S. 
L  — 's  Theor. 

.,      tf+6+e          a+i-9   ^      a^b+e  "      -a+6+c\ 
tan  \€  =  |/(tan .  tan •  tan .  tan ), 

4  4  4  4      ' 

and 

^,      c+d+0      .   e+tf^   ^      r-rf+«   ,.    ^+fr+f\ 
tan le  =:  i/{tan  ■     .  tan •  •  tan .  tan ), 

^       ^  4  4  4  4      / 

consequently,  not  only  d,  but  also  e  and  e  are  known  in  terms 
of  the  slAii,  iM  hehcfe  by  the  edinhloii  fbrhiUla  fdt  the  area 

of  k  Spfrttit^l  trikngle,  ?£iLtE^  ^  krta  of  the  quadrilateral 
i^qiltred,  v  s  9*141-598)  citfd  d  cr  diatoeter  of  the  sph^ivt 
Messrsi  O  a  vies  mtd  Oqdwars  unmcrtdiu 


VHh    QUESTION  478,  ^^jG,y. 

ifwA  lA.  pne end  of  the <lijunet/sr  of  a  circle  ^o  ^rc  D^I^  j^e 
de$C]ribie4  Hieetiag  ibe  <:ircle  in  d  and  |;  and  t|^  c^Qr4  J)fi  ^f 
di^awn  ^meeting  the  diameter  in  jf,  Pfov.e  ^}^^t  ,ihe  sp^ce  be- 
tween tth^  arcs  pBB  and  DHE  are  qqu^l^o  ^  ^  Dj^  'f-  Cf  ^  ffc 


First  Solution,  iy  ijbr.  Wu.  G^BWAHf^P 

Let  c  be  the  centre  of  the  circle  and  join  ad,  a£,  cd,  and 

GE,  then  the  line  db^sh  =r  ti^p. 
ADCE+sector  pcEc— sect.  adhr. 
Now  the  trap,  adce  =  AC  •  DTp 
and  the  sect,  dbec  =::  AC  •  arc  BD« 
Also  the  sect.  adub=aii  •  arc  dh  ; 
but  ^  Z.BCD  =  BADy  and  there- 
fore<:p  ,:  ^>atc  bo  ::  ab  :  arc 
DH  =  AD  .  J  arc   bd  rf-  CD  -r;  A9 

•  ai;c  bd«i-ab;    hence  the   sect. 

ADHB  ZZ  AD*  .  3rC  3D^  AB  =  ^]f 

,  arc  bj[>.     Wherefore  the  l^ine  dbeh  r;  AC  .  dj  +  (ac  — af) 

•  arc  bd  =  AC  .  df  4-  cf  .arc  bd ;  but  this  only  holds  good 
when  CF  is  positive  or  af  less  than  AC.  When  cf  is  nega- 
tive or  AF  greater  than  AC,  the  lune  ==  ac  .  df  —  cf  .  arc  bd. 
When  cf  vanishes  or  af  =  ac,  the  lune  is  simply  z=  xc\ 


Sj&co^d  iSo^vtion^ ^^  J^.  N. 

The  area   dh^b  =  t  >^icirc]ie,Trr  |i  sector  a dh  —  «  seg- 
ment AGD  n  arc  bd  •  AC  i-  arc  jp^  .  ac -r-pH   .  AH  —  arc 

AD  .  AC  +   AC  ,  DF  =  BD  .  AC  —  DH  .  AH  +  AC  .  DF. 

But  Z.  DAC  =  Jdcb   .•.  arc  dh  :   fare  db  s :  ah   :  ac 
.•.  arc  DH  =  I  arc  db  .  ah  -4.  ac  .*•  arc  dh  .  au  =  j^  arc  bd 

•  A^'  -^  AC  =^arc  BD  .  (chord  Ap)*-^-  AG  -arc  bd  .  af 

•  AB*7-  2AC  =:  arc  aD  .  af  .'.  area  DHE^  =  arc  bd  •  Ap  —  arc 
BD  •  af  +  AC  .  df;;?  arc  bd  •  cf  -^  ac  •  df. 


Thihd  Solution,  by  Afr.JoHy Raines. 

Draw  CI  parallel  to  be.  The  zrea  of  the  sector  bbdc  = 
CE  .  arc  BE  and  the  Area  of  the  triangle  ecd  =  e.f  .  CF  ; 
hence  the  area  ef  the  segment  ebde  =  ce  .  arc  be  +  ef  .  cf*. 
Also,  the  area  of  the  segment  ^hdz^  ae  .  arc  bh  — fe  .  af  \ 

2  F  a 
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when  the  difference  of  these  two,  t/iz.  c£  *  arc  b]k  +  fb  .  c~f 
—  AB  •  arc  £H-hF£  •  af,  or  ac  •  fe  +  ac  •  arc  bb—  ah 
•  arc  BE  =:  the  area  of  the  curvilinear  space  included  between 
the  arcs  £bo,  ehd.    Again  Z.  ace  =:  180^-—  bce,  but  Z.  aci 

=Z  JL  AEF  =  Z.  ABE  =  -^Z-ACE  =  gO°  —  ^  BCE,   and  Z.  CIA  is 

a  right  angle,  •*•  the  JL  CAi  =;  7Z.  bce,  and  ah  .  arc  eh  = 
|ah  .  arc  be  x  t  sin  Z.  aci  =  ae  sin  Z.  aef  x  arc  be  = 
AF  •  arc  be:  hence  AC  •  fe  +  (Ac  — af)  x  arc  be  z:  AC  •  F£ 
+  CF  •  arc  BE  ==  area  of  the  space  ebd he* 


FouaTH  Solution,  /^j^  Afr.  Davies,  Bath. 

The  Z.  BC£  =  SBAE  and  EAp  =:  sbah  z=  (•*•)  bce. 
Hence  arc  be  :  ba  ::  arc  ehb  :  sae  : :  arc  eh  :  ba, 
or  arc  be  :  arc  eh  ::  ba  :  ab  ::  ae  :  af 
and  •••  af  •  arc  eb  =r  AB  •  arc  £H    .•••••••»...» .(i> 

Again,   ebdh  =  bjoce  +  BCD  —  bhda  +  ebd*»  . . .  ,(a) 

Now,     ECD  +  BAD  =  AC  .  BF      .  .  t .(3) 

BDCE  =  arc  BE  •  CA  . .  •  .  •  * (^j 

EADi?  =  arc  EH  .  AA  =  (by  i) arc  be  »  af  .  * ,  .(5) 

Making  in  (n)  the  subsmutions  furnished  by  (3),  (^),  (5), 

we  shall  obtain 

EBDH  =:  AC  .  Bf  +  arc  B0  •  (:r. 


IX.    QUESTION  479.  hji  G.  V. 

Let  AC,  BC  be  two  straight  lines  given  in  position,  and  A,  b 
given  pointy  in  these  lines  :  If  ay,  bv  be  inflecte^  to  a  point 
V,  so  that  the  tangents  of  the  angles  vac,  y bc  may  haye  a  giyetx 
ratio ;  what  1^  the  locus  of  the  point  v  ? 

First  Solution,  ^j; -. 

Draw  vp,  VH  perpendicular  to  AC  and  BC  and  produce  vi^ 
to   meet   ac    in   k.     Put  ac  =  «,  BC  =:  i, 
a  rr  angle  aCb,  CH  =  Jf,  VH  ==  jf,  and  the 
given  ratio  of  can  vac  :  tan  vbc  : :  m\n. 

VP  VH 

Then  tan  vac  =  -^  »  and  tan  vbc  =r  —  . 

AP  BH 

therefore  —  :  —  : :  m  :  ».     Now  hk  = 

AP       BH 

X  tan  a,  CK  r:  jf  sec  a,  VK  =  J'  •+•  *  tan  a, 
yp  =  VK  cos  a  z:  (y  +  a?  tan  a)  cos  a ;  pk 


(     2*7     ) 


==  VK  sin  a  r:  {i/  +  ;k  tan  a)  sin  «,  ak  =  (tf  -f-  *  sec.  «),  ap 
{a  4-  JT  sec  a)  —  {y  -^  *  tan  a)  sin  a ;  therefore 

(y  +  a:  tan  «)  cos  a  .      .y 


m  :  n. 


(a  -far  sec  a)—  (y  +  a?tan«)  sin  a  '  x  +  b 

and  by  reduction 

n  sin  ax*  +  w  sin  ay* 
+  («  cos  a  —  m  sec  a  ^  w  tan  a  sin  cc)xy 
+  «6  sin  ax  +  («^  cos  x  —  ma)y=:Of 

an  equation  to  a  conic  section. 

Second  Solution,  by  Mr.  T.  S.  Davies. 

Through  c  the  intersection  of  AC,  BC  draw  the  rectangular 
co-ordinates  cc/,  IH.  Let  x^y 
and  y  V^  he  the  co-ordinates 
of  A,  B,  referred  to  these  axes ; 
and  the  lines  themselves  be 
expressed  by 

r  ==  a'x (i) 

and  y  =  a^^x ♦•  •(2) 

Then  let  (p  =  tangent  of 
the  variable  angle    acv,    and  mf  zz  tangent  of    cbv.      Wc 
shall  have  the  equations  of  av,  bv,  (Hamilton's  Anal.  Geom. 
p«  66.)  viz. 


y —  /  =: -r  (x 


xf)  that  of  Av, 


/3) 


and  V — y'  =   a!  —  m(t^        _ y,j  ^j^^^^  of  bg  . .  • , (4) 

As  in  these  two  equations  we  have  the  variables  x,  j',  (p,  if  we 
eliminate  one  of  them,  (p,  we  shall  have  one  equation  contam- 
ing  two  variables  jc,  >  which  will  represent  the  locus  of  v, 
the  point  common  to  (3)  and  (4).  This  is  best  done  by  finding 
^  from  (8),  (4)  and  equating  the  values  and  reducmg  by  means 
of  (t)  and  (2).     We  shall  thus  get 


y. 


^      -    ^  =  o. 


[ma! ^a")x'-x'  .X  —  x''  +  (a  —  a'') y  • 

or  (since  we  have  assumed  no  relation  between  a^  and  a^\  wc 
may  put  them  =1  a  and  —  a  respectively,  and  we  obtain) 


jH  [-  I  .  a  .  X 


x' .  X  --  x''  +  2a  ,  y  —  i/  .  y—y 


+  {x^ma^)y-y"  ^^-x'  Jt  (a'' -- m) y -- y'  .x  —  ijc'' 


zz  O. 


m 


The  speciei  oi  ihc  curve  will  d^p^nd  juppn  B*>-^4^<7  where 

that  is  upon  i-^mT  •  J— aM*  —  fla* .  i  +  »»l (5'* 

It  is  easy  to  perceive  that  for  all  values  ol  a  there  may  be  such 
values  of  m  determined  as  shall  render  (5)  either  positive,  nega- 
tive, or  nothing ;  that  ii,  which  shall  render  the  locus  an  hy- 
perbola, elKpse,  or  parabda.  We  *aH  here  notice  only  one 
or  two  varietie4* 

1.  That  it  may  be  a  parabola,  we  have  i  —  wfl*  •  1  —  fl^  = 
&»•  •  I  +  fn)  or  by  reduction. 

\i  — a  J    —  1  — a* 

»,  *f or  tiic  cfpttatcraHryperboUt  we  inust  hay» 

OT+^  .  ^  n  -i*-  «fl,  and  i—m^  .  i  —  o*V  =  p- 

Thesecondjf^  t4i^se  ^equations  may  be  fulfilled  either  by 
m  =  1,  oro^  =  1 :  but  tfee  first  requires  wi  ==  —  g,  and  hence 
the  second  mnst  be  satisfied  bya^=i,or(S=±i*  Hence 
that  the  locus  may  be  a  rectangular  hype!4)ci)a  the  tangents  must 
have  the  ratio x>f  —  J  :  1  or  3  :  1,  and  be  reversed  in  their  po- 
sition with  respect  to  one  another  and  the  co-^ordinate  axes,  and 
the  given  lines  must  be  perpendicular  to  one  another* 

J.  For  the  circle  we  must  have  m  +  1  •  a  =  2tf,  and 
1  -—  «1*  •  I —a***  =  o.  Both  these  are  satisfied  by  the  same 
value  of  m^  and  independently  of  afiy  specific  values  .of  a*  Hence 
whatever  relation  subsist  amongst  tKe  data  so  that  the  angles 
of  inflection  .be  equal  the  locus  will  be  a  circle*  Perhaps /this 
is  the  only  case  where  the  locus  can  be  a  figure  similar  to  ^ 
given  figu.ce  without  soQie  specific  relatioju  betw<?c;n^^Qd^. 


X.    QUESTION  4«o.  i^lGNOTus. 

Investigate  the  nature  of  the  curve  in  Whicli  ja  line  dr^wii 
from  the  foot  of  the  ordinate  perpendicular  on  the  tangent  13  an 
invariable  mi^itude* 


(     ft«9    ) 

FiRiT  So<.UTfOif«  by  R.  N. 

Let  ON  zz  Xf'STzzy,  pq  a  small  portion  of  the  curve,  Q^ 
perp.  to  NPy  N  Y  perp.  to  tangent  at  p ;   let 
K  Y  =  A ,  a  given    quantity  by  the  ques- 
tion :  Then  by  the  sim.  triangles  QPPtvNPy, 
PQ  :  QP  : :  N p  :  N Y  that i%d$i£c  ii  yi  a 


da^ 


-  a«* 


dr 


•  _Jy_-~^.  ben 


ce 


hy 


'p.  log.  ^     ■■■     ;;■  =  -^  i  it  ^  =  «,  when  «  =  o,  then 


hyp.  log 


•  "^^ ^ =  -  •  •  ^  +  K    tt  — ^ 


«*,e  be- 


ing the  base  of  the  Naperian  system  of  logarithms  ••:  y   ^  ""  t 


m 


y* 


=:  e    -*-ft^e-t-4^  aftd  eonieqiieiHliy  y  23 


which  is  the  equation  to  the  catenary. 

We  may  observe  that  the  equation,  hyp.  log.  ^ V  v>        ^ 

•IT 

=  — »  gives  t/Cjf*  —  a')  z=  o  for  a   particular  solution,  9iid 

•*•  y  ==  +  n,  which  is  the  equation  to  two  straight  lines  paraHel 
to  the  axis  of  (x),  one  above  and  the  other  below  it  at  the  dii* 
tance  (a)  but  the  proper  solution  is  the  catenary  as  above. 

Second  SoXiITTion^  by  L, 

On  a  straight  line  fl  take  af  =  the  given  magnitude,  and 

draw  dfd'  at  ri^ht  angles  to  tL;  Let 
CAO^  be  the  required  curve,  CD  an  ordi- 
nate to  the  axis  dd^,  de  the  perpendi- 
cular from  the  foot  of  the  ordinate  upon 
CH  the  tangent  to  the  curve  at  c,  and 
draw  cfi  pftxlatlel  to  Df . 

Put  a  ZZJ}EZZ  AFyjr  =  ab,  jf  =:  cb  = 

D^  Sind  1 1:  arc  At:;  then  C^l^  =:  d  +  Ar, 
CH  =  ^ ,  and  by  sim.  triangles  cii  :  c  b 


(    H^    ) 


::  CD  :  de 

question, 


CB  X  CD 


CH 


=r  (a  -h  j:)  -?-  ,     wh'jrefore,     by    the 


or  (a  +  x)'^}^  z:  a'i*. 
But  >«=:«*  —  *•. 

therefore  by  substitution. 

(«  4-  ;c)«  (4^  —  *«)  =  a*i* 
(a  4-  x)x 
Y[2ax  +  X  ) 

Taking  the  fluents, 

2.=:  |/(2ajp  4-  cT"),  which  is  an  equation  to  the  catenary^ 
the  vertex  ot  which  is  a. 


and 


Third  Solution,  by  Mr.  Godward. 

Having  constructed  the  diagram,  let  ce  =:  ab  =:  a,  bc  =  x 
and  c  D  =r  y ;    then  cv  zz  -^  , 

andDF  =  ^  (dx*+  d/)i- 
Wherefore  by  similar  triangles 
L{dx^+dy*]i  '^-^'^y  '  a. 

This  analogy  reduces  to  flfjr  .-=  — -^^  /.  by  integration, 
X  zza.  hyp  log.  (y  +■  0/ly  —  tf"))  +  c.  But  when  ;r  zr  o,  y  n:  j, 
and  c  zr  —  a  •  h.  !•  a ;  hence  x  =z  a  •  h.  1,  ^  VO"  ^  <  y  ^^ 
equation  to  the  catenary,  which  is  therefore  the  curve  required. 


Fourth  Solution,  iy  Mr.  T.  S.  Davies. 


Let  CR  be  the  axis,  c A  the  ordinate  to  the  point  at  which 
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the  tangent  i^  parallel  to  cr  ;  t,  any  point  in  the  curve,  CR, 

RT,  its  co-ordinates,  and  tm  parallel  and  equal 

to  CR.     Draw  ul  parallel  to  ts,  and  cd  to  hv. 

Then,  obviously^  the  triangles  trs,    mcl   are 

similar  and  equals  and  .*•   rv   is  parallel  and 

equal  to  cd.     Hence  cd  is  a  given  line;  and  c 

being  a  given  point,  the  tocus  of  d  is  a  circle, 

^vhose  radius  is  the  given  perpendicular,  CD  == 

CA  r=  HV.      Hence  (Leslie's  Geom.  of   Curve 

Lines,  p.  384.)  the  point  x, is  in  a  catenary  whose  vertex  is  ▲ 

and  parameter  is  ca.  Q.  £.  /. 

Scholium.  The  straight  line  parallel  to  the  axis  fulfils  this 
condition  also :  but  it  does  not  fulfil  it  as  a  variety  of  the 
catenary,  li  we  consider  it  as  a  specific  catenary  the  parameter 
is  =  o :  but  the  locus  may  be  a  straight  line  with  any  value 
ofKV.  The  truth  is,  that  if  we  take  the  differential  equation 
of  the  curve 

dAy  —  v')  -  dyXx  —  sf)^-o. 
from  which  we  obtain  the  value  of  the  perpendicular. 


P  = 


,.  +  ^>.,,._g^ 


^       ^  da/* 


where  x"it"  is  the  point  from  which  the  perpendicular  is  drawn. 
Now  in  the  case  before  us  p"  —  o,  a?"  =  x',  and  p  =  a.  Then 
we  get  the  diSerential  equation 

which  belongs  to  the  catenary* 

integrating  this  we  have  y  =z  a  log,  . 

Now  it  is  evident  that  no  value  can  be  given  to  the  constant 
ay  which  will  reduce  this  to  an  algebraic  equation^  much  less 
to  the  simple  equation  which  denotes  a  straight  line.  This  re- 
sult then  agrees  with  the  inference  we  deduced  ai  the  head  of 
this  scholium  from  the  geometrical  character  of  the  curve. 

Though  the  integral  equation  can  never  represent  a  straight 
line,  yet  if  in  the  differential  equation  we  put  y  r:  a,  we  obtain 
a  particular  solution^  and  that  particular  solution  is  the  straight 
line  already,  mentioned. 

Afr.  Baines  answered  thii  question. 
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XL    QUESTION  481^  ^l^bNOTcrs. 

Find  the  area  and  length  of  a  curvis  *whose  equation  is 

(x*  —  ia?  +  /)*  ^  «*(«?•  +  >•). 

iPiRST  SoLUTiONt  i|y  R.  N. 

Let  X  r:  r  cos  d  and  y  zzr  sin  d,  iind  the  equation  is  tram- 

fbrmed to  r  =  a  +  bco$0;  hetite *rea  JS  nr^Mi:^     ■■  ■•■    ifl  + 

i» 
^  fib  0  +   -jr-ffn  2df  from  ^  =:  0  id  any  value  0^  i\4  s^  29 

IJie  i/lrhole  ehral  figure  is  =  — f — •  v. 

Again    the   length   of    the    curve  hj\/{df^  +  r^dSf)  zz 
f(a^+b^+2abco%6)dQz:z2{a^i)  '/^^\t-  (^j-j.(sin  ij|, 

which  is  known  to  be  the  length  of  an  elliptic  arc  whose  semi- 
axes  are  2{a  -\-  b)  and  2{a  —  6),  and  the  abscissa  zz  2{a  +  6)  x 

sin  — ,  the  arcs  being  measured  from  the  extremity  of  the  axis 

s 

minor  j  the  whole  length  is  therefore  equal   to  the  semi-cir* 
cumference  of  the  ellipse  whose  half  axes  are  2{a  ■{•  b)  and 

2[a  —  *). 
Cor.    li  a=z  bf  the  whole  length  =:  the  axis  major  of  the 

ellipse  =  4(tf  +  b). 

Observation.  This  curve  may  be 
traced  out  by  conceiving  a  circle 
CPB  to  move  along  the  circum- 
ference of  another  circle  db  so 
that  the  diameter  bc  be  always  pa- 
rallel to  AD*  and  the  radius  ab  of 
the  circle  db  produced  to  cut  the 
ciiFcle  CPB  in  P,  which  is  the  gene- 
rating point,    AD  being  zz  n  and 

»c  =  A;  for  if  6=  4^  dab  =:  /.  cbp,  then  r  =:  ap  =  ab  -f  bp 
zz  a  -^  b  X.  cog  0. 

SscoNP  Solution,  by  tht  Propostr. 
Consider  tlie  curve  as  a  spiral,  and  take  s  the  origin  of  the 


co-ordiniktc^  %s  the  pole;  SA  =  a  +  A,  Sfi^  =:  a  —  6;,  th^  radius 
vector  SF  r=  r.  /.  asp  =  d.- 

Since  r*  ~  a?*  4-  y*  and  «  =  r  cos  0,  the 
spiral  ecjuation  is  (r*  —  br  cos  ^)*  =2:  aV^ 
or  r  n  a  f  i  cos  d. 

The  curve  has  tills  property  in  common 
with  the  circle  that  all  lines  drawn  through 
the  pole  are  equad. 

For  produce  ps  to  meet  the  curve  in  p : 
and"  let  sp  =  r^,  then  r^  =  a  —  A  cos  6  an^  PS^  zz  r  -{-  r^  zz 
2a. 

To  find  the  area,  i.ASP  =  |r*dfl  =:  Xa^d6  +  ab  cos0d9 
+  4^2  cos«  BdQ  zz  la'^dd  +  at  cos  6dd  +  ^  JV(i  -"»*  fl)  rfsin  0; 
•%  ASF  =  ia*^  r|-  ^6  sin  ^  -^  J.6*  .  cir,  sjrea,  4i|t.  from  centre  = 
sin  B ;  for  correction  =  o,  .*.  apb  =  |tra* ;  and  the  whole  area 
^  the  area  of  a  circle,  rad,  rs  a. 

To  rectify    it,    we  have  d  •  ap  =  's/ic^r^  +  r'dcos  0)  = 
dg^V^i^ ^in*$  -Ka  +  6  cos  9)*}  3tiifl/(<^  +>*+««*  cos  ^=P 

dV{«'+*H2a*(i-«sin*4«)}=:2(a  -h*.)  ^  v(l  — ?^^ 

•  tin^iS);  .••  AP  n  (fl  +  ^)    elKptic    arc,   semi-axes  =:  1   and 

t/(i  — .    ^..^j,  and  abscissa  =  sin  -  ;     (Jephson's    Flux. 

Calc.  Ch.  9,  11.  form  (6)).  .•.  apb  =  a(a+  6)  .  pUiptic  qujad. 

semi-axes  zz  1  and  i  r:   semi-ellipse,  Jhalf  axes  zz  a  -{-  b 

ind  a  —  b;    and  the  whole  periphery  =  that  of  ^n  ellipse 
whose  semi-axes  are  SA  and  sr. 

Mr.  DA^iJLSjonsweud  iMs  Question* 

XII.    QUESTION  482.  h  Phantom. 

Find  the  sum  ot  n  terms  of  the  series, 

sin*  2  +«in'  2z  -h  sin' 32  +  sin' 42  4-  &c. 
where  2  dei\otes^  circular  arc  radius  1. 

Fx^ST  Solution,  by  R.N. 

Si„.e  ,i„  .3  ^  U^  ,_^sla  3.  ,the  sum  of  th.  propo^ 
series  h  :n  . 

s  a.  2 
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i  <tin  z  -f  sin  2z  +  &c 4-  sin  nz> 

5 sin  3z  +  sin  6z  +  &€• sin  ^nz>  . 

But  COS  —  —  cos  ^-  =  fi  sin  z  .  sin  —  • 

2  2  2 

COS COS  si-  =  2  sin  2z  .  sm  - 

2  8  ^ 

f\Z  1  z  z 

COS cos  ^   =:  2  sin  Qz  •  sin  — 

2  2  ^^  2 

&c.  &c.  &c. 

2«— 1  2W4-1  Z 

COS  z  —  COS z:  2  sm  m  •  sin  -  * 

22  2 

Adding  we  have 

z  '2n4-i  .z,.       ..  .        . 

cos cos z  =  2  sm  -  .  (sm  z  +  sin  2z+  . « • .  sin  nz) 

2  2  2    ^ 

z             2«+i               .     4Z      .    n  +  1 
cos cos z  sin  ^5-  .  sm z 

2                 2                        2               2         •    .u  f 

,\  »  .  -=   IS  the  sum  of 

Z  •     z 

2  sin  -  sin  — 

2  2 

the  series  sin  z  +  sin  2z  + .sin  ni. 

And  in  like  manner 

sm^^  .sin** z 

-— —  =:  sin  3s  -h  sin  6z  + +  sin  3nz. 

sm  ^- 

2 

Hence  the  sum  of  the  sin^  z  +  sin'  2Z  4-  sin'  32;  +  &c.  to  n 

.    nz      .    fi+i  .    ^nz      .    afn+i) 

sm  —  .  sin z  sin  - —  .  sm  ^ z 

02               2             1             2                 2 
terms  =  ~  .  r "•  •  • 

4  •     *  4  •     3« 

^  ,  sm  —  '  sin  -2-. 

2  2 


Second  Solution^  by  Mr.  John  Baines. 

Here  sin'  z  =  —  j  sin  32  +  J  sin  z,  sin'  2Z  =  —  J  sin  6z  + 
J  sin  22,  sin^  3?  =  —  J  sin  9s  +  J  sin  32  &c  ;  hence  sin'z  + 
sin'  2z  +  sin^  3*  +  •  •  •  •  sin'  nz  zz  |  (sin  z  +  sin  2Z  +  sin  32 
-*-,,.  .sin  nz)  —  i  (sin  32  +  sin  62  +  sin  92  +  ....  sin  J  nz). 


(    235     ) 

These  series  are  of  the  same  form  as  the  series  at  pa«  51,  Wood- 
house's  Trig.  3rd.  ed.  from  which  we  obtain 

3  ,i„  21  X  sin  ^"^^^h  sin  §!ii  X  sin  Ml+iD. 

f ! ? ? ? =   the 

1  '32 

4  sm  —2  4  sin  **— 

sum  of  n  terms  of  the  given  series* 

Thikd  Solution,  by  Mr.  Davies. 

sin'  nz  == 


Snzv'C— 1)  —^8^—1)  ^  njpv'C— 1)        — fiaV(^l)' 


_  3  sin  nz  sin  3«:5 

If  now  we  substitute  n — 1,  n  —  2,  &c.  •...!  for  «,  we 
shall  have  the  difference  of  the  sums  of  the  two  following  series 
equal  to  the  given  one  :  viz* 


= -:  •  \" 


sin  «2  +  sin  («  —  i)z  +  . .  • .  sin  z  s. 


.  ^sin3n2  +  8in3(«— i)z  +  ...•sin  32^  . 

Now  these  two  series,  it  is  well  known,  (see  Lardner'g  Trig. 
p.  29b)  gives  us  the  following  result, 

r      .    n+i  .    nz  ?i  +  i        .         nz  ^ 

Vosm z  X  sm —        smg  .  z.smg.—    / 

1)^2  2  ^2  2f 

S  =  -  N >  .  , 


XIII.    QUESTION  483,  6y  Mr.  T.  S.  Davies,  Batk 

Let  any  three  circles  (a),  (b),  (c)  be  given,  and  let  them  be 
cut  by  any  other  circle,  the  three  chords  which  join  the  extre- 
mities of  the  segments  cut  off  will  form  a  triangle  whose  angles 
are  on  three  given  lines :  and  if  any  two  circles  cut  these,  the 
two  chords  which  are  in  (a)  intersecting  in  a,  those  in  (b)  in- 
tersecting in  5,  and  those  in  (c)  intersecting  in  c,  the  points  a. 
If  c  are  in  a  straight  line. 


(    »S6     ) 


Lemma  i.  Let  bcef  be  a  tra- 
pezium whose  diagoifaU  interaecH 
in  ]>»  a^id  one  of  its  pair  oi  nicies 
FB,  FC  in  a:    thed  GD  ^  DB  :  £0 

•  Dfi    ::    BA  •  AC  :  FA  •  AE. 

For  the  sides  of  the  triangle 
BDF  cut  by  AB  gives  CD  •  AF 

CD£..««««i^F    •.4k£A*CF 


AB.CF 
AO*  FD 


•  • 


■  « 


OE    :    EB 
Bfi    >   BD 


by  compQunding  which  two  analogies,  the  property  above  stated 
is  obtained. 

Lemma  2.    Let  two  lines  Kt,  UJl  be  given  in   position 
irtt^rtecriuein  *7  in  the  * 

former  let  rbur  points  A,  ^^ 

D,  B»  d  foe  taken,  and 
upon    AD,   and    bc    let 

triangles  be  const  rue  ttd  ^^^ 

having  their  vertices  in 
£G,  sfnd  intef  ducting  ed(;h 
t»hef  m  tt,  I.     Th^n 

HI  being  drawn  will  cut 
AD  in  K,  so  that 

be  •  £0  :  AE  •  EG  ::   bk  *  kd  :  ac  •  EC 
For  by  Letn.  i.  (he-trape2iam 

GFCD  gives  GI    •  XD   C  Jl    .   |C    tl   GE  •  ED  :  FE  .  «C, 
ABFG    ..  ••  ^H  .  UF    :  AH  •  HG  ::   BE  .  EF  :  AE^.EG^ 

Thetrian.BGCcutbytransv.HigivesHC.ic  :  bh.  Gi  ::  ck  :  kb 
.AFD • AH.  IF  :4l>  *«f::  ak:  kd 

and  by  compounding -these -four  analogies,  the  iheorem  inj)ues- 
tioil  will  be  derived. 

Lemma  3.  If  eg  be  subjected  to  the\ condition  of  passing 
through  £,  and  s^ny  number  of  triangles  be  constituted  on 
AC»-19D,  the  litied^i^  ^M.ilbc.  in'^^cll  tfaey  imersect  i^li  all 
pass  through  the  same  point  k. 

This  is  aft  immediate  cotifeequtnce  of  lirw.  ft  ;  for  the  ]K>tnt 
K  being  dep»endatit  only  opott  a,  b,  e,  c,  d,  it  wifl  be  the^ame 
in  \*hateVer  diffcfttroA  Eg  is  drawn,  and  in  whatever  position  t>f 
it  the  poitus  iMy  F,  t^;,  &c.  are  taleti. 

LBMrinA^.  Li^t 'thr<^e  lines  jbtOy  md,  ma  rtrdiathig  4voiti 
the  same  point  m,  and  two  triangles  g^h,  fad  whose  vertioos 
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are^OD  tbese  lines^t  tben  if  ih^  three  pairs  of  sifif^s  intersecl  in 
Hy  i^  gythjef^  three  points  will  be  in  the  same  ^jtr^ight  line. 

For  produce  Gtf  gm,  qn  to  xofitt  ap  in  b^  g»  c  ;  an^  then 
tlie  lines  will  be  related  as  in  ^Lem»  3^*  and  aI  will  pass 
through  K. 

Wi  come  now.  to  the  propojsltion  itsejf. 

Let  the  iSgure  be  constructed  according  to  tlie  conditions  pf 
Ahe  tbeorem,  tbe  chords  in  (a)  beiQg  kI'^  mn»  those  in<B)y 
Tu,  vw,  and  those  i»lc)  ?sif  ^-  ^"^  1^^  ^^^  be  the  triangle 
fooaed  of  those  in  ^he  (urcle  MM.VTq?g  wd  pi};(  .the  QtbeTf 


Then,  because  r>  Q>  t,  V  are  iii  the  same  circle;  the  rectangle 


(  aas   ) 

PE  •  e4  :=  UB  .  ETy  anil  hence  as  ihe  lines  ep,  eu  are  also  se- 
cants of  fB),  (c),  the  tangents  to  these  circles  from  e  are  also 
equal.  The  locus  of  £  is  therefore  a  straight  line»  as  is  shewn 
in  our  elementary  works.  In  the  same  manner  the  loci  of  d 
and  F  are  straight  lines.  G,  h,  i  are  also  in  these  lines  in  as- 
much  as  they  are  specimens  of  the  same  system  of  points  with 

B,    Ey    F. 

The  lines  just  determined  {the  radical  axes  of  the  French 
Geometers)  meet  in  a  point  (the  radical  centre)  as  is  well 
known  and  simply  proved.  This  is  the  first  part  of  the  pro* 
position. 

The  second  follows  immediately,  being  an  instance  of 
Lemma  4.  Whence  the  truth  of  the  theorem  is  completely 
established. 


XIV.     QUESTION  484,  by  G.  V. 

Find  the  nature  of  a  curve  such  that  the  curvilineal  spaces 
contained  between  any  three  ordinates  to  the  axis,  and  the  axis, 
shall  be  to  one  another  «.s  the  arcs  ot  the  curve  between  these 
ordinates. 


First  Solution,  by  L. 

It  Is  evident  that  the  conditions  of  the  question  will  be  ful- 
filled if  we  find  a  curve  such  that  the  area  contained  between  any 
two  ordinates  may  be  equal  to  the  rectangle  contained  by  the  in- 
tercepted arc  and  a  given  line. 

Let  AEG  be  such   a  curve^  dl  its  axis,  and  ad,  eh  two 
ordinates.     Put  x  =  dh,  y  z=  hf.  and 
azz  2l  given  line.     Because  area  ad  he 
=  AE  X  a,  we  have  yx  =  ai,  or  put* 
ting  for  X  its  value  ^{i- — /-) 

and  by  reduction  z  zz  ^^yV_^^^ . 

Taking  the  fluents  z  =y^(y*  —  a'^)^  which  is  an  equation  to 
a  catenary,  the  vertex  of  which  is  a  and  ordinate  ad  i=  a. 
Now  let  EH,  KF,  Gi.   be  any  three   ordinates  to  the  axis 

DL. 

Because  area  ad  he  =  arc  a£  x  a,  and  similarly,  area  adkf 
n  arc  af  x  tf,  area  adlg  ~  arc  ag  x  ^»  wc  have  by  sub- 
traction, 
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• 


area  £Hkf  =:  arc  GV  x  a 

area  fklg  =:  arc  tg   x  a; 
theseffMrie  tbe  i^reas  ehfk,  fklo  are  to  one  another  as  the  in- 
tercepted arcs  £F,  ra  wherever  the  ordinates  eh,  VK,  and  CL 
are  drawn. 


Second  Solution,  /|y  Afr.  Davies. 

Let  one  of  the  ordinates  pass  through  the  origin  ot  x  (which 
ivill  no  wise  diminish  the  generality  of  the  solution) ;  and  call 
tljie  areas  reckoned  from  this  $rst  ordinate  x^  Afp  and  the  Qor« 
responding  portions  of  the  curve  s,  s'* 

Then,  per  question, 

A, :  a'  -^  A  ; :  s  :  s'--^^,  or„  compcmcudo,  A  ^  A'  •  •  s  :  «'• 

.-.  (A)* :  idx'T  «  (is>  ;  (dsOV  that  is 
j^ff^2  :  ji^djT  : :  dor?  f  d^^  s  rf*"^  -f  ^«  Cvrbene  ay,.*<y'  are 
the  co-ordinates  of  the  two  points  <wiiose  ardiliails«vCVt  o^  ,fl^ 
portions  of  th^  area,  a,  a^) 

or,     y*:yr:;i.+  gf:t+^. 

: :  cpsec^  ty  ;  comc*  /'y' 
(/y,  t'y  dc;aotJqg  the  ^ogles  fpr/Ried  hy  //and  y»4o4/ and  y'. 

.-.  y  stn  /y  .=3  /  tin  /'y'. 
But  y  sin  /y  i«  the  perpendicular  f«oin  the  foot  of  ihe  ordi?- 
nate  upon  the  tangent  and  which,  by  this  equation  is  constants 
'Whence  as  was  shewn  in  the  solution  to  Prop.  10,  thelocu*  is 
a  catenary,  or  a  ^raight  line  parallel  to  the  axis  of  x,  according 
as  we  dcrnre  our  conclusion  from  the  integral  or  diffcrcniiai 
equation. 


XV.    QUESTION  485,  hy  A.  B. 

Supposing  the  form  of  the  earth  to  be  perfectly  spbericaU 
what  curve  must  a  person  describe  on  its  surtace  so  that  at  eveiy 
point  of  his  journey  he  may  be  at  the  same  distance  "from  Lou* 
don  that  he  is  from  the  ieqiKator. 

First  Solution^  by  R.  N, 

Let  /  zr  latitude  of  London,  and  x  die  latitude  cyf  the  per- 
son when  ^is  longitude  from  London  is  X,  hence  x  is  the 
distance  of  the  person  from  London,  a^d  in  a  spherical  tri- 

yoh.  V.  Part  i.  s  h 
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angle  contained  by  arcs  joining  the  person's  place  with  Lon  - 
don  and  the  pole,  the  three  sides  are  90®  —  /,  x  and  90° — x. 


the  cos  X  =: 


cos  X  —  sin  / .  sin  x 


cos  / 


s  —  tan  /  .  tan  «  = 


cos  /  9  sin  ;c 

sec  / —  tan  /•  tan  x,  radius  being  1. 

Hence  cos.  longitude  from  meridian  of  London  =  sec,  lat,  of 
London  —  tan.  lat.  of  London  x  tan.  lat.  of  observer's  place  ; 
radius  1. 

,  Second  Solution.  ^^  Afr.  Baines. 

In  the  annexed   figure  let  aq,  represent  the  equator,  p  tht 
north  pole,  and  l  London.     Also,  let  a 
l;>e  a.  point  on  a  sphere  in  the  required 
curve ;  through  p,  x  and  l,   a  describe 
the  great  circles   pab,  elad. 

Put  rL  r^  a,  the  complement  of  the  la- 
titude of  Londoni'PA  =  x,  and  jl  apz  n 
9,  then  from  the  two  sides  pl,  pa  and  the 
included  angle  a  pl,  in  the  spherical  tri- 
angle ALP,  we  have  cos  al  zz  cos  a  cos 
OP  +  sin  a  sin  «  cos  6.    Now,  the  arc   pb  =  90**,  and  conse- 
quently AB  =:  90°  —  X.    This  is  the  shortest  distance  from  a 
to  the  equator,  and  al,  from  a  to  London.     Hence,  cos  ab  = 
cos  AL,   that  is,  cos  {90®  —  x)  zz  cos  a  cos  a?  +  sin  a  sin  x 
cos  0.    Divide  by  cos  x  and  tan  x  =  cos  a  4-  sin  a  tan  x  cos  B, 

1  •  .     •       .  cos  a 

which  gives  tan  *  =  -, -r,  pr  cot  at  zz  sec  a  —  tan 

=*  i  —  sm  a  cos  9 '  • 

a  cos  0,  and  hence  the  nature  of  the  curve  is  known* 


Third  Solution,  by  Mr.  T.  S.  Daties. 

Let  Q  be  one  of  the  positions 
in  the  required  route,  l  Lon* 
don,  TR  the  equator,  ns  the 
earth'js  dxist.  Let  nq  =:  X, 
VL  ZZ  X^  and  qnl  =  jr. 

Then  by  spherics, 

cos  L9  zi  cos  X  cos  X^  +  sin  X  sin  X  cos  n  ; (i). 

But  cos   LQ  =  cos  QT  (bv  the  quest,)  =  sin  nq  z=  sin  X; 
hence  by  substitution  and  redfuction 

cos  X'  ■    . 

tan  X  = : — 77 (a). 

1  —  sm  X'  cos  N 
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The  >gnomonic  projection  substitutes  for  X  its  tangent ;  thpre* 
fore,  we  find  at  once  that  the  projection  on  a  plane  at  the  polt 
converts  it  into  this  form 

io  which  we  recognise  the  ellipse  referred  to  polar  ordinates  is- 
suing from  the  focus,  and  having  that  focus  coincident  with 
the  pole  of  projectiori  s.  We  are  not,  however,  from  this  to 
infer  that  the  (equation  s.)  represents  a  circle :  and  in  truth 
we  shall  find  that  the  figure  possesses  none  of  the  properties 
of  the  circle.  All  we  can  infer  from  it  is,  that  the  path  in 
question  is  in  the  intersection  of  two  concentric  surfaces  of  the 
second  order,  a  sphere  and  an  elliptical  cone.  Curves  of  this 
kind  are  commonly  of  double  curvature,  a  construction  of 
which  is  given  by  Monge  in  his  Descriptive  Geometry,  §  III, 
art.  78. 

Moreover,  if  we  project  it  orthographically  we  shall  find  the 
locus  of  the  fourth  order  as  it  should  be  for  the  intersection 
of  two  surfaces  of  the  second  order :  but  offering  nothing  re* 
markable  in  its  form  either  in  respect  to  utility  or  curiosity. 
The  same  may  be  said  of  the  more  complicated  expression  fur* 
nished  by  stereographic  projection.  . 

There  is  one  remark  which  suggests  itself  upon  the  first  view 
of  the  question — the  similarity  in  the  generations  between  this 
curve  and  both  the  parabola  and  elapse,  when  described  in 
piano.  It  resembles  the  parabola  in  as  much  as  every  point  is 
equidistant  from  a  certain  point  l  and  a  great  circle  directrix 
CT.  It  resembles  the  ellipse,  inasmuch  as  nq  +  Qi«,  arcs 
issuing  from  n  and  l,  make  the  sai^ie  constant  8um«  a  qua- 
drant. 

If  V,  v^  be  the  points  where  the  path  crosses  the  meridian 
of  London,  then  vv'=:  nq  -f  ql  =  90^  Also,  v''n  c=  vl  =: 
^y.  And,  lastly,  the  greatest  value  of  SQ  (s  being  the  middle 
of  nl)  is  when  it  becomes  the  prime  vertical  to  vv''  at  s  :  as  is 
evident  from  the  slightest  consideration. 

The  curve,  if  any  of  its  details  be  required,  will  assume  a 
more  convenient  form  by  treating  it  as  a  polar  curve  whose  ori- 
gin is  fr,  and  its  co-ordinates  sq  and  qsv. 


XVI.    QUESTION  486,  hy  A-  B. 

If  from  a  point  perpendiculars  be  drawn   to  four  straight 
lines  given  by  position,  it  is  required  to  describe  the  locus  of 

2  H  ^ 
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tlilit  point  when  the  rectangle  of  two  of  the  perpendiculars  has 
to  the  sum  of  tbe  squares  SS  the  other  two  a  given  ratio. 

Solution^  ly  L. 

Let  ACt  Ad,  DB,  and  l>c  be  the  four  straight  lines  giv^n  by 
J>0siti6n  ;  Pq,  Pn,  pS,  iitfd  PT 

b^fpendiculars  on  these  lines 
nrotli  a  point  P  so  that  p^  X 
PR  may  be  to  PS*  +  Pt«  in 
k  given  ratio  m  :  n.  Draw 
Ah  to  bisect  the  angle  tAt 
and  meet  do,  bd  in  C  and  i^* 
Fut  AG  =:  a,  AH  =  b,  ztigle 
CAC  =  BAH  =  6,  angle  agc 
z:  (py  ahb  =  y,  A£  =  X,  and 

Then  PQ  =  X  sin  0  —  y  cos  9 

PR  =:  dr  sin  d  +  y  cos  0 

PT  =  (a  — ar)  sin^  —  y  cos  (f 

PS  =:  (6 — x)  sin  y  +  J  cos  y. 

Therefore  pq   x  pr  ==  **sin*  0 —  y*  cos*  0 

and  PT*  +  PS*  =z  (a  —  x)*  sin«^  —  («— i:)'y  sin  2^ 

+  y*cos«^+(i-*)*sin«y+(6-jr)ysin8y 
+  y*  cos*  y 
=  «■  (sin*  ^  +  sin*  y) 
+  y'(cos*  ^  +  cos*  y) 
+  d?y  (sin  2ip  -^  sin  ay) 
— '  X  (na  sin*  ^  +  a&  sin*y) 
+  y  (6  sin  ay  —  a  sin*  a^) 
+  a*  sin*  ^  +  ft  sin*  y. 

Wherefore,  since  pq  X  pr:  pt«  +  ps*  :«  i»  :  it, 

—  X  (a:*  sin*— y*  cos*  e)  =  a?«(sin»9  +  sin*y) 

+  y*  (cos*  (p  +  cos*  y) 
+  jty  (sin  8f  —  sin  ay) 
—  X  {2a  sin*  <p  +  a  A  sin*  y) 
+  y  (ft  sin  2y  —  a  sin  a^) 
-f  o*  sin*  $  +  ft*  sin*  y ; 
^kid,  by  transpositioti, 
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o  :=.  ;ic'isin*^  4-  iia"  y  —  —  sin*©) 


« 

+  A^y{sin  2(p  —  sin  9>) 

—  a:(2a  sin^0 -J- 2&sinV) 
+  y(A  sin  2y  —  tf  sin  ji(p) 

-f  a'  sin*  9  4-  i*  «in^  7 ; 

an  equation  to  a  conic  section,  which' is  therefore  the  locos  re- 
quired. 

Answers  were  also  given  by  Messrs,  Bmnes»  Davids,  and 

GODWARD. 

XVII.    QUESTION  487.  by  T.  Galloway,  A.M. 

R.  M.  College. 

Let  A  and  b  be  two  points  without  a  circle  of  which  o  is  the 
centre,  and  let  bo  x  oc  =  square  of  radius  and  ao  x  od  z=, 
square  of  radius;  and  let  bd  and  ac  meet  in  £.  Then,  if  any 
tw6  chords  F6  and  hk  be  drawn  through  £,  making  respec* 
tively  equal  angles  with  oa  and  ob,  the  four  points  A,  F,  c,  g^ 
as  also  the  four  points  B,  H,  ]>»  k,  are  situated  in  the  circum* 
ferenceof  a  circle,  and  the  diameter  of  the  circle  afcg  is  to 
the  diameter  of  the  circle  budk  in  a  constant  ratio.  Required 
the  demonstration . 


First  Solution*  by  the  Proposer* 


ii 


Since  by  hypothesis  ao  x 
OD  =:  BO  X  oc,  therefore  the 
four  points  a,  b,  c,  o  are  si* 
toated  in  the  circumference 
of  a  circle.  Let  the  circle  be 
described,  and  let  it  intersect 
the  given  circle  whose  centre 
is  o  m  the  points  /,  t\  Then 
since  by  hypothesis  ao  X 
CD  =  square  of  radius  s 
0^,  ot  and  of  must  be  tan- 
gents to  the  circle  abgd  in 
the  points  /  and  t\  It  follows 
therefore  from  a  well  known 
property  (equally  true  of  any 
come  section  as  well  as  a  cirr 
cle,  $ee    Hamilton's  Sec.  Con^ 
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Lib,  V.  Prob*  VIII.)  that  the  three  points  /,  e,  t'  are  in  the  same 
straight  line,  or  that  the  straight  line  it^  passes  through  E.  Hence 
AC  and  it'  being  chords  of  a  circle  intersecting  each  other  in  £, 
we  have  ae  X  £C  =  ^e  X  E/^.  For  the  same  reason  fe  x  eg  = 
/G  X  E/';  consequently  ab  x  £C  zife  X  eg  ;  and  therefore  the 
four  points  a,  f,  c»  g  lie  in  the  circumference  of  a  circle.  In 
the  same  manner  it  may  be  proved  that  9,  h,  d,  k  lie  in  the 
circumference  of  a  circle,  and  it  only  remains  to  be  demon- 
strated that  the  diameter  of  the  circle  passing  through  afcg  is 
to  the  diameter  of  the  circle  passing  through  bhdk  in  a  given 
ratio. 

Let  L  be  the  centre  of  the  circle  abcd,  and  through  L  draw 
LM  perpendicular  to  ac,  and  ln  perpendicular  to  bd«  Through 
o  draw  op  perpendicular  to  fg,  and  oq  perpendicular  to  hK| 
and  let  op  meet  lm  and  AC  (produced  if  necessary)  in  the 
points  p  and  r,  and  OQ  meet  ln  and  bd  in  Q  and  s,  and  join 
€P,  DQ.  Because  by  hypothesis  fg  and  hk  make  respectively 
equal  angles  with  OA  and  ob,  it  follows  that  op  and  OQ,  which 
are  perpendicular  to  fg  and  hk,  also  make  equal  angles  with 
OA  and  OB,  Hence  the  angle  aos  is  equal  to  bob,  and  there- 
fore BOS  and  aOr  areaho  equal.  But  oar  and  obs  being  in 
the  same  segment  of  a  circle  dabc  are  equal ,  consequeniiy,  the 
two  triangles  aor  and  bus  are  similar,  and,  since  coR  =:  d08, 
their  bases  ar  and  bs  are  similarly  divided  in  c  and  d.  We 
have  therefore  rc  :  ca  : :  sd  :  bb,  or,  since  ac  and  bd  are 
bisected  by  the  perpendiculars  lm  and  ln,  rc  :  cm  ::  SD  :  dn, 
whence,  by  composition,  rm  :  mc  ::  sn  :  nd.  But  by  reason  of 
the  similar  triangles  AG  Rand  BOS  the  angle  ARC  and  BSO  are  equal, 
therefore  the  right  angled  triangles  rmp  and  SNa  are  similar, 
KM  :  MP  ::  SN  :  NQ.  Combining  this  with  the  preceding 
analogy  we  shall  have  MC  :  MP  : :  nd  :  nq,  and  consequently 
the  triangles  mcp  and  NDQ  being  right-angled  at  M  and  n  are 
similar,  whencec?  :  cm  : :  dq  :  dn,  or  cp  ;  ca  : :  d«  :  db. 
But  CA  :  Ao: :  db  :  bo  ;  therefore  cp  :  ao  : :  dq  :  bo,  or 
alternately,  cp  :  dq  ; :  ao  :  bo.  Now  since  in  the  circle 
afcg  the  chords  ac,  fg  are  respectively  bisected  by  the  per- 
pendiculars MP  and  op,  the  point  p  is  the  centre  of  that  circle, 
and  CP  its  semi-diameter;  and  for  a  like  reason  Q  is  the  centre 
of  the  circle  ahdk,  and  dq  its  semidiameter ;  hence  the  dia- 
meter of  the  circle  passing  through  afcg  is  to  the  diameter  of 
that  which  passes  through  bHDK,  in  the  ratio  of  AO  to  bo,  which 
ratio  is  given. 

Second  Solution,  hy  Mr.  T.  S.  Da^'^ieis,  Bath* 
The  figure  being   drawn  according  to  the  directions  of  the 
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propotUion,  and  the  intersections  of  AC.  Qd  with  the  circles 
marked  y»  z,  and  s,  t  respectively,  join  os»  so,  OT,  TC  Bi« 
sect  AC,  BD  by  the 
perpendiculars  ^m 
ma,  b  :  and  draw 
OR,  OQ  perpendi- 
cular to  the  chords 
FC^  HK,  cutting 
them  in  B,  Q  and 
meeing  a6,  Am  in 
JC^M :  and,  lastly, 
join    ao,    CL,  fto, 

DM. 

1.  Then,  because, 
by  hypothesis,  bo 
•  oc  =  AO  •  OD^each 
being  equal  to  (ra- 
dius)*, the  four  points  A,  B,  c,  d  are  in  a  circle,  and,  there- 
fore the  triangles  GAG,  OBD  are  similar^  as  are  likewise  a ed, 

BEG. 

Again  because  co  •  ob  =  os*,  (os  being  radius),  we  have 


CO  :  OS 


OS  :  OB 


the  angle  at  o  being  common  to  the  two  triangles  obs,  osc, 
these  triangles  are  also  similar,  and  the  angle  obs  equal  to  osc. 
In  like  manner  it  may  be  proved  that  the  angle  otc  is  equal 

lO  DBS. 

Hence  since  the  angles  OTC,  osc,*  oac  are  each  equal  to 
DBO,  the  points  a,  s,  c,  o,  t  are  in  the  same  circle :  and  there- 
fore SE  •  £T  :=  AE  •  EC  In  the  same  way  it  may  be  shewn 
that  ZE  •  EY  z:  BB  •  ED  zr  AE  •  EC,  and^  hen(;e'  se  .   et  =: 

AE  •  KG  =:  ZE  •  EY. 

Moreover,  because  the  chords  ST,  FG  are  in  the  circle  and 
intersect  in  b,  we  have 

F£  •  EG  a~B  SE  •   ET  — •  aE  •  EC, 

and,  therefore,  a,  f,  c,  g  are  in  one  circle.  In  the  same 
manner  it  may  be  proved  that  h,  d,  k,  b  are   in  one   circle.t 

g.  E.  l-^  D. 
2,  We  come  next  to  shew  that  the  diameters  of  the  circles 

have  a  given  ratio* 


*  By  the  similaf  triangles  aoc^  obd. 

t  Remark,    Tbis,  it  U  clear,  is  independent  of  the  particalar  incli- 
nation of  the  lines  fg,  hk  to  ao,  bo. 
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Becaine  of  the  litnilar  triangles  aoc,  bod,  we  have  acO  ^ 
BDO,  and,  therefore, 

CO  :  DO  ::  CA  :  DB  ::  ca  :  i>i, 

the  triangles  oco^  &do  are  similar,  and  the  angles  coa,  c^ 
respectively  equal  to  do/>,  j>bo.  But  the  angles  Cah^  d£m 
are  equal  (constn)  and  the  angle  aoc  is  commoii  to  the  two 
triangles  ago,  bdo;  therefore  the  angles  lag,  ^oa  are  re- 
spectively equal  to  ubo^  ioB.  And  because  epo  (p  being 
the  intersection  of  f^\  ao,  and  n  that  of  hk,  bo)  is  equal,  by 
hypoth.  to  £NO  and  the  angles  at  r  and  a  right  angles,  the  angle 
Kop  (loa)  rr  QON  Tbom)  ;  and,  therefore^  the  angles  ttao, 
Loa  are  respectively  equal  to  m/;o,  mo/>,  and 

L«  i^Mb  ::  oa  I  ob  ::  ac  :  .^d.. 

Hence,  the  triangles  lac,  m5d  having  the  aaghes  at  a  and 
i  equal  and  the  sides  about  them  proportional  are  similar: 
and,  therefore, 

LC  :  md  :i  ca  :  d6,  or  2LC  :  smd  ::  ca  :  db. 

Biit  because  OL  is  drawn  from  the  contre  oof  the  circle 
F(;hr  perpendicular  to  the  chord  fg,  it  bisects  it:  and  because 
OL  bi«ect9  the  chord  fg  in  the  circle  afcg  at  right  angles  it 
passes  through  the  centre.  AJso  ^l  bisects  the  chord  ac  of 
the  ]auer  cirde  at  right  angles,  and  therefore  also  passes itlirou^ 
the  centre.  Hence  l  is  the  centre  of-  the  circle  Aarc-G,  aod 
3LC  is  its  diameter.  In  the  same  manner  we  find  thatsMDia 
the  diameter  of  the  circle  bhdk.  And  it  has  been  shewn  that 
these  have  the  ratio  ca  :  db  ;  that  is  of  two  given  lines. 


XVin.    QUESTION  488,  iy  Mr.  Galloway. 

let  AB,  AC  be  two  given  straight  lines,  and  a  :  t  b,  given 
ratio ;  two  other  straight  lines  ad,  A£  may  be  found,  such, 
that  if  from  any  point  whatever  p  in  the  plane  of  the  given 
straight  lines,  there  be  drawn  pb.,  pc,  fd,  pe  respectively  per- 
pendicular to  AB,  AC,  ad^  ak,  then  td^  +  -  pe*  is  to  pa*  -h 
PB*  in  a  constant  ratio. 

First  Solution,  by  L. 
This  question  wa«  wrong  printed ;  it  should  have  bcfco  p.d* 
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+   ^  PE*  :  PC*+PB*in  a  constant  ratio,  which  is  similar  to  the 

proposer's  Lemma,  page  ioj;»  last  Num- 
ber, when  eaunciated  as  a  porism.  The 
direct  solution  may  be  as  follows  :  Let 
X  and  y  be  co-ordinates  to  the  point  f, 
axis  AX  bisecting  the  angle  bac*     Put 

•a  n  Z.  BAX  =  CAX,  /3  =:  /.  DAX,    y  = 

^  EAX,  and  m  :  n  the  ratio  to  be 
found. 

Then  pd  r:  a?  sin  i3  —  y  cos  |3 

PE     =  X    sin  y  +  y  cos  y 

PD»  =  a?*  sin^e  —  2xy  sin  jS  cos  jS  +  y*  cos»  /J 
PE*  =:  Of*  sin*  y  -f  axy  sin  y  cos  y  +  y*  cos*  y. 

Therefore  pd«  +  -  pb*  =  i««(sin«/3  +  -  sin*  y) 


+  ajry  f  —  sin  y  co»  y  —  sin  ^  cos  /3) 
+  y*  (cos*  /3  +  —  cos*  y). 


Again, 


PB  ==  ap  sm  «  —  y  cos  x 
PC  =  a?  sin  a  +  y  cos  a 
Therefore  pb*  +  PC*  =  2(;t*  sin*  «  +  y*  co8«  a) 

But,  by  the  question,  pd*  +  "  ^e*  =  -  (PC*  +  pb*) 
therefore  a?*(sin«/3  +  -  8in«y)  +  2a:y( -sinycosy-sin^cos^)+ 
y«  (cos*  /3  +   -  cos*  y)  =  —  («•  sin*  a  +  y*  cot*  a) ; 
or,  ;t*(8in*i3  +  -  sm*y—  —sin* a) 
+  £*y  (—  sin  y  cos  y  —  sin  /3  cos  /3) 

+  y*  (cos*g  +  -  cos*y cos*  a)  =  o 

and  making  the  coefficients  of  a?*,  y*  and  ^xy  severally  equal  to 
o,  we  have  the  three  equations  of  condition 
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sin*p  +  —  sm  y —  — sm*«  no.,  ....(i) 
a  '         n  * 

-  8iny  crosy  — nin^pQSj3=:  p  •   ,....,(3). 

-.  .'      ,  X  .  *        sin  3  cos  j8       yn  ag 

From  equatipn  (a)  weasel  r-aa  .  ,  -.n.    u   :   m  tt- — p 
^       '      ^o'        o     ^         sin  y  cos  7        sm  2y 

and'^^by  adding  (1),  (ft),  1  ^  -  .t-»  .-:«^  s:  a 

a-+-  ft       m 

Again,  suBtractuigXi)*^^) 
cos* /9— sin*  (S  +  *•  (sin* 7— fCos*^)  +  -^i— (cos*a««-sai^«)  z:  b 

or,cd8  Bj8  4-  :^(i0S2y=:  —  cossa, 

n  n 

therefore  we  Iiave  the  two  equf^tions 

a  cos  s0  -f  ft  cos  2y  =  (a  +  h)  cos  2« 

a  sin  2/3  «^  ft  i|in  2y  s=  o,  to  find  jS  and  y. 

From  the  1st.  cos'  2y  zz  Q — — J  cos  2a —  ^  cos  2^)*; 

from  the  2nd.  cos*  gy  z=  6«  — r  a"  sin*  2/3 ; 
equatinjg  these  values,  and  reducing,  we  get 

rf  <I    —    ft   +  (a  +  i)    cos*    2a 

'^     •      '^  ^a  COS  24 

•  > 

,  ^  —  a  -f  (a-+-ft)  cos*  2ix 

HQd     CP5   IJy    =      •  .       kj.nr.un * 

20  COS  2d| 

mm 

Hence  the  posit^oa  pt  the  lines  ad,  ▲£  apd  th^  ratio  —    are 
now  deterfnined. 


4  > 

Second. Solution,  by  Mr.  T.  S.  D'Avies. 

►  -   ■•  ■  ' 

Join  PA.    Let  ax  biseci4:he  angle  c^b  ;  denote  e^ch  of  these 
bailvQ$  by  flf,  Ahe  Wgh  uasl  a^d   ^a?.  by<p  ^nd  v^  and  let 

h 
PAX  =  ft/,  and  PA^r^  v:  aUo^fai' the- preisent  Ifet  -    ta   »,    and 

p  =:  given  constant  ratio. 
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4 

Then  the  analytical  expression  of  the  conditions  of  the  ques- 
tion is  t>'  sin'  (?  -^  «)  4-  liv^  iin  (^  -f-  c^)  =2  piit  (sin*  (a  —  «)  + 
sin*  (a  +  ft;)),  which  must  be  inclependeiit|of  t/  and  a.  Now  it 
is  ulready  indepehd^m  of  v^  ttitid^  f^  only  app^ar^  ai  a  factor 
comMon  to  all  the  tet-ml.     By  ex]:^an^itfn  we  cjrtaih 

tfin^f  cos*A>^-a   s{n(p€os(^^iha^e6Sft^-^to9'(p8iii^W^ 
+  n  sin'x  toz^to^^Tii  sihxtosj^sinto c6s^  +  n  co^^xsln'^toCis  6i 
—  «jfrsin*flcos*<ii  —  tt^Cdi*asin^«5 

Hence  the  three  equations  for  i^i  ^,  .^.  arie 

sin'tp  +  nsin*x=  ^p^xn^am    ••••  t.{t) 
cos*  $  +  n  cos*  X  ==  V  cos*  a  • ,    ^  • .  •  i    •  (oj 
sin f  cos ^  =:  —  usin^cos^,  or  sinflf<p  rz  ^^w  siniix  ••••(g) 
Subtract  (i),  (2)and  we  get  cos  ^(pzifijEicoi*  fl^-^ii  c6*«j^..f4) 

Addsquare8of(Q).(4)wehave     "  ■  •  ^^'--t:-^  ^-ai  QO%t\t  Mf%) 
^  "^     ^  4/?n  co$  Stx  ^     ^*^; 

*   J  •    1-1                   n«— i +  4p*cos«2a  .  .  ,  .  ^  ,>4 

And  m  like  manner  --3^- ^  =  cos  2&.  • « • .  •  •foj. 

4j^  cos  2tt  ^  ^    ' 

Moreover,  by  adding  (i),  (2)  we  find  1  4-  ^z=  b^,  or  te- 

storing  the  valiieof  n^  we  have  j>  nr     ~^ '  >  ;  ahd  the  vadites 

of  91  and  p  also  put  in  (5),  (6)  giVe  a  complete  solution  to  the 
question :  viz. 

(h-^a)  -f-  («  +  6)cas«2a 
cos  2Y  = --r-^ — i — = ' — • 

^  20  CO^  2a 

(a  —  b\  +  (0+  h)  COS*  22 

cos  2^  =       — ^ — ' — ^     ■- ^ = = — = — -• 

^  2a  cos  2ot 


p  = 


a-^-  b 


ji^a 


XIX.    QUESTION  489,  hy  PERiGftiNAtoft. 

Let  <Bcfre  be  a  systerii  of  four  points,  accessible .  (and  either 
visible  or  invisible  from  one  another).  Let  there  be  a  system 
of  four  other  points,  inaccessible,  but  each  of  them  visible 
from  all  the  four  points  of  the  first  system.  The  angles  are 
observed  under  which  the  distances  of  all  the  four  points  of  the 
second  system  are  seen  from  e^ch  point  of  the  first  sy^em : 
required  the  positions  of  theSe  ei^t  points  in  respect  of  dnfe 
another. 
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First  Solution,  Jy  L.  Puissant. 

Four  points  ▲>  b,  c,  d,  arc  inaccessible,  but  visible  from  four 
other  points  e,  f,  g»  h  ;  to  find  the  respective  distances  of  these 
eight  points,  supposing  we  have  only  observed  from  each  of  the 
points  of  the  second  system,  the  angles  under  which  by  the 
points  of  the  first  system  are  seen. 

M.  Lhuillier,  of  Geneva,  in  his  Elements  of  Algebra  and 
Geometry,  p.  249*  has  satisfied 
himself  with  enunciating  this 
problem,  and  referring  for  its 
solution  to  that  given  by  Lam- 
bert. Let  us  put  it  into  equa* 
tions. , 

Prolong  the  straight  lines 
AE,  BC  to  Rt  and  designate  by 
Q  the  angle  which  they  form : 
demit  from   the  points  a,  d, 

upon  the  line  BC  (taken  for     ^ 

unit  of  length)  the  perpendi-     ^  ^^  ^         ^ 

culars  AP,  DP^    Then  make  in  reference  to  this  unit 


BP    zz  X, 


AP   =  y. 


cp'  =  I*',  D'p'  =  y'; 


and  represent  by  «,  /3,  y  the  observed  angles  aeb,   bec,  ced^ 
and  by  m,  «,  the  straight  lines  eb,  eg. 

In  the  first  place,  because  the  angle  ebc  =  a  +  d,  and  the 
angle  ecp'  =  a  +  ^+  fi,  the  triangle  bec  gives 

«*  sin  ^  =  sin  («  +  ^  +  Q)  J  and 
developing,  we  have 

(1)  • . .  •  main /3  =  sin (a^p)  cos  G  +cos(a  +  ^]  sin  0 

=  [sin  (a  +  fi)  +  cos  [a  -f  /Sj  tan  G]  cos  B 
In  the  same  triangle,  we  have  again, 

m  _  sin  {c^  +  (^-hO)  _  sin  (g-fg)  + cos(«-f  g)tan^ 
(2),,,..—  —       sin(a-+-6)       ""  sin  a  -f  cos  a  tan  fl 

The  triangle  reb  gives,  because  of  rp  =  y  cot  6> 

sin  e{x  +  y  cot  0) 
sin  a 

Substituting  this  value  in  (1),  it  becomes 
tan  asin  fi(x-i-y  cot  6)  =  sin  P  {x  tan  ^  +  y ) 

=  sin  a  sin  («  4-/3)+  sin  a  cos  fo  4-^)[tan^» 

from  which  we  deduce 


m  = 
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tan  0  =:  — ■^     '    . ^^ — /    ,  ^, . 

*8mi8 — sin  a  cos  (a +p) 

Putting  this  value  in  (2)  it  becomes,  after  having  reduced  to 

a  common  denominator  and  simplified; 

w    _  jgsin(g  -f  g)  —  y  cos(«  +  g) 

n   "        ( 1  +  *  j  sin  a  —  y  cos  a. 

Such  is  the  relation  which  exists  between  these  four  points 
E,  A,  11,  c.  There  will  exist  a  similar  one  between  the  four 
points  E»  D,  c»  B,  viz. 

£  _  a?^sin(/3  +  y)  —  y^  cos  (/3  4-  y)  ^ 
«i  "*■       (i+x^siny — y^cosy      ' 
^,         ;rsin(flc-f/3)--yco8(g-f /3)  _      (1 +jc'J sin y—y^ cosy     ^ 
"*•      (i+;c)sina— ycosa      ""  *'sinlg+y)-y'cos(g+y)  * 

Now  if  we  take  away  the  denominators  and  convert  it  into  a 
single  member,  we  get 

— yy'[co$  «  cos  7-COS  («+0)  cos  (347)]--^'a'[«in  («-l3)  cos(0-|-7)-sin  «  cos  7]  C  (a) 
+  y'sinacos7-|-y  cos  « sin 7—(i+ji?+^') sin  08107  =  0  3 

This  equation  is  susceptible  of  a  more  simple  form,  for  the 
coe£Scients  oixx'  and  yy^  are  each  equaHb  sin^S  sin  (a+g+y). 
In  fact  we  have  identically, 

siuii  siny  =1  sin  (a  +  /3  —  g)sin(y  +  ^  —  /3) 

=  [sin  (a  H-  /S)  cos/3  —  cos  (at  -f  /3)  sin  |S] 
[sin  {y  +  g)  cos  /3 —  cos  (y  +  /3)  sin  /3] 

And  if  we  effect  the  multiplication  indicated  and  reduce,  it^ 

will  become 
$in«siny=:sin(a+/3)sin(y+/3)c6s*/3-8ingcosgsin(«H-2/3— y) 

+-  cos  (a  +  /3)  cos  (y  +  i3)  sin*  /3  ;  and  hence 
sin(a+i8)sin(i3+y)— sinasiny  =  sin(a+/3)sin(/3  +y)sin«g 

—  cos  (a  +  /3)  cos  ( /3  h  y)  sin*  & 
+  sin  iS  cos  iS  sin  (a  +  23  -f  y) ; 
but  sin  (a-h/3)  sin  (/3 +y)  sin*/3  —  cosCa  +  /3)  cos  (^ +y)  sin"?3  = 
—  sin*^  cos  («  +  2g  +  y)  ;  and,  therefore, 
sin  (a  +  jS)  sin  (^  +  y)  —  sin  a  sin  y 
ni  sin  3  cos  jS  sin  (a  +  2/3  +  y)  —  sin»/3  cos(«  +  2/3  +  7) 
=  sin  /3  [sin  (a  +  2/3  +  y)  cos  /3  —  cos  («  -+  2/3  +  y)  sin  /3] 
:::  sin/3  sin  (a  +  ^  +  yJ- 
In  the  same  way  we  may  prove  that 

cos  a  cosy  —  cos  (a+/3)  cos  (/3+y)  =  sin/3  sin  (a+/3+y), 
and  that  the  coefficients  of    yx   and  y'jf  are  both  equal  to 
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sin  0  cos  (<z  -^  j3  -f  r)»    Hence  the  equation  (a)  takes  the  more 
simple  form 

I  +  y'  $in»  cos  f  +  y  cos  •  antf*'  (i  4-  pr-f-y)tiQ«i»^zso« 

As  this  equation  contdinrs  four  unknowns,  it  U  necessary^  in 
order  that  the  problem  be  determinate  that  there  be  four  points 
such  as  £,  F,  G»  H,  from  which  we  may  see  the  four  othera  a, 
Bp  Cp  p*  Heace  the  only  variables  are  a,  Pp,7»  VP'e  deduce 
from  this 

1  +  «  +  a/  z:  y  cot  OS  -h  y'  cot  y 

i /^  /         /\  sin/3  sin  («+/3H-y)  ^ 
^  ^^^  sinasmy  ^.••••v^yf 

sinac%iny 
and  if,  for  brevity,  we  make 

_  ^  ..sin/3sin(a+j3+y)    .  .   sin/3 co8f«+^+y)^ 

A::±cota,Bz:cfoty,Ci± —  .      ■   .  ^  ^^%D±:   ■  ^^-  .•    *  .  -^ ^; 

*  sin  a  smy  smatsmy 

2  2SXX -*  yy^  r' =  y;c' 4- y'jp ; 

We  s^hall  have  between  the  eight  points  under  consideration,  the 
four  following  eqttations 


1  4-  a?  -h  x'  =  Ay  +  By'  +  car  --•  tz^     \ 
=  A"'y  +  b'"3/'+  c'^'z—  d"v) 


=  A'i,+   By  +  d'z         _-      ,  ^^j. 


The  method  of  eliminating  to  employ  in  this  case  is  very  na- 
iu^.  we  have  m  the  first  place^  by  subti-action^ 

ozr(A— AOy  +i&—B')y'  4-f,c— aO^  -r.(D— P0^^ 
O  ±&  {A—A'')y  +  (B— B'Oy'  +  (g^c^O*  _(d— d'0«% 
b  iz{A— A'")y  +  (b—b''0/+(c—c'''')z—(d—x>''>^; whence 

i  ±:  ^ D  — D^ — ^ ^  =  My  +  Ny'  +  p« 

«'  = ^  i ...........  • ^  .=  M'y  -♦-  kV  '+  P'« 

2''= .....=   M''y  +  NV+P''2 

and  if  we  eqtiate  these  values  tWo  and  two  we  shalt  obtam 


•  These  equations  are  the  same  9s  those  of  M.  Lefe\re  in  bis  Jlfis- 
nual  du  Triffonomelrie,  p.  90 ;  but  we  have  obtaiiicd  thefifi*  by  a  method 
ptH-fcfy  tri^otionofetricarl. 
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•o  i=  ^M  —  M^')y  +  '(n  —  ^'Oy^  +  (P  —•  P''0«'?  »nd  therefore 

(m  —  mOv  4-  (n  —  n ')v'  ,       , 

z  as  1  <jj">u  I  ^.i.  miim^  ■  mi.i.n:ii  jr  Qy  -r  Ry 

^  ?»-  p «» •  ?    ••,••••••#•,•  ^  .••/»  ^  ji  ^  ^  Q  y  T*  ]^  jf  p 

Equating  again  these  two  values  we  ahati  iin4 

z^  =  M^y  +  wy  +  JP'»  =  ^k'  +  N's  +  p'T)y  =  uy ; 
also  because  z^  n  yx'  +  y'x.  we  have 

yj/.^f  y'a?  ;;=  uy  ;:;:  yA?'  +  SJry, 
thuix'-{-  sx=  u;  and  the  first  equation  (d)  will  bjeqpmp 
i+*4-«'  =  (A  +  Bs-f-cT  —  Du)y  =s  ry- 
Combining  these  two  last  equations^  the..ieiult  pf  the  9pera- 
lion  is 

1  4-  U  —  Vy       ,        Vsy  —  8  —  U 


X  ZZ. 


8 —  1  S 1 

On  the  other  hand,  because  z  —  xa^ — yy'^  we  have 

|hus/  is  definitely  given  bv  an  equation  of  the  second  degree, 
bf  which  the  form  is  reducible  to  this : 

y*  +  Fy  —  G. 

This  ordinate  being  known  we  shall  have  x^  x'  andy'  which 
depend  upon  it;  but  it  requires  us  to  know  which  of  the  two 
values  ot  y  satisfy  the  equation :  tor  if  we  jdeiermine  the  points 
A«  n,  c,  D,  £»  after  one  of  these  values,  and  that  ^^e  angles 
«f  /3,  y,  have  place  at  the  point  ?  between  the  four  other  points,, 
the  problem  will  be  resolved.  Otherwise  it  will  b^  necessary 
to  employ  the  other  value  of  y. 

That  the  solution  should  ^Qt  be  faulty  it  is  nece$$ary  to  take 
care  that  the  angles  a  and  y  be  positive  if  they  be  pnetQ  thexight 
and  the  other  to  the  }eft  pf  the  angle  )3,  ?nd  that  they  are  nega- 
tive if  they  have  one  part  con^moh  witfe  this  last*  In  the  case 
where  the  ordinatesy,  y'  ?re  negative,  the  points  a,  p  will  be 
heloivBrCt  aiKl  in  th^  san^e  $ta.te  of  a?,  xs  these  abscisses  will 
^ve  a  situation  opposite  to  that  which  we  originally  attributed 
p;^  them*  Finally,  if  the  line  b  c  he  given  in  known  measures^ 
at  for  ex^ipple*  ip  metres,  it  will  be  necessary  to  inuUiply  the 
.yalnesfoundipr  the  other  ljae§,  by  the  number  of.roetres  con- 
Ui^^d  in  ^(?»  a^  19  obvious 
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Our  solution  supposes,  moreover,  that  the  points  s,  f,  c,  h, 
are  all  on  the  same  side  of  bc  ;  but  if  some  be  situated  on  one 
side  and  some  on  the  other,  it  will  be  requisite  to  modify  in  a 
corresponding  manner  the  formula  (d)  iound  above,  to  establish 
between  them  the  necessary  correlations.  It  is,  however,  to 
hinder  ourselves  with  a  problem,  curious  rather  than  useful, 
and  which  only  requires  a  well  exercised  computor. 

See  Puissant^  Trait0  dc  Topographies  2nd.  Ed.  1820,  p.  55 — 60. 


Second  Solution,  by  Meysr  Hirsch. 

The  four  objects!  a,  b,  c,  d  are  seen  from  the  four  stations 
E,  F,  G,  H  and  there  the  angles 


B 


T  HBK       C  -  I   & 


A£B  =   (X,    BEC   n  /3, 
CED  rr  y,    AFB   =  «', 

BFC   =  /3',    CFD  =  /, 
AGB  zr  ct^^  BFC  =:  fi^\ 
COD  ZZ  y\  AAB  =  (t^^\ 
BHC  =:/3%CHDz:y'^ 
are  measured. 


I.  Join  the  points  A,  b,  c,  d  by  the  lines  ab,  bc,  cp  ;  find 
first  an  equation  for  the  point  e. 
With  this  view,  produce  the  lines 
BC,  ea,  ED,  till  they  meet  in  F,  G, 
and  draw  the  perpendiculars  ah,  di, 
EK.  Since  angles  only  are  here  given, 
consequently  we  cannot  determine 
the  actual  magnitude  of  the  lines  be* 
longing  to  the  figure,  but  merely  their 
proportion  to  one  another.  We  can 
therefore  assume  one  of  these  lines 
say  BC,  for  unity,  and  put  bc  =  i. 

Now  if  besides  the  lines  ab,  cd,  the  angles  a  bc,  BCPi  or 
the  adjacent  angles  abf,  dcg,  are  known;  then  the  position 
of  the  four  points  a,  b,  c,  d,  and  consequently  also  the  situa- 
tion of  the  points  e,  if,  g,  h,  are  determined.  Assume  there- 
fore ab  =2  i^c,  CD  =  y,  abf  rr  (p,  dcg  zr  %J/,  and  moreover, 
for  shortness  sake  bae  =:  a,  cde  =:  d,  which  last  two  angles 
vanish  further  on  in   the  calculation.     We  then  have  afb  = 

BAE  —  ABF  =  A  —  $,  CGD  ZI  CDE  —  DCG  =  D  — >}/,  CBE  =: 
AFB  n  AFB  +  AEB  =  A  —  (p  +  a,  BCE  =  CGD  +  CED  ZT  D  -^ 

^^  +  V 
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2.  Iti  the  triangle  abe, 

AB  sin  BAE        X  sin  a 

Bfi    ZZ     : —    ZZ    — r- 

sm  AEB  sin  a 

and  in  the  triangle  ced, 

CD  sin  CDE        V  sin  D 

sincED  siny 

consequently  in  the  right  angled  triangle  bek, 

X  sin  A  cos  f  A  — ?>  -f-'a) 
BK  =  BE  cos  CBti  =    r^ ^ ^, 

sm  « 

and  in  the  right  angled  triangle  cek, 

y  sin  D  cos  (d  —  >|/  4-  y) 

CK  r:  CE  cos  bCe  =  2 i Z U. . 

sm  y 

Now  since  bk  +  ck  =:  bc  =  t  :  we  then  have  the  equation 
X  sin  A  cos  (a  — ^  4-  a)  y  sin  D  cos  f d  — >  -j/  4-  y)  _ 


sm  (X  sm  y 


or. 


.V  sin  y  sin  a  cos  (a-*.^  -|-  «)  +y  sin  a  gin  D  cos(d— vpH-y) 
1=  sin  a  sin  y. 

3.  But  cos  (a— 9  ■{-  «)  iz  co8[a— ((p— a)]  rr  cos  A  cos  (<p— a) 
+  sin  A  sin  ((p  —  a),  cos  (d— ^^  -i-  y)  zz  cos  [d  —  (>[/  —  y)]  =1 
cos  D  cos  Cn}/  —  y)  +  sin  d  sin  (-J/  —  y).     Substitute  these  va- 
lues in  the  obtained  (equation,  and  at  the  same  time  put  1  •—  cos'a 
for  sin*  a,  1  —  cos*  d  for  sin*  d  ;  this  gives, 

sin  a  "sin  y  zr 

X  sin  y  Cos  A  [sin  a  cos  (^  — *•  a)  -*-  cos  a  sin  (^  —  «)] 
+  AT  sin  y  sin  (?""«)+>  sin  a  cos  D  [sin  D  cos  (4^— y)— cos  D  sin  l%|/-y)] 
+  7  sin  a  sin  (xj/  — y) 

=:  a?8iny  cos  Asin(A— ^+a)+jcsiny  sin((p-- (x}-)-y  sin^x  cos  D 
sin  (d  —  -J/  4-  y)  +  y  »in  «  sin  (^^  — y) 

=  AT  siny  cos  A  sin  cbe  4-  Jcsiny  sinjip  —  a)  + 
y  sin  a  cos  d  sin  bO£  +  y  sin  a  sin  (%]/— .y), 

4.  In  the  triangle  bec  we  haye 

be  sin /3         a?8in  a  ginj3 

sinBCE  sinasinncE^ 

and  .•. 

X  sin  A  sin  i3 

sm  BCE  =      ■■      . . 

sm  a 

In  like  manner 

_  CEsin/3  ysinDsin/3 

sm  CBE  sinysmcBB 
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and 


•  • 


•  V  sin  n  sm  ft 
sin  CBE  r=  2 ; J-  . 

smy 
Substitute  these  values  of   sin  bc£»  sin  cb^  in  the  equation 
in  3  ;  this  gives  sin  a  ^in  y  =i 

xy  sin  ft  sin  d  ^s  a  +  ^r  sin  y  sin  ((p  —  «)  4- 

ay  sin /3  sin  A  cp#.D. -(£  i|i,j|Ui.«  sin^>^.  — y). 
zz  xy  sin  ft  «n  (A  -tJp)  -k  K  sin  r  sin  ((f — a)  +  y  sin  a  sin  (4/  —  y) 
or,sinceA4.Di=540?r-^(AED+.ABC  +  BCt)j=ri8o^— (E-.(p— 4/), 
when,  for  the  sake  of  brevij^jj,  w^  p^^  ^f  f  ^^,  ;=  e^ 

sin  a  sin^y  =  ^Jtsift  A'&i|i[^  — ((p  +  >J/)]  +  a:siny  sin  (<p  — a) 

+  J(;^|nasin(%^  — y). 

5-  5?9?i^ej^  V>  sa?p^5^  :tl^e- unknown  niagiiitiwj?^  ftPP»  ^^^« 
known,  solve  this  equation  ;  this  gives 

sin  txr  sin  y  =^4;j/  six?  /3  fain  e  cos  (^  +Aj/)-rrr  co&  E  drtL  C<P-  +  40] 
H[-  a:  sin  y  ^sin(p  cos  a  —  cos  9  sin  a)  +  ^  sin  a  (sin  \}/  cosy 
—  cos  >|/  sin  y) 

n:  jr^  sin  /3^]jsm  E  (cos  (p  cos\J/  —  sin  (p  sin  %|/)  — "- 
cos  E  (sin  (p  cos  %|/  +  cos  (p  sin  ^^)]  + 
'^  sin  <)[  if  sin  tp  ^os  a  —  cos  (p  sin  a,y  ^ 

then  this  equation  i^^aji^/;pfm^  in^o^thejollpwjn^oh.e  : 

(qs —  pr)  sin  jS  sin  £  —  (ps  +  qr)  sin  /3  cos  e  4r.|)  sin  y  cos  a 

9r 

'    '         /«•       ..•.\'  sin  ft  sin  E  sin  /3'cps  e 

{qs  —  pr)  -. : (ps  +  qr4  «.-'^jU4  «> 

*  .  .       sm  «  sin  y  '^  '  ^  sm  a  Sin  y 

+  p  cot  «  +  r  cot  y  — Cf  +  ^/+  *);  =■  o, 

Likewise  c^ph  of  the  other  stations  f,  C,  H  gives  a  similar 
equation.  We  t!iere?bre  have  Tour  equations  ih  all,  whence 
the  value  of  qs  — pr^  ps  +  qr^^  py  r,  ^  4*  jr^  4»  t,  audi  b^nce 
again  the  valUi^siiOf /^«  i^  Kt  s,  may^  be^ determined  :  If  these  last 
are  found,  tiif  a,w^;^^9jfcave'^thg  y;aluf^  of**,  y,  (p,  %J/. 

When  the  situation  of  the  four  points  A,  b,  c,  d»  are  deter- 
mined by  means  of  t^zij^^i^  and  lines  9,  %]/,  x^y^  wHen  cal- 
culated, it  is  easy  to  d^t^ipine  the  position  of  the  points  e, 

F,  G,  H» 

See  HirscVi  Qfpn^ff^f,  1805.  T^jfif^slated  ly  the  Rev.  J.  A. 
Ross^  A* Mi  ^ni^Edited^py^Ji  "Mx  R  fkrighi,  A.  B^  18117. 
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XK.    PRIZE  QUESTION  499i /yf 


•• 


Let  a  portiion  «tf  the  surface  o]f  an  loib'l^e  spheroid  b^  prDJec^ed 
on  thestfrfocfc  df  a  gweri  sphere  m«uch  a  maaner  that  its  dif* 
ferential  elements  and  their  pr(Mj?ctions  may  be  similar ;  it  is 
required  ist.  to  assign  a  relation  between  any  point  on  the 
spheroid  and  its  corresppriding  point  oii  the  sphere  in  terms 
of  their  respective  latitudes  and  ibhgnud^  ;  and  2nd.  to  deter- 
mine at  a  fjiven  latitude;  tWe  ratio  of  tife  corresponding  linear 
elements  of  the  two  suiAces,  siiJDposhig  ths^  at  another  given 
latitude  it  approaches  the'  nearest  possible  to  a  ratio  of  equality « 

sibL»titt6w. 

Sbiti^tiffie  after  lhitt[}«iesf ion  had  beeh  proposed  in  the  Ke« 
ptt^rtcTry-,  Ih^tilrtislafioil  of  a  Memoir  of  the  celebrated  QiatiMi 
from  wKleU  it  vfUs  taken,  ipjpeilred  iii  the  Philosophical  Mdga# 
zine^  (Augitet  und  Sefitembur  t8s8|;  A^  no  sati^adory  solu4 
tion  has  cdf^e  to  hftnd  vre  wifi  here  givetbe  translal^ion  we  had 


lungen,  and  ivas  composed  ^n  answer  to  a  Phzfc  Qi 
pored  By  ihfe'  Rbystl  Sfefcitety  df  Sfciehces  at  t3i)pfcfhh§^em 

1;  Thenauitcof  a  cufve  stuface  is  dj^fined  bf  an  ef3uati<Jif 
between  the  three  co-ordinates  x^  y\  z,i  df  any  pi:}in^  di\  the  s»ur- 
face ;  and  any  one  of  the  three  variable  quatitities  jn  this  e^ii^ 
tion  may  be  .expressed  in  a  function  of  the  two  others.  It  it 
still  more  general,  nowever,  to  consider  i,  ^,  z  as  functions  of 
two  new  varidfcfe  quanKite  i\  b  ;  \<fHere"B^,  g^^ersflfy  sp'eaitrij 
at  least,  known  v^Ities  of  t  and  u  will  always  be  obtained  for 
every  ^iv^n  ppint  upon  the  proposed  surface,  and  conversely. 

a.-  In  defining  a  second  surface,  we  suppose  trie  letters  x,  Y^ 
z,  T,  u,  to  have  respectively  similar  significaiiofis  to  those 
which  have  been  given  to  x^  y,  t,  ^,  ii,  iri  defining  the  first, 

3.  T8  prdjgct  6hfe' Ju^rdce  \ipoi\  aiidlhef  mearn^  ib  Establish'  It 
Jaw,  according  to  which  a  detefrflfriale  pbirit  upon  the'  sfecditd 
siirfErcfc i^haOl  correspOtrd  fd^ery  pbintdnth^ first;  This  wiUbe 
acco^piisFied  ^hert  x  and  U  are  also  expressed  in  kitoWn  (unc- 
tions of  the  two  variables  /,  u.  When  the  projection  must 
satisfy  certain  conditions^  these  functions  can  no  longer  be  ar- 
bitrary: X,  Y,  z,  being  ri^  this  ca^er  altsro  fdnctrons  of  /,  a, 
thesfc  fuhctioh^^  ih  the  eqtiatjyn^  wHfcff  detferminS  the  i>9p  stir- 
faces,  must  satisfy  every  condition  reqiilried  by  ttie  projection. 

4.  The  problem  requires  that  the  projection  be  similar  to  the 

2  &  2 
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projected  surface  in  its  least  elements.  We  have  first  then^  to 
express  this  condition  analytically. 

By  differentiating  the  functions  which  express  x^  tf^  z^  x,  y, 
z,  in  terms  of  /  and  »,  we  obtain  the  following  equations : — 

dx  =  adt  4-  a'du 
dy  =  hdt  +  Vdu 
iz  =  cdt  +  c^du 
dx  =  Adl  +  A^du 
dy  =  Bdt  -f  B^du 
dz  =:  cdt  +  c'du 

The  condition  specified  requires,  first,  that  all  the  infinitel]^ 
small  elements  ot  the  lines  which  pass  through  any  point  on  the 
first  surface,  and  are  contained  in  that  surface,  shall  be  propor-* 
tional  to  the  corresponding  linear  elements  in  the  second  sur- 
face ;  and  secondly,  that  the  angle  contained  between  any  two 
such  lines  in  the  nrst  surface  shall  be  equal  to  that  contained 
between  the  two  corresponding  lines  of  the  second  surface. 

A  linear-element  of  the  ^rst  surface  is  expressed  by 

v/{  {aa-V  hb+cc)  rf/H  ^iaa'+bV-^-cc')  didu+(aW+  l/b''^</(/)du*} 
and  the  corresponding  linear-element  of  the  second  by 

|/{(AA  +  »B  +  CC)rf<»+2(AA'  +  BB'  +  CC')rf|rfu-^(AV+BV  +  C^C')<^M'j. 

Now  since  these  elements  must  have  a  certain  given  relation 
to  each  other,  independently  of  t  and  ii,  it  is  manifest  that  eacU 
of  the  three  quantities 

aa^lb  +  cc,  aa'  +  hV  +  cc\  a' of  +  VV  +  cV, 

m^st  be  respectively  proportional  to  each  of  the  three  following 

AA  4-  BB  +  cc,  as!  +  bb'  +  cc',  aV+  bV  +  q'q*. 

If  the  extremities  of  a  second  element  upon  the  first  surface 
are*  denoted  by  ^ 

/,  u  and  /   V  H^  u  +  ^u, 

then  the  cosine  of  the  angle  which  this  second  element  makes 
with  the  first  will  be  expressed  by* 


*  If  y  denote  the  angle  which  two  straight  lines  ii^  sp^ce  make  with 
each  other,  x,  t,  2,  the  angles  which  the  hrst  straight  line  makes 
with  the  co-ordinates,  and  x',  y^  z'  those  which  the  second  makes  with 
the  same  co-ordmates,  then,  as  is  well  known, 

cos  V  =  cos  X  cos  x'  +  cos  Y  coi  y '  -f.  cos  z  cos  z'. 
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|ind  to  denote  the  cosine  of  the  angle  between  the  two  cor* 
responding  elements  of  the  second  surface  it  is  only  necessary 
to  change  d,  i,  r,  a\  h\  c\  into  a,  b,  c,  a',  b',  c',  respectively. 
The  two  res uhing  expressions  will  be  manifestly  similar  when 
the  above  mentioned  proportion  has  place,  and  the  two  con- 
ditions are  therefore  both  included  in  the  first ;  which  indeed  is 
rendered  ^elf-evident  by  regarding  the  superficial  elements  as 
very  small  plane  surfaces^ 

The  analytical  expression  of  the  condition  of  our  prob|ett;i  is 
consequently  that 

AA  -f  BB  -h  CC     AA^  +  BB^  -<-  CC^    _     A^A' +  B V  f- C^C^  ^ 

aa  +  hh  \  CC     ~     aa'  +  W  +  cc"     ""   'oVTTFTT?'  ' 

and  if  we  denote  the  value  of  these  equal  quantities  by  m% 
then  m'  must  be  a  finite  function  of  t  and  u*  The  func- 
tion m  therefore  expres^e^  the  proportion  in  which  the  values 
of  the  lineair  elements  of  the  first  surface  increase  or  di- 
minish when  projected  on  the  second  surface  (according  as  m 
is  greater  or  less  than  i  )•  Generally  speaking  this  proportion 
will  be  variable  from  one  element  to  another ;  in  the  particular 
case  in  wjiich  m  is  constant,  the  finite  parts  of  the  first  surface 
will  be  perfectly  similar  to  tho^e  of  the  second ;  and  when 
9»  =  1  the  tw6  surfaces  will  be  perfectly  equal,  and  coincide  in 
every  part  when  one  is  applied  to  the  other* 
j.  If  we  now  assume 

we  remark  that  the  equation  u;  =  o  admits  of  two  integrals,  be- 
cause when  the  trinomial  is  resolved  into  two  factors,  each  of 


,    Applying  this  formula  to  the  case  in  question,  we  have 

dx dy 

""^  ""  ""  V^dx^  +  dy^  +  dz^'  ^""^  ""  "•  VWTd^T^ 

dz  ,    ,  ,  Zx         . 

cos  z  =:     .  ^ ,  ..  .    ■  .. — Tsr ;  and  also  cos  x  =    //^  *  .  ^  .z  r  »  •\ 

,       ^y  ,_   ^ ^ 

consequently    ' 

'  __  dx^x  +  dyly  +  dzhz 

"^^^^   V(rfa;»  +  dy^  +  <feO  . V(*-^'  +  V  +  ^''*> ' 
Now  since  Ix,  >y,  Js  correspond  to  ?/,  ^a  in  the  same  manner  as  rfar,  dy 
dz  correspond  to  dU  du,  wc  sliali  have 

>j;  =z  fl>^  +  a'^u,  &c. 
and  by  substituting  these  values  the  expression  which  has  been  given  above 
is  obtained.  »  .      -       '•  •  *  ^^' 


(     26o     ) 

Hrhich  will  be  linear  in  respect <>f  di2inddu^  either  the  one  or 
the  otiier  of  the  factors  iiiust  be  zr  o.  One  of  these  factors  will 
give  the  equatk)n 

o  =  {4ia  -4-  ii  +  u)  dt 

(in  whicli  tor  *He  sake  of  breyity  we  have  .piit  i  fdfV^ — i, 
and  it  is  easy  to  see  that  the  irrational  part  of  the  equation  hiusl 
be  imaginary) :  the  other  factor  will  furnish  an  equation  ehtkely 
simitar^  only  —  i  muj?t  be  written  instead  of  i.  The  integral 
of  the  first  factor  will  be  of  this  form 

^ -f- Y^  =f  Const. 
wbfef e  p  ^Ad  q  arfcf  real  fun^Hdns  trf  i  artd  u.    The  rnle^al  of  the 
dther  fedtisv  wHi  he  tikewite 

attd  the  Hiiitrct  bf  tfhe  thing  r^iiirV^  that 

[dp  +  iiq)  {dp—idq)  or  df  +  dq^ 
shall  bfe  a  factor  of  w,  or  that 

wbere  «r  ts  a  finite  fttBction  of  i  atid  ar« 
We  will  how  *esJgnate  By  SI  IBe  tnnohiial  iHio  which  Ific 

is  changed  by  substituting  for  dx,  dy,  atfid  (?z  theii*  vsclu^s  in 
terms  of  ti  t,  dij^d^y  dnd  ^satofc  at  once  thai^  as  before,  the 
l#o  integrals  of  the  eqiiaHion  A  z::  o  «re  these 

W   4-  Jig  23   €otHStw 

P  —  iii  =  Const, 
and  that  ft  z=  n  (dp^  +  Jq*), 

where  p,  a,  n  denote  real  functions  of  x  and  u. 

These  integrations  fleSvittg  dside  the  general  difficff!tte#V^hich 
may  occur  in  integrating  the  functions]  may  all  te  effected  before 
the  resolution  of  the  problein*' 

If  we  now  ^u1)stitute  for  x  and  u  siich  functions  of  t  and  u 
as  satisfy  the  coriditions  of  tire  problem^  the  quantity  ft  will 
become  m  w,  and  we  shall  have 

(dp  +  ada)_.  J[dp^— zdoj.         mH 

{^  -¥idp)  .  (d/ir  ^  jdy)  .      ^       N     * 

And  the  jtumeraior  of  the  first  menvber  of  this  equatioa'will 
evidently  be  divisible  by  the  denominator  when  eitiher. 

dp  +  ida  is  divisible  By  dp+  id^',  anrf  dp  — id^  by  dp  —  tiy, 

or   dp  +  idQ  by  d/^  —  idq,  and  d^p  r—  tdo;  hy  dp  A-  idq»i 


/ 


(    fl6i    ) 

Inlhe.  first  case  d^  +  idQ  will  vanish  when  i^  +  tdq  =r  6,  or 
1^  +  ^$  will  be  constant  l^hen  p  4-*  if  h  con^lam  ;  that  is  to 
Myj  p  4-  iQ  must  be  an  entire  f«n€ti<Mi  of  p  +  ^,  and  alscJ 
p  — ir^  0f  p — iq.  In  the  second  case  p  -^  iq>  will  be  a  fancr 
lion  of  p  —  if^  and  F — <Q;  of  fi-^iq.  It  is  also  easy  to  see 
that  these  coiiseqiiences  are  reeiprocaHy  true,  that  is,  if  we 
make  p  +  sq,  and  p — iQ  functions  of  p+iq  and  p-^iq 
(eit4ier  respcctivcty  or  conversely)  the  finite  division  of  fi  by 
u/.may  always-  be  effected,  and  the  proportion  which  the  coit- 
dvtions  of-tlie  problem  reqiiire  satisfied. 

It  is  besides  easy  to  perceive  that  if  we  make 

the  nature  of  the  function  y*'  will  correspond  with  that  ofy. 
For  if  among  the  constant  quantities  which  this  last  may  in- 
volve, there  are  non^^foj^nd  but  ^uoh  as  are  reaj^^  then  the  func- 
tion f^  must  be  entirely  identical  withj^in  order  that  real  values 
uf  P  9iiyk  Q.way  b^aNai»^d.frQfli«very  such  v^ue  qf  p  and.  }• 
In  the  contrary  case  the  functions  /  and  f^  will  only  differ  ist 
this  respect,  that  —  i  must  be  tifriiten  thr^piigfaout.  instead  of  u 
W^  h?ve  therefore  immedjiat^y 

P   =|/(^  +  tg)  ^if\p-iq) 

or^  which  amounts  to  the  s^me-  thing,  in  order  that  the  func- 
tion /  Riayl>eeiitiTeiy  arbatrar^c,  (including  at  pLeMum-  ccyg^ 
stant  imaginary  quantitiejf).  p  ]^$t  be  made  equal  to  the  real, 
and  t(i  (or  in  the  second. soUtioor—iQ)  to  the  imaginary  part 
o{f(p  +  ig),  and  then,  by  eliminating  t  and  u,  P  and  q  will 
be  expressed  in  functions  of  /  and  te«  Hence,  the  problem  is 
generally  and  completely  resolved. 

6.  Whcft/i^  +  ty  is  a  determinate  function  of  p»  +  iq,  as- 
sumed at  pleasure  (provided />f,  ^.arercM  functions  of  p,  j)  it 
is  easy  to  fee  that 

f/  +  iq'  =  Const,  aod/^'-*-  tV  ^  Q<3t93^.. 

represent  the  integrals  of  the*  diffisre^tipj .  eqmttion  a;  zi  o  ;  in 
fact  each  \yill,.  respectively,  be  perfectly  synonymous  with  the 
expressions 

p  +.  iqzz  C.PP^f,  a^d.  p  — .  iq,  ^,  Cpn^t. 
given  above.     So  also.  iiLtb^  differential  equation  f2  =i  o, 

p«  -t-  i^  =s  Qpn*t  and  p'  —  tV  =  Const, 
will  be  respectively  synonymous  with 

P  4-  t(^=z.  Const,  p  -r-  tQ  =  Const, 
when  p'+  jV  is  any.  ^fwnitiatc'fiin^^ion  of  p  +  tQf<p',  Q^bc- 
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ing  real  functions  of  p^  q).  Hence  it  follows  that  in  th<;  general 
solution  of  the  problem  which  has  been  given  in  the  precede 
ing  articles,  the  quantities  p  and  q  may  be  changed  into  p'  and 
g\  and  also  p  and  q  to  p'  and  q^  Since  the  generality  of  the 
solution  is  not  affected  by  this  change,  either  the  one  form  or 
the  other  may  be  assumed  as  shall  be  most  convenient  in  the 
applications. 

7*  Denoting  by  9  and  <p^  respectively  the  functions  which 
arise  from  the  differentiation  of  the  arbitrary  functionsyand/^t 
so  that  d  .  fv  "=.  Q^x  .  dv^  d  .  f^n  =:  ^^v  •dv,  our  general  solu- 
tion will  become 

dp  +  ido         ^,      .    .  .    rfp  —  tdo,        t,  .  . 

dfTii  =  ^^^  +  *^^*  -5F^  =  '^^^'"^^ ' 

and 

2^  =  (p(p  +  iq)  .  (ffip  —  iq). 

N 

And  the  ratio  of  the  enlargement  of  the  elements  will  hence  be 
given  by  the  formula 

8.  We  will  now  apply  this  general  solution  to  the  case  pro- 
posed in  the  question. 

If  a  and  h  denote  the  semi-conjugate  axes  of  the  ellipsoici 
oi  revolution^  about  the  shorter  axis  sd,  we  may  make 

X  z=.  a  cos  t  sin  u 
y  ^  a  fAVi  t  sin  U 
z  zr  h  cos  ti. 
In  this  case  we  have 

a;  =  «•  sin«  udt*'  +  (/»^  cos* d  +  i«  wn*  u)du ; 

and  putting  for  the  sake  of  brevity   y^  (*  "^   ~)  ^  ^»   ^^^ 

differential  equation  u;  =  o  gives 

o  zz  dm^  idu  l/{cot*  M  4-  1  —  «}. 

Letv/i  —  £6  •  tanttzitana;.  In  the  application  to  the 
terrestrial  spheroid  90**—  w  will  denote  the  geographical  lati- 
tudes, and  i  the  longitudes  ;  and  the  above  equation  becomes 

o  =  d/  +  idw  • ~^       . — r, 

( i  —  g^  cos*  w)  stn  to  ^ 

the  integral  of  which  is 

^  .      t        5      XT      /^ — ^6Cosc;\ 

Const,  zz  t  ±  tlofr  ;  cot  i  zo  { — ^ ) 

°   i  \  1  -f  £  cos  ft;/ 


(     aSg    J 

Next)  if  A  denote  the  radius  of  the  given  spheiei  we  may 
put  in  like  manner 

X  =  A  cos  T  tin  V 

T  £:  A  (lift  t  «iA  V 

Z   tz  A  cos  XT. 

Ofi  applying  the  genial  solution  obtained  in  ArL  $»  td  this 
case,  it  will  be  found  that«  when/*  U  an  arbitrary  function »  t 
miiti  be  put  t^ual  to  the  risal^  and  t  log  cotang  |  U  equal  to 
tb0  imairinary  part  of 

r  *0\ 

/(^  +  »  log  ^cotang  i«  .  ^—p.-^^— J  ^^. 

The  simplest  solution  will  be  obtained  by  making  yooz  ir» 
and  then  we  shall  have 

T  =  <.  taflg  iO  ti  tang  $a»  .  ^-__— -^   • 

This  oScTt  a  very  uteful  application  in  problems  of  the  higher 
geodesy,  but  of  its  advantages  we  can  at  present,  give  only  a 
single  tdd  brief  indication. 

Suppose  that  on  the  surfaces  of  the  spheroid  and  sphere  we 
assume  a  number  of  points  corresponding  to  each  other,  that 
is,  having  the  same  longitude  On  both  sortaces,  and  whose  re* 
spective  latitudes  90**— u,  90*^ —  w,  are  connected  by  theequa* 
tion  just  obtained,  these  points  may  be  considered  as  belonging 
to  a  sefKs  <3ff  Btnail  tfiangles  (which  will  always  be  the  case 
when  they  are  obtained  by  actual  measurement)  whose  sides  on 
the  surface  of  the  spheroid  are  the  shortest  lines  that  can  be 
drawn  between  the  angular  points^  and  as  belonging  also  to  a 
serie9  (rf  triangle*  on  me  sutfaccJ  of  the  sphere,  the  angles  of 
w)Hch  are  ^exactlv  equal  to  the  cors^esponding  angles  on  the 
surface  of  the  spberoid,  and  whose  sides  differ  so  little  from 
arcs  of  great  liircles^  tiuit  in  most  cases,  where  the  titmost  ri- 
gour is  not  necessary,'  they  may  be  considered  jss  coinciding 
with  those  arcs ;  and  besides,  wliea  great  exactitude  is  required, 
the  differeiice  from  arcs  oi  great  circles  may  be  readily  con»- 
puted,  with  all  the  necessary  precision,  by  veiy  simple  formulae. 
Hence,  after  transferring  in  the  requisite  manner  the  sides 
of  ai  triangle  to  the  aur^e  of  the  q[>bere,  the  whole  system 
may  be  computed  by  means  of  the  angles,  in  the  same  manner 
as  if  it  belonged  to  the  sphere  alone,  at  least  with  the  modi, 
cation  just  pointed  out.  Values  of  t  and  u  may  be  obtained 
for  ev^ry  point  of  the  system,  and  from  these  last  the  values 
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of  w  are  found  by  means  of  an  auxiliary  table  extreinely  easy 
to  construct. 

Where  the  sides  of  a  triangle  extend  over  only  a  very  mo- 
derate  portion  of  the  earth's  surface,  the  required  object  may 
be  attained  with  still  greater  accuracy,  by  rendering  the  solution 
more  general ,  and  instead  of  taking  yr/  =:  r/,  by  taking yt/  := 
9  -f  Const.  It  it  manifest  that  nd  advantage  >^rill  be  gained 
by  this  change  in  the  form  of  the  function,  as  long' as  a « real 
value  is  assigned  to  the  constant^  because  rand  /  wilHben  only 
differ  by  a  constant  quantity,  and  the  sole  change  will  be  in  the 
poiiits  from  which  the  origin  of  the  longitufies  is  reckoned. 
The  case  however  will  be  entirely  different  wheDi  anjmaginary 
value  is  assigned  to  the  constant.  Taking  for  example  the 
constant  equal  to  i  log  k^  w^  shall  have 

X..  f  *  T         /*    -f  €  cos  to  \ 

T  =  ^  tang  |u,  =  A  tang  iw  (^_-__  j   • 

yn  this  case  before  we  can  discover  what  value  of  it  it  will 
be  most  convenient  to  adopt,  we  luust  first  of  all  assign  the 
ratio  of  the  enlargement,      .  . 

Here,  as  was  indicated  in  Articles  5  and  6,  we  (hall  have 

n   •=:  aa  sin'  u 

N  =:.AA  sin*  U 

.  ,                          A  sin  u           A  sin  u  ,       '  -     ^ 

Also  mzz  — : =r    — ; .  \/(i — 66  COS  «;) 

A  k{i  —  f^cos^a;)  ' 


^        cos^/|a;(i— 6  cosa;)*+i*sin^ia;(i+«C9Stt;)*" 

A  proportion  which  also  depends  entirely  upon  the  latitude. 
The  least  possible  deviation  from  perfect  similarity  will  be 
obtained,  when  k  is  taken  in  such  a  maniner,  that  the  values 
of  m  at  the  extreme  latitudes' are  equal,  forthen  at  the  middle; 
latitudes,  the  values  of  m  will  approach  very,  nearly  to  their 
maximum  or  minimum.  If  we.  repreieht  the  extreme  values 
of  u/  by  t0^  and  w'  we  shall  obtain 

.    ♦  •  ■'•'.%        '  '  •  .  \ 

:    cos*|a;°(i— E  cosa;°j  cos^ \v)'( t  ^ e  cos  w'j 

y(i_e*cos*a;°  )*■*'*•                (1— e^cos'a/O^*^*' 
k  .=:  a/   r^ ' —  • 

*  sin2  \w'(^t  +  6  cosa;';  sin*  \ti/'{  1  +  e  cos  ry°)' 

( I  -  «•  COS*  a»')  (1— «?cos>°)*"^  • 
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In  order  to  ascertain  at  what  latitude  the  value  of  m  i$  a  maxi* 
mum  or  minimum,  we  have 

dm  J  •».'■*  cos  zo  mw  .  dti) 

' —  =  cotane  u  .  au  —  cotanff  w  .  aw  -^^    ^ = * 

,m  °  ^.  1  —  8  cos*  w 

dv    _     dw         6*  sinzu  ^  dw  ^  f  i  —  s*)  dw 

sin  u  "~  sin  a;  i— s^cost^;  ""  ( i  —  «•  cos*  w)  sin  w  * 

and  hence 

dm  (i — e^)  dw 

=    -, = -5 r  .  (cos  U  cos  W). 

m         smw  (1 — s'cos'g;)     * 

It  is  manifest  from  this  that  the  value  of  m  will  be  a  maximum 
or  minimum  when  u  =^  »; ;  let  us  denote  in  this  case  the  value 
of  w  by  w,  and  then 

from  which  we  can  obtain  the  value  of  w  when  that  of  it  has 
been  calculated  from  the  above  formulae.  In  practice^  indeed, 
a  perfect  equality  in  the  values  of  m  can  hardlybe  attained  at 
the  extreme  latitudes,  and  it  will  be  sufficient  to  choose  the 
middle  latitudes  nearly  for  90^ —  w,  and  thence  deduce  k. 
The  general  connexion  between  u  and  w,  is  obtained  from  the 
equation 

3(1 6  C08W)(l   +  €C08  W)l 

tang  iu  =  tang  |w  j> — ; ^ ({ 

®^  °  *      ((i +scosw)fi  — scos  w); 

For  actual  numerical  calculation    it  is  preferable  to  employ 
series  to  which  we  may  give  different  forms^  but  at  present  we 
must  omit  their  develop^tnent. 
Hence  it  is  also  easy  to  see  when  w^w^vyw^  that  cos  u  —  cos  w 

dm 

and  therefore  ^ —  U  negative ;  and  also  when  zv  ^  w,  u  ^  rx;»  that 

dm 

-J—  will  be  positive,  it  is  therefore  evident  that  for  a;  zz  u  =:  w 

the  value  of  m  will  always  be  a  minimum^  and  besides  equal  to 

^•(1  -6*  cos*w). 
a  ^ 


If  we  also  choose  the  radius  of  the  circle  A  = 


l/(t— fCOS*W)* 

the  elements  of  projection  of  the  surface  of  the  ellipsoid  at  the 
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4aiUiicle  96''  "^  Wi  Will  be  noC  ohly  fimilaf  to  ih«  original  sur- 
face, but  equal y  and  at  any  other  latitude  greater* 

The  logarithm  by  which  m  is  expressed  may  be  transformed 
with  advantage  into  a  strtei  proceeding  according  to  the  powers 
of  cos  u  —  cos  W,  of  which  the  first  terms,  (and  these  are  suf- 
ficient ifi  the  applications  J  ^f^  tht  following 'i 

hyp  log  m  zz  log   5-  |/(i  —  e*  cos*  w)> 

I  +    IT*"      ON    •   (C08  U  —  <^^S  W)* 

lU  — £  ) 

6fi*  Cos  W        .  ,3 

3(1  —  e*)'      ^ 

Suppose,  for  example,  the  surface  of  the  kingdom  of  Den- 
mark (confiiled  between  the  latitucfd^of  ^3^  and  ^8^)  were  pro- 
jected  in  this  mattnar  upoh  the  silrface  of  a  gpher*,  and  that  we 
make  w  =:  34®  30^  then  allowing  the   ellipticity  of  the  earth 

to  hk  -^r-^i  the  projection,  at  its  limit Sy  would  pilly  be  in* 
303 

cteiksed  by  i    **!Cl^!i  P^^^  acfofdiftg  lb  this  fotttiula* 
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ARTICLE  I. 

On  the  Composition  of  Forces. 

By  Mr.  Thomas  Knight,  PapcastU. 

Problem. 

If  two^  e^ual  forces  (f)  act  on  a  point  c,  in  the  directions 
tm^  cn^  it  ts  required  to 
find  what  force  (r)»  act- 
ing in  the  direction  ca^ 
which  bisects  the  angle 
MTU,  will  produce  an  ef- 
fect equivalent  to  that 
arising  from  the  joint  ac- 
tion of  the  two  others. 

Call  the  angle  acn  i. 
The  data  we  have  for  ihe  so- 
lution of  the  Problem  are, 
that,  when  Ozio,  R=:  aF  ; 
and  that,  if^n-^-'i  equed 
forces  are  inclined  to- 
wards  one  another^  in  an* 


gles  each  of  — - — ,  any 

one  of  them  mU  balance  the  joint  action  of  all  the  others.  It  is, 
moreover,  easy  enough  to  shew  that  we  may  assume,  generally. 
It  =:  1.9  (9)»;  Resolve  the  force,  acting  along  cr:,  into  2m 
other  equal  forces,  acting  in  the  directions  cr^\  €r'^'\  &c.  c$^ 

•   Gregory's  Mechanics  Sod  Ed,  Art.  37,Cor.«nd.-.Frauc«ar,  3fd  fid.  Art.  U* 
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€sf'\  &c.  and  making  the  angles  ncr"^  r^^cr'''\   &c.   each 


2flr 


_        1      *    ^'^  ^^^^  manner,  resolve  the  force,  acting  along  c», 

into  211  other  equal  forces  acting  in  the  directions  csf\  cs^'^\  &c, 
CT^^  cr*"^  &c.  and  making  the  same  angles  as  the  former  ones. 

Let     R    be  the  force,  in  the  direction  ce^  rebuking  from  those 

//...2n        /^..2»♦      /'...2«— 1 

acting  in  the  directions  c  r  ,  c  $  ;  R  the  force, 
in  the  same  direction,  resulting  from  those  acting  in  the  direc- 

"...2n— 1        "..1n^\ 

tions    c  r  »  ^    r         ;  and  so  on.    Let  r'  be  the  force^  in 

the  direction  ca,  resulting  from  those  acting  in  the  directions  ^r^, 
cs^i  R^^  the  force  in  the  same  direction  resulting  from  those  acting 
in  the  directions  cr,  ri,  &c.,    then  • 


"•••2n          ««.^ii    "1                                       t          It 
R      =Z    R       4"    ^  +  ^^*    •  •  •  •  —  ^  "■   ^  —  ^^ (^^ 

But  because     iicr  = 6,  acr= : —    +  •,  &c«, 

2»  +  1  2«-f  1 


A 


»  tf 


.  ..2«  --  ''...2»— 1  ^ 


^  c   r      z: J &,€C  r  = +  8,  &c, 

a/i  +  i  a«+i 


we  have 


^^.•.2»  j^       m'  ^..2n— 1 


^  V2  »  +    1  ^    \2  W  +  * 

which' values  put  in  equation  (i)  give 

f  c^>=<?^.  -'>+^(i^.  ^'M^t  -'^-^'^ 

-^9  T-^v —  w— ?  T"-^^  +6)— ?f ~^^^^: — 0)— &c. 

The  number  of  terms,  in  the  right-hand  member^  being  211. 
From  this  equation  we  derive  9  (6)  ~  a  cos.  6  (Euleri ;  Introd. 
,    in    Analys.   Infin.  Tom    1,  p.   207),  where  a  is  an  arbitrary 
constant  to  be  determined  from  the  nature  of  the  Problem. 

*    In  the  figure  ^n  ig  6. 
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Put,  then,  in  the  equation  R  =3  r  .  ^  («),  A  cos.  e,  for  its 
equal  ^  (6),  and  it  becomes  a  =  F  X  A  X  cos.  fl.  If  we 
now  make  0  zz  o,  and  consequently  r  =  a  F,  the  last  equation 
becomes  2r    =   a  .  f.  whence  A    =   2,    and  finally   r  =: 

ftF  •  COS.  6.    Q.E^  L 

The  above  investigation 
would  become  much  sim- 

Jpiler,  and  better  adapted 
or  an  elementary  treatise 
on  mechanics,  if  n  =  1, 
or  if  cm  were  resolved 
only,   into  the  two    forces, 

cr,  €  s  forming  angles   of 
120^  ;  and  en,  m  like  man* 

ner,  into   cr^cs^  forming 
'  the  same  angles.     In    this 
case  equation  (1)  becomes 

R  =  R  4-  R  ;    and  (2)  is  simply 
^  (a)  =  ^  (60^  +  »)  4-  *  (6o*  -  e). 
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ARTICLE  'II. 


Three  Indeterminate  Proilemst 


By  Mr.  James  Cunliffe,  R.M.ColUge. 

Problem  I.  , 

* 

To  find  three  right-angled  triangles,  such,  that  their  perimeters 
may  be  equal  to  each  other,  and  their  areas  in  arithmetical 
progression. 

Solution. 

Let  the  side^  of  the  first  triangle  be  denoted  by 


perimeters  of  the  triangles  being  all  equal,  there  will  be  had, 
«  X  (w'  +  i»»)  =*  X  (])*  +  /^  J)  =  c  >c  (r"  +  rs).    It  is 

a  2 
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wcll-known*  that  the  area  of  any  plane  triangle  is  equal  to  that 
of  a  rectangle  under  half  the  perimeter,  and  the  radius  of  its 
inscribed  circle ;  and  the  perimeters  of  the  three  triangles  be- 
ing equal,  their  areas  will  be  as  the  radii  of  their  inscribed  cir- 
cles ;  and  when  these  radii  are  in  arithmetical  progression,  their 
areas  will  be  so  likewise. 

Now  the  radius  of  the  inscribed  circle  of  any  right-angled 
triangle  is  equal  to  half  the  difference  between  the  hypothenuse 
and  the  sum  of  the  two  legs ;  wherefore  an  X.  (m  —  «),  b^  X 
(p  —  q)^  and  cs  x  {r  —  s)  are  the  respective  radii  of  the 
inscribed  circles  of  the  three  preceding  triangles ;  and  when 
these  radii  are  in  arithmetical  progression,  supposing  the  second 
the  mean,  we  shall  have,  an  x  (/»  —  n)  -{■  c  s  X  (r  —  j)  = 
itbq  X  (p  —  g);  and  from  this  expression,  exterminating 
i  and  c,  hy  means  of  the  equation  a  X  (m*  +  tnn)  =  6  X 
Ip^-i-pg)  =  c  X  (r*  +  ri),  it  will  become  an  x  (»*  — ^.«)  +  ^  ^ 

r*  +  r J  'V         '  p*  ^  pq 

and  hence 

m^  +  mn     _  (r*  +  rj)  X  (/>*  -f  pq) _^^ 

«  X  (;»-«) ""  ir^'^rs)y,QqA{p—q)-'\rs—s^)X>(p*'\'pq) 

Duttinff   c  =     ^    , — ^L^  ;  and  the  equation 
^     ^  «  X  («i  —  n) 

(r'  +  rsY  V  ip*  +  P9)        ^  ,^ 

(r*  +  rs)  y.  sq  X.  ip  -  q)  —  {rs  —  s*)  X  (/>    +  pq) 

by  reduction,  becomes 

(1— ag)r'-f  rjx(t— e)— €S*  _  &eq'x{f*+rs) 

p+pqy.        r*+rs>(.{t+e)—es*        ~       r'+wx(i+«Hi** 

1 

,  Completing  the  square  on  the  first  side  of  the  equation, 

_ 

4  X  5r*  +  rj  X  11  +  <)  —  «•»  J 

5    f(i  ■-««)»■*+♦■' ^  (*—')~"*r    \ 

i-^e-A  (r*  4-  rs)  x  \r*  +  rs  x  (i  +<)  — gj'j^ 
^^  4  Jr«  +  rf  (i  +  <)  — "'jf* 
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n  a  square  *  and  consequently 

^(i~2€)f*  +  rs(i  -— 0  — «**^*  ) 

—  8ir  X  (r*  +  rjr;   X    |r*  +  rx   X    (1  +  e)  —  «i*J  ) 

—  r*   x  (i  —  i2tf  4-  4^*)  -4-  2r'  i  X  (i  —  titf  —  a^') 

4-  r*j'  X  (1  —  12^-4-5  tf*)  —  2^rj*  X  (i  —  5^)  +  e* s*  =: 
a  square.  Assume  r'  >c  (1  +  10^)  +  r j  X  (1  —  5«)  — ^i* 
for  the  root ;  that  is,  put 

r*  X  (1  —  12^  +  4^*)+  2r'i  X  (1  —  tie—2t') 
+  rV  X  (1-^  12^  +  5«*)  —  2<?rx'  X  (1  — 5O  +  «*^ 

=  |r*(i  +  loO  +  rj  >c  (1  —  5<?)  — «J*(  = 
f^  X  (i  +  20if  +  ioo<j')  +  2r^s  X  (1  4-5«  — 50^*) 
4-  rV  X  (i  —  i2tf+  5«')^2^rj'  X  (1  — 5<r)  +  ^V 
whence 

t*     X    (t    —   12tf    +    4^')    +    2r^s    X    (1    —     iitf    —   2«*) 
=  1^  X  (1  +  20tf+  loo^*)  +  2r'j(i  +  5<J  -^50^^); 

K 

from  whence,  after  proper  reduction  -  =:  ^ ;      wherefore 

we  may  take  r  ==  3^  —  1,  and  s  r=:  ^e  -\-  1 ;  but  r  being  here 
less  than  i,  will  obviously  make  one  side  of  the  triangle  to 
which  it  belongs  negative,  it  will  therefore  be  necessary  to  obtain 
a  value  for  s  that  shall  be  less  than  r. , 

_We  have  hitherto  proceeded  generally  with  the  solution,  and 
the  problem  mighty  from  what  has  been  deduced,  be  done  gene^ 

rally  for  any  value  of  ^  z: ;   but  some  of  the  re- 

^  ^  »  X  (w  —  n) 

suiting  expressions .  would  be  rather  complex,  yet  still  quite 
manageable.  However,  for  the  sake  oi  abridging  the  labour 
of  calculation,  we  shall,  for  the  remaining  part  of  the  solq- 
lion,  proceed  in  a  manner  not  quite  so  general :   for  which  pur- 


pose, take  w  =:  2,  and  nz:  1 ;  then  e  zz ; =    6; 

'^      '  n  A  {m  —  n)  ' 

r  zz  QC  —    1   =:   17,  and  s  zz  ^e  +  t  zz  tg;  and  in  ordet  to 
obtain  a  value  for  s  that  shall  be  less  than  r,  put  r  =:   17,  and  - 


(.  6    ) 

s  zz  1 9  —  t^ ;  then  writing  these  values  in  the  before  found 
expression,  viz. 

it  becomes 

.,   .    .      '  (6p«~3t8iy  +  6960) i2q'  X   (17^^  —  ^tfl) 

P   -r  pq  y^    g^a  _  ^^^^  _  gg^     -         g^.  _  j^g^  _  284  • 

Completing  the  square,  p'  +  SL_^___^4_-rr_y_ 

(6p^  —  3^3^^  +  6960)*     _  ^'  X  f6p* — 3^3^^+  6960)* 
^  ^  4  X  (6v'—  1091/  —  384)*  "■  4X  (6t;*— 1091;— 384)* 

48^*  V  {tjv  —  612)  X  (6v*  —  1091/ — 384) 

^-  *  V  (36^^ — 86521/^4-4466891;* — 72456oor;+37i6t2i6)  _ 
""  ^  4  X  (61;*  —  1091;  —  384)'  *" 

a  square;  and  therefore  361;* — 865 21;' +4 466 893:;*  —  7245600^ 
-|-  37161216  must  be  a  square.  Assume  6v^  —  7211/  -+-  6096 
for  Its  root,  that  is,  put  361/* —  86521;'  +  4466892;^  — 72456001; 
+  37161216  =  {6v*  —  7211;  -h  6096)*  =  861;* —  8652©*  + 

5929931;*  —  87904321;  +  37161216;  whence  v  =:  ^^^ 

^_34_;  and  therefore  J=  10  —  t;  iz  10 ^^   z=  — ^, 

127  ^  ^         127  127* 

and  r  =z  17  =:  — ^^  ;   wherefore  we  may  take  r  =:  2159,  and 

s  =  1072. 

Recollecting  now  that  we  took  6v*  —  7211;  4-  6096  for  the 
root  of  362;*  —  86.521;?  +  4466891;'  —  72456001;  +  37161216, 
and  taking  the  square  root  oi  each  side  of  the  expression 

fi»  +  ^^  X,  (6^'-  3131;+ 6960)  (6t;«— 31 3z;-h696o)* 

*'  ^r'i  ^    61;*  —  1091;  —  384    ^^       4  X  (ot;»-io9r;->384}* 

_   ,       (361;*— 86521/*  +  4466891;*  — 72456001;  + ^7161216) 

-?  X  4X  (6i;*~io9ir:::384r      . ' 
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•     - 

I 

we  shall  have 

^  (6^^—3131; +6960)    _  (6p*-72it;  +  6o96)    . 

^  "^  ^  ^  2  x{6t;*— 1091;— 384)  "^  *       ax  (6i/«— i09t;-384)  * 

andhence^zz     ^04^  +  4B^  ^JTlg^g  ^457.%     by 

j'       384  +  1091;  — 61:;*      139673M      153* 

writing  for  w  its  value  found  above,  and  reducing  the  fraction 
to  its  ^lowest  terms.  Therefore  we  trny  take  p  =  4572  and 
q  =:  1531 5  and  we  found  r  ir  »159»  and  s  =:  1072 ;  also  we 
took  «i  rz  2  and  n  zz  1;  whence,  and' from  the  equality  of  the 
perimeters,  viz.  a  X  (m'  4-  mn)  z:  6  x  {p^  +  pq)  =2  c  x 
(r'  +  r^),  that  is,  6a  zz  279029166  z:  6975729^;  whence  a  z=« 
4650486^,  and  c  =:  4^.  Hence  2mna  =  4a  =:  ji86oi944£y 
{m*  —  w»)  X  a  z:  35  :z:  13951458*,  and  (w'  +  n*)X  fl  z:  5a  zz 
23252430^,  which  are  the  two  legs  and  hypothenuse  of  the  first 
triangle;  and  2p^i=  13999464*,  (^*— ?')  X  *  z=  18559223*, 
and  {f^  ^  q*)  X  b  •=.  23247145*,  which  are  the  two  legs  and 
hypothenuse  of  the  second,  or  mean  triangle.  Also,  2rsc  = 
185 1 5584*,  fr'—j»)  X  c  z=  14048388*,  and  (r*  +  ^0  X  c  = 
2324 1 860*,  are  the  two  legs  and  hypothenuse  of  the  third  triangle. 
Or,  omitting  the  common  factor  *,  186019^4,  13951458,  and 
23252430,  are  the  sides, of  the  '  first  triangle;  13999464, 
18559223,  and  23247145,  are  the  sides  of  the  mean  triangle; 
and  18515584,  .14048388,  and  23241860,  are  the  sides  of  the 
other  triangle.  For  it  will  appear,  that  all  these  triangles  have 
the  same  perimeter,  viz.  55805832  ;  and  the  radii  of  their 
inscribed  circles  are  4650486,  4655771,  and  466JL056,  which 
are  in  arithmetical  progression. 

We  shall  now  proceed  to  give  a  more  general  solution  to  the 
question ;  and  for  this  purpose  put  r  =  3<?  —  1  and  i  =  3^  + 
1  —  t; ;  and  these  being  written  in  the  expression 

»  .    .        (1— 2<g)r^4-rj(i—g)--gj'  _  _       teq^jr^^-rs) 

before  deduced,  it  becomes 

. ,  .    ^        cv*  —  V  fQ<?8  —  2^  4-  i)   4-   4<?  (9^*  —  6<J  +    2) 

p*  -^  pa  X    -^ — '■ — - — 1         ■  ■ 

^       ^^  cv^  —  V  (3<r*  +  1)  —  4^  i^e  —  2) 

=,  —  _,      ■    ■ — 5— — ^^ 7 r—  5  completing  the  square 

i  \     V  J    j.^  ^  ev'^  —  vi^e*  —  2g  +  1)  +  4g  (9^  —  6^+2) 


f   ar  ) 

q*  ^ev*  —  V  (ge*  —  »e  +  t)  +   \e  (9<r«  —  6«   +   t)  ?* 
4  |w' —  »(8«' +  i)  —  4< (3«  —  a) (* 

^(f  ^eo*  —  V  (ge*  ~-    ze  +   i)  +    ^  (ge*  —  6e  —  a)?* 
4  l^v*   -   i;  [Qc'  +    i)  —  4^  (3<?  —  2)5 

^flgjT*  Jy  (3^  >-.   1)  —  6g  (31?  ~  t)? 
w*  —  V  (34?*  +  1)  —  4<  (3«  —  a) 

=  _ r , 

^— 8«/(i35^— 126^'+93«*— 24^+2)+ i6(?*{9<j*— 12<?  f  2)*^ 
=  a  square^  and  therefore 
ev'  —  2ev\2u'-—6^  4-  i)  +  t/*(369tf*— 156^'  +  62<j*— 12^+  1) 

—  8<?i;^Ci35^  — 126^'  +  93^* — 24^+  2)+  16^(9^*  —  i2<+2)% 

must  be  a  square. 

Assume  ev*  —  v  (21^*  —  6^  +   t)  +  j^e  {ge^  —  12^  +  2) 

> 

for  the  root  of  the  last  expression,  that  is,  put 

t^v*  —  2€V^  (2itf«  —  6«  +  i>+  r;'(269«* — 156^'+ 62 «*— 12^+1) 

—  Sev^Ct^Qe' —  t26e^  +  93^*-  24^?  +  2)+  i6^{ge*  —  i2tf4-2)* 

i=  j^r;*  —  t;  (2i«*  -   6e  +    %)  +   4e  (gc*  —  i2e  +    2)^* 

=:tfV — 2ev\2U^  —  6«+i)+v'(5J3^  — 348e'+94tf*— i2e+i) 

—  8<?j:;  (1894?*  —3o6tf'  +  i23tf'  —  24^+2)+  i6e*(9«*— .  isie+2)*, 
whence,  by  transposition, 

I/*  (i44«*  —    192^'  +  32<?')  =  8ev  (54(5*  —  180^'  +  30«'), 

which  gives    v  =  ^ — ,         ^ — : — ,  and  hence 

.     ge* — 12^+2      27^'  — 45^*4- 18^—2         , 

o  ^  9^%- 12^-^2        9^" — 12^+2; 
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therefore  we  may  take  r  =:  2ye^  —  4g^  +  18^—2^  and 
s  n  63^*  —  2ie  +  2;  or  r  and  J  may  be  expounded  by  any 
integer  numbers,  in  the  ratio  of  27^'  —    ^J^e*  +  18^-1^  s  to 

63^'  —  2 i<r4-  2,  that  is,  we  may  put  -=    ^      ,^^    ^       — r, 

J  O  "jC       '     21c    "I"    2 

Again,  taking  the  square  root  of  each  side  of  the  expresgion 
(a),  and  recollecting  what  was  taken  for  the  root  of  the  irrational 
part, 

^,  tv^  —  V  Cge''  —  2f  H'  1)  +   4<?  (^^  —  6^+2) 

2  J  tfi;«  —  c;  (3<f2  +  1)  —  4<r  (3^  _  2)  J 

—  gz/'  — i;  (Big*—  6g  H-  1)  H-  4^(9^^ — I2g  -f  g) 

2  I  ft/*  -  i;  (3^*  +  1)  -  4^  (3(r  —  2)  I 

J .     ^  .  .        o       />  w  (6e'  —  2g)  -f  i2g» 

and  by  transposition,  &c.  —    zz -— : ~ — p r-  , 

-^  '^  q  4<J  (3<?- 2I  +  t?(3<r^4-i)— €i/»* 

and  in  tlii^  expression  for  v^  writing  its  value  &>und  above, 

p   __  V  (6g^  —  2<;)  H-  i2g* 

9  ^  4^  (3^  —  2)  4-   t'Otf*  +  1)  —  ^w* 


^g'  —  i2tf*  4-  2 


2^* 


4^(3^     2 J  4-         ge^_i2g  f  2                  (9^'  ~  i2g  +  2}*"" 
e^fgg* —  i2g  +  2)  ^27^^  —  8ig^  +  2ig—  1) 

J  _9.'(9g*-3o/+5r  \ 

and  tbe  denominator  of  this  fraction  being  properly  expanded 
by  multiplication,  &c.  will  be  found  to  be  divisible  by  27^*  — 
8itf*  +  2ig  —   1,  which  is  a  factor  of  the  numerator,  by  which 


*     £     n         J                 3^  (9^    —  12   +  2)         , 
means  U  finally  reduces  to    « — "  ^ -         ';     that    is 

^    =    ^    ^, . — r- ,  or  p  and  j  may  be  expounded  by 

q  45(?*  —  15^  +.  1  ^         ^       ^  '^  ^ 

any  two   numbers  in   the  xatio  of  3^  (ge^    —12^+2)  ta 

1        1                          m  [m  ^  n)       , 
Ase*' —  i5e  +  1 ;  and  we  have  put   e  =  —-r -. ,  where  m 

and  ff  may  be  taken  at  pleasure. 

VOL.  v.   J?ABT  !!•  b 


•  (     *o    ) 

Example.    Take/»  =  2  and  n  zz  t;  then  e  =  -7 (=6; 

and  from  whatJias  been  deduced 

r  _  27^^-45^^+18.-2    ^    43i8    ^    2159      therefore 

s  "  6y^ — 21. -f  2  2i44  1072^ 

we  may  take  r  =:  2159,  *^^  ^^  ^  1072. 

AUo  ^    =   3ii9?LzLl^f  +  l)    =    457^^  ;    therefore     we 

may  take/r  :=  ^572  and  y  =  1531. 

The  preceding  values  of  the  quantities  r,  s ;  p^  q^  obtained 
from  the  conclusions  deduced  in  the  general  solution,  being 
precisely  the  same  as  those  obtained  in  the  particular  solution, 
prove  the  accuracy  of  the  various  calculations. 

Problem  IL 

To  find  any  number  of  numbers,  ad  libitum^  such,  that  if 
their  sum  be  either  added  to,  or  subtracted  from  the  square  of 
each  particular  number,  the  several  results  shall  all  be  rational 
squares. 

Solution^ 

Let  <»,  6,  A ;  a',  h\  h' ;  a'\  b^\  V\  &c.  denote  the  two  sides 
and  hypothenuse  (all  rational)  of  any  number  of  right-angled 
triangles,  having  the  same  area ;— that  is, 

ab   =  a'V    =  af'V'   =   a'"V",  &c. 
then  we  shall  o,bviously  have 
«*  +  i*  ±  2a6  =  A*  ±  ^ab  =:  a  squp.re, 
a'^  ^  b^±  2a'b'  zz  V  ±  7,dV  =  h'^  ±  fioi  =  a  square, 
fjtf^  +  yf^  4:  ^a"b'*  =  A''*  ±  ^a'^V*  =  h"'^  ±  2a6  —  a  square, 
a'V'  +  6^''^*  ±  'i-af'^V'  z=. h'"'^  ±  2a^'^5'"''  =z  k'''^±2ab  =  a  square ; 
&c.  &c.  &c. 

^  and  the  same  properties  must  necessarily  still  prevail,  if  each  of 
the  quantities,  a,  b,  h ;  a\  b\  h\  &c.  is  multiplied  by  any 
common  factor,  as  ^,  that  is, 

g*A*   ±   2g»a6 
gV  ±  ^g^ab 
p  A''^*  ±,  2  g*  ab 
g'h'''*±  2g'ab 

&C.      &C.      &C. 

must  all  be  rational  squares. 


(  tt  ) 

A  method  of  finding  the  sides  of  any  number  of  right-angled 
triangles^  having  the  same  area,  in  rational  numbers,  may  be 
seen  at  page  60,  art.  13,  part  ii,  vol.  3,  of  the  flepository ; 
and  the  hypothenuses  of  such  right.angled  triangles  may  be 
taken  for  the  quantities,  A,  h\  K\  h!*\  &c.  and  four  times  the 
areas  of  each  of  the  triangles  will  manifestly  be  equal  to  ^aJb. 

Now  in  order  to  apply  what  has  been  premised  to  the  solutioii 
of  the  question,  let  ^A,^A',gA^^^A^^^  &c.  denote  the  required 
numbers,  and  take  %abg^^  for  their  sum,  that  is,  put  gh  +  gV  + 

gh"  +  ghf'\  &c.  =  fifl^S  whence  ^  =  ^^ ; 

and  hence,  the  required  numbers  will  be 

^*    =  ^h •^^    = -^ — ^^- 

At  page  62,  of  the  above  mentioned  art.  and  vol.,  we  have 
58,  74  and  113  for  the  hypothenuses  of  three  right-angled 
triangles,,  four  times  the  area  of  each  of  which  or  ^ab  =:  3360. 

Wherefore  we  may  put  A  =58,  A^  =:  74  and  A^'  =  113; 
and  hence 

A(A  +  A"  +  A^O    _   i23   -    4£|L    A^(A  4-  h!  ArV)  _    253 
2116  ""    48     ""      96  *  %ab  *"     48 

518  J  h!'  (A  4-  A^  +  h!')         791  u-  u         a 

=  ^-— ,    and  7 =    -^t     which  are  three 

96  8A^  96 

numbers  that  will  answer, 

Ex.  2.  In  the  same  article,  and  upon  the  same  page,  we 
have  also  fii8»  ^83  and  394  for  the  hypothenuses  of  three  right- 
angled  triangles,  four  times  the  area  of  each  of  which  or  2ab  zr 
43680;    from   whence,   in  the  same  manner,  we   shall   find 

-r-24  ,   %-^  ,    and  ^ —   for  three  other  numbers  that  will 
672       672  672 

answer;  that  is,  if  their  sum  be  either  added  to  or  subtracted 
from,  the  square  of  each  particular  number,  the  several 
results  will  all  be  rational  squares. 

Ex.  3.  To  find  four  rational  numbers,  such,  that  if  their 
sum  be  either  added  to,  or,  subtracted  Sx^m  the  square  of  each 
particular  number,  the  several  results  shall  all  be  rational 
squares. 

b  a 


(  1«  ) 

At  pigi  64,  of  ihi  Vol.  and  art.  before  quotedr  we  have 
59,74,  113  and  ^  g  ■•  for  th^  hypothenuiscs  of  four  right- 
angled  triangles,  four  times  the  area  of  each  of  which  is  2ah  r: 
3360,  wherefote  we  may  put  h  =  58,  A^  =  74,  h^^  =113,  and 

ti^9  1189 

and  hence 

;t(A  4-A^  4-  A'^-f  A^'O    _    _58_  1704186   _    98842788 

2ab  ""    3360  liHg       ""     399,5040 

A'  (A  +  A^  4-  k''  4-  A^'O  74      ^     1704186        1 26100764 

2ab  3360  1189  3995040 

y/  (A  +  A'  4-  A^^  4-  A^^O   _   jii3_    ^    1704186   _  192573018 
2ab  ""   3360  1189      ~     3995040 

k'''{k-^h'+h''-\-h''')  _     1412881         1704186  __  fi4078i20i966 
2^^  "^3360x1189        1189     ""   4750102560 

which  four  numbers  will  answer  the  question. 

2  ^70761 
We  may  next  take  A*''  —    ^^^^ —  ,  as  appears  at  page  64  of 

the  above  mentioned  art.  and  proceeding  as  before,  we  shall 
obtain  five  numbers  that  will  answer,  but  it  is  manifest  from 
what  has  been  done  that  they  will  be  very  large  fractional 
numbers. 

'     Problem  III. 

To  find  any  number  of  fractions,  ad  libitutn,  such,  that  if 
the  sum  of  their  cubes,  be  either  added  to,  or  subtracted  from 
the  square  of  each  particular  fraction,  the  several  results  shall 
all  be  rational  squares. 

Solution* 

Let^A,  gh\gh^\  gh!'\  &c.  denote  the  required  fractions* 
the  quantities  A,  h\  h!\  h''\  &c.  being  the  same  as  in  the 
preceding  problem,  ^ut  2ah^  for  the  sum  of  their  cubes  | 
that  is,  put 

.  ^'A'  4-  g^h!^  4-  5'A"»  4-  g^hf"\  +    &c.  ;=    24%» ; 
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whence 


_ zab         

^  ■"  h'  +  A'*  +  A''^  +  'A'^'^  +  &c.  • 

and  therefore 

. 2abh  ,,  _  2a6k' 

o    ~  A'-i-  Art  J.  k"3,L//na,„  » f *  — 


&c^  &c. 

Example.  Let  it  be  required  to  find  three  rational  fractions, 
such,  that  if  the  sum  of  their  cubes  be  either  added  to,  or  sub- 
tracted from  the  square  of  each  particular  fraction,  the  several 
results  shall  all  be  rational  squares. 

Take  A  =:  58,  A'  =  74,   A^^  =   113.  and  aab  =:  ^360;  and 

we  shall  have  g  n   ,^  ■.    ,.f  ,    j-.^  =  —S3 

^        A^  +  A'^  -f  A''^       8043233* 

ji  _  58  X  3360  -^    ^9488cx      ,.^74^3360   ^    ^48640 
^  2043233         2043233 *«  2043233  2043233* 

and      gA^  =:  ^l^JLS^    =    JZ968o^  ^j^.^^^  ^^^  ^^^^  ^^^^^ 
*  2043233  2043233 

tions  that  will  answer  the  proposed  question  ;  that  is,  if  the  sum 

of  their  cubes  be  either  added  to,  or  subtracted  from  the  square 

*of  each  particular  fraction,  the  several  results  shall  be  rational 

squares. 

If  it  were  required  to  find  four  fractions  of  the  kind,  we 

shall  have  A'^^  =     ^    ^ —  ;   it  is  therefore  evident  that  the 

1189 

required  fractions  would  be  very  large,  or  consist  of  a  gre?tt 
number  of  figures. 

The  manner  of  extending  the  question  to.any  assigned  number 
of  fractions  that  will  answer,  will  be  obvious  enough  from 
what  has  been  done  in  the  preceding  examples. 


(    >4    ) 


ARTICLE  III. 

Mathematical  Scraps. 
By  Mr.  Thomas  White,  Dumfries. 

On  the  transformation  of  equations  and  of  slowly  converging 
infinite  series  into  others  that  shall  have  their  coefficients  arbi- 
trarily assumable  as  given  or  known,. by  which  the  </tV^c/ and 
general  resolution  of  the  one  and  the  summation  of  the  other  are 
accomplished.     (Occurred  23  Noverhber  1817). 

(a)  Suppose  ...*  =  1  +  -     J.  —    +    —    +   -r'+   •••••••5    «|0>7?^«»»« 

«  3  <y  # 

« 

being  transient  indeterminates.     Then 

Now,  let  o  ==  — «  +  6;e  +  cat'  4-  ir '  +  ^ot*  +/a?'  +  . ..  •  .(a)« 
be  the  equation  to  be  transformed ;  substitute  foir  x^  we  have  ^ 

+    <{b^r2C^r^d^r^e^r.^f....).   tY  .    z 


+  { 


1  ^ 


(6+2^+  3<+4<^+&/-  •  •  •)  •  "IS 

p 

(^+ 3</+  6<r+ 19/.  ...)•-« 

(i+2c+3if4H5/....).-^ 

2 

a/3 


>  • 


+  *<        (^+3d+6<f+io/...0. 


j  ap 


>,  2»       ^ 
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(*+«+3rf+4«+&/....).  ^ 


i 


(</+4«+i</....).^ 


>.«♦ 


Now,  when  ;i;  =  i ,  the  given  equation  (a)  gives 
—  a  +  b  +  c  +  d-i-e  +J  +   ....   =  c,  suppose ;  and  the 
other  coefficients  are  most  easily  found  thus,  viz. 

• 

(a)  gives,  when  a?!;:  1 i  +  2C+ ^d+^e-{'^/+   ••••=:Gr 

(a)  (casting  out  divisors) c+3cl+&+  tof+  •  • . .  =c. 

/. 
[aY ••.  rf+4«+iqf+  ....  =€3 

(a)   «+S/+  ...•=c^ 


(A) 


&C. 


y  +   •  •  •  •  —  c^ 


Hence,  by  substitution,  (a)  becomes 

3C^ 


+r^  +  «.(4+r) 


a.  o^^  J-  £?  I 


.•..*• 


(B) 


For  brevity,  this  may  be  called  "  The  Formula  of  Transform 
mation."  If,  in  applying  this  formula  to  any  particular  equation, 
c  be  =0,  one  root  of  such  equation  is  unity ;  and  the  equation 
must  be  depressed  before  the  process  commences :  And  if,  in 
any  case,  c,  be  n  o  (see  n*'  IV.  below)  the  roots  of  the  |)ro- 
posed'  equation  must  be  either  increased  or  diminished,  pre« 
vious  to  the  operation,  to  avoid  this  circumstance*  The  reasons 
will  soon  appear. 

Now,  (a)  ....  a  =  bx  +  cx*  +  dx^  +  ."...;  then,  for  par- 
ticular equations^  c,  0 ^ »  c ,  •  •  •%  are  found  as  below  •$•••» 


(16) 


Eq^Btioiifc 
L  6 rxlO« +  «*—«>.... 

Ul.  38  =  8JP+0  4.4»»— «4 
IV.  10  «  4c  —  *»«^  +  2a:3 
V  l80-9i»+29«*— 'V-'^* 
VI.  24=  I6r--S««+  2*3 
VIL  5=sl2*--5l«— jr3+  «4 
VIIL  1=4j?--5*«+4^3-j4 


Roots-  i  C 

—  S,  and  those  of  *«  +  2  =  0 

1  ^  —  2  and  5  ^  to  be  depmised  •;.... 

2  ;  4  &  the  root*  of «'  +  2:tf  +  4  =*  0. . 

^,  and  the  roots  of  a^  +  2  =0 

3;  4;— Sand — 5 

j,  and  the  roots  pf  x^  4-  t  =r  0    ..... 
roots  of  jf2+ 2^—2  =:  0  and  A*— 3a?+  3  =  0 
roots  of  a:'— a?+ 1«=0  &  «2— 3a^+ 1=0.. 


4 

0 

—21 

—9 

-144 

—9 

1 

1 


c. 

c, 

C3 

c. 

9 

-2 

-1 

0 

12 

1 

-1 

0 

16 

6 

Q 

-1 

0 

1 

2 

0 

60 

20 

-a 

-1 

16 

3 

2 

0 

5 

-2 

8 

1 

• 

2 

1 

0 

-1 

;i     •    4    •  ..    .    ^ 


•••        (B,) 


(b)    Let  us  now  assume  the  equation 

2*  s'  ;2* 

.O^C  +  (C+?))2+—     -+-    ^     ^-    S~  + 

Pi  Ti  »'i 

as  equivalent,  term  by  term,  to<B) ;  and  having,  within  ctrimn^ 
limits^  9;  and,  absolutely  ^  /3j,y,,S,  ....  assumatle  as  given^ 
c  and  ^  baving  the  saine  sign.    Comparing  (b)  and  (Bi),  we 

]iav«  -^  z=.  c  +  ^  4  and  —    — which  must  be  a  frac- 

tion;  that  is  c  4-  (p  must  be  <  c, ;  or  (p  <jc,  —  c.  Again 
if  (b)  were  to  be  inverted,  or  z  to  be  found  in  terms  of  c,  c,  .... 
and  «,  ^,  y  • . . .,  the  series  for  z  would  proceed  by  the  powers  of 

c  •  c 

C  -i -9  or  its  equal  which,  to  secure  convcrgency, 

must  be  a  fraction ;  and  therefore,  c  +  (p  wi/j/  be  >  c  ;  or 
^  j>  than  o.  Consequently,  c  ^  must  not  be  z;  C :  Should  this 
happen,  the  roots  of  the  equattooi  to  be  solved,  must  be  either 
increased  or  diminished ;  and  it  has  been  observed  that,  neither 
C I  nor  c  must  be  =:  o.  .  It  results,  then,  that  (p  may  be  assumed 
>  than  o,  but  <  than  Ct  —  c,  and  having  the  same  sign  as  c, 
either  +  or  — . 

We  have  found  —  z=:  — ^;  and  the  3d  terras  of  (b)  and  (fijgive 

1^  ^_  J^  ^  (substituting for i  ^JL  _£i/S±?)' 
the  4***  term  gives 


and  so  on  for  ^ ;  thus,  the  coefficients,  of  the  assumed  value  of  x^ 
are  known  and  are  obviously  convergent.     Hence,  w«  are  thus 


f    «7    ) 

enabled  to  assign  such  a  seriesal  assumption  for  »» many  tqa»^ 
tton»  as  shall  transform  it  into  another  having  MriiirafHy  mismB^ 
able  or  given   coefficients.     Regarding  the  limit»  of  9  » •  • »  it 

may  be  observed  that  ^=^ — ^  is  =  -— ^;  and,  asabove^^Cc-c; 

or  9  Z.  than  -—  (c^  4-  c) ;  but»  the  limits  are  regulated  by  the 
numerical  values  of  (C|  —  c)  and  (c,  4-  cj  without  attention 
to  the  sign  which  precedes  these  expressions. 


«•  .    2* 


» • » •' 


If  we  revert  {B.)or  —  c  =:  +  (c  +  $)2+  ;r-  +  —  + 
which  it  equivalent  to  (b),  we  have 

"~  ±  (c  —  $)  .  e,  •  (±  (c  f  9)/ 


4.  (c  +  (p) 
**■  L(±  (c  +  9))» .  /S  »  ""  ±  (c  -I-  ?>)  •  yj  '  \     (c  +  *)/ 


MaaaK 


^  U  +  (pj  "*"  L(c  +  (pY^t^t^  ^  (c  f  (p).y,jAC+?/ 
4-r 5 f ! :f V— iV    —i-^l 

X  f        "J   + ;  the  upper  signs  for  +  (c  +  ^)  j  the 

under  for  —  (c   -I-    ^).     Here,  as  has  been  observed,  ^  >  o  s 
Consp(|ueiuly,  if  this  be  substituted  for  z ;  and,  the  values  o£ 

•1  ^»  y<  .  • . . .  M  already  found,  in   ;»=it  +  -    +     —+.•.. ^ 

a  root  r,  of  the  given  equation,  becomes  directly  known»  every 
term  being  obviously  convergent. 

(c)  Again ;   for  a  sloivly  converging  infinite  series  • .  • .  Sup* 
pose  the  sum  s,  of  such  a  series,  be  required,  wbei^  x  is  given» 

I.e.  let  8  =  -.   4-    X  +   —  +    -7*  +    --^  +  •  •  •  •  4 .  s  tnea 


a         I   ^     c    ^     d 

VOL.   V.  PART  II.  C 
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as  before,  a?=:i  +  -i    +    f,+ ,  the  formula 

«  p 

of  transformation  (b)   will  arise  in  which,  for  five  terms, 

^'—r^  2+   f-+....;c,=:^  +    U  ; 


i      — 


=     — h   . . . .  ;  &c.  &c. 


2V    Z^ 


Now,  let  us  assume    ssr  c  +  (c  ^0  z  -^  -^A — +  •  •(»,) 

as  equivalent,  term  by  term,  to  (b)  ;  and  having  within  certain 
limits,^;  and  absolutely  /3,,  7,,  S.,  ....  assumable  as  given  ; 
c  and  p  having  the  same  sign :  •  •  •  •  the  second  terms   give 

—  =: '    which  is  the  coefficient   of  the  second  term  of 

a  C, 

»=i+  '■+'••••;  and,  this  seriesal  equation  x  is  given, 

because  it  is,  on  this  supposition,  that  s  is  to  be  found.  Agaia 
the  3rd  terms  give 

«.J-«  -»  .    hence    ^-- -^  =i -^ £•/'£+$ V  ■ 

m  hke  HKinner,  -_-_.-  ^^.-^  +  «  ^-j  .^-^J  . 

and  thus  for  i .  &c.  It  remains  to  discover  such  circumstances 
AS  will  enable  us  to  assign  a  value  for  f :    Now,  since  x  is  given. 


1       1 


and    -^  ;   --,  ••  •#  are  found,  with  the  exception  of  f,  if  we 

z       z* 

w^re  to  invert  the  seriesal  equation  x  zz  1  -i —  +  ^  +  •.•., 

the  scries  arising  for  the  value  of  «  would  proceed  by  the  powers 
of  (X  — 1)-2 —   which  IS  =:     '  ;  and  which,  to  secure 

C  fl?  c 

convergency,  wttJ/  be  a  /^r^/^r  fraction,  f.  e»  -^  '      —  ■  _,'  ■ 

.«7zuj/  be  proper  fractions.  And,  here  are  three  cases  to  be  con* 
sidered;  viz.  1st.  a?  may  be  a  whole  number  >  unity;  and  ^ 
Mjay  be  a  fraction ;.  3rd  *  may  be  =  unity. 


(    *9    ) 

In  the  first  case,  c  +  ^  must  exceed  «  c, ;  aod  therefore, 
f  >  c,  X  — ^  c  :  In  the  2nd  case  c  +  ^  must  exceed  c, ;  and 
^  >  c,  — •  c ;  and,  in  the  3rd  case,  when  «  =  1,  we  have 

0  =  -+--+  — +  ....;  oroz:i+-jz+-  2'+  -r  r+  , . 

a        p  y  fi         y  o 

Here  the  series  found  for  z,  by  inversion,  will  proceed  by  the 

powersof  (-^)^^^- ^^- ^^,_^^^^^^^^^    ^  —^ 

= ^*  '  ^ ~— t;   which  must  be  a  proper  fraction ;  and 

therefore  )3,  c,  (c  +  (p)*  —  c/  >  /3,  c,*  fc  +  $)  ,  that  is  .... 
/?,  c^  (c  +  <P)*  —  j3,  c/  (c  -f  (p)  >  c/ ;'  consequently 

i 

(c+^r-c..S.(c+,)+c.«(3.)Vo...(3-)*4-c.«.^ 
and, hence  (c  +.f)>^  .  \c,±  \/(c,8,+  -^)|  and. 

^>  — )(c,±^rc,*  +   ^^)>  —  c,.     Remember  that 

(c  +  (p)  may  be  preceded  by  either  +  <5r  — ,  as  it  may  happen. 
This  limit  enables  us  to  assume  9  so  as  to  secure  convergency  ; 
and/?^yp  ^,  ..••  in  (b J  which  is  equivalent  to  (b)  may  be 
any  numbers  we  please. 

Since,  in  the  first  two  ca^es,  x — 1  =: ^  ^  +  rr    +     •*+•••# 

we  have,  by  reversion,  •  •  &• 

(X  —  1)   .    c, c,  /(jg    —   I)  .    c,\* 

'  —        c  +  9  j8  .  (c  +  (p)  •  V     c  +  f     y 

.  fg.f Si \* £1 inr-  ^)  :.^A^ 

^L     V/3.(c  +  (p)/         y.(c  +  (p)J>w       c  +  (p       / 

^'/3.Xc  +  f)\7  .  (c  +  f)       /3«.(c  +  (p)V       ^.lc+9)J 

^ / ■' -  ' )  +  ..•.;    and  in  the  3rd  case, 

c+  (p     J 

—  izz^i+^z'+jz^+    •f..;by  inversion,  gives 


ca 


(    w   > 


$ 


h  a  proper  fraction,  by  what  is  done  above;  and»  a,  /?,  7  • « •  •  are 
known  in  terms  of  ^,  /3y»  y,.  ••••  and  of  c,  c,,  c«  ....as 
has  been  shewn. 

By  substituting  either  of  the  above  vahies  of  z  (to  suit  the 
cue)  in  (b,)  we  ihail  have  the  sum  s  of  the  proposed  series  by 
means  of  the  series  (bJ  6i  arbitrary  or  chofen  convergency^ 

.  (^1;  We  are  now  directly  conducted  to  a  result  which,  from 
hopelessness  of  ever  obtaining  it,  has  never  been  hitherto 
attempted  in  the  doc  rine  of  infinite  series:  viz.  to  exhibit  the 
sum  of  any  proposed  converging  infinite  series  tn  terms  of  the 
hoown  sum  oi  Agiv<n  infinite  series*  Suppose  that,  we  »ny  how 
know  that,  the  function y  {t)  produces,  by  expansion,  or  is  the 

»*  jji        ^4 

sum  of  tbe  converging  infinite  teries'A 4- a,2-f  ---j ^+  ^'-i-  ., 

Pi        yi        ^n 

•  •:•*•«;  that  is,  let  ut  know 
y. («) tobt  =A  +  «,#+  J-+  ...*;  then 


y(«)  —  (a  +  a,  sr)  =:  3i   +     — V  «...;,  and,  therefore, 

/(*J— (A+a,«)+C-!-(c4-.(p)«=C  +  (C+9)2+  ^+^f  f^  +  .-.. 

(9,)  which  is  equivalent  to   (b),  or  to  any  proposed  series 
—  +j    +    — +    ..^.of  which  the  sum  s  is  required. 

Nowy   if  we  substitute     the  value  of  x,   found  above»  in 
f{z)  —  (A  +  <p«)  +   c  +  (c  +   (p)  2,  which  is  the  sum  of  the 
chosen  or  arbitrary  series,  we  shall  have  s,  expressed  in  lenns 
ofy  (2)9  the  required  sum  of  the  proposed  series. 


(  •«  ) 


ARTICLE  IV. 

HORyE  ARlThMETICiE. 

To  ike  Ediior  ff  ike  MaikenuUicdl  Mtposiiary. 

Sir, 

The  title  prefixed  to  the  short  series  of  essays  whicH 
I  have  the  pleasure  of  offering  for  your  acceptance,  sufficiently 
indicates  their  nature.  Among  the  observations  which  shall 
be  made,  some,  it  is  hoped,  ol  an  original  character,  wifl  be 
found  to  facilitate  the  management,  or  illustrate  the  theory,  of 
some  interesting  points,  both  of  the  common  and  diophantine 
algebra.  The  principle,  that  no  numerical  solution  can  be 
regarded  as  perfect,  which  is  not  reduced  to  an  exercise  of 
simple  arithmetic,  has  been  steadily  kept  in  view. 

I  am,  Sir, 

Your's,  very  truly, 

Batk,  July^  iSsp,  w.  g.  horner. 

No..  I.    On  NijM£]LicAL  Equations. 

A  new  process,  which  **  may  be  regarded,  as  a  universal  in. 
strument  of  calculation,  extending  to  the  composition  as  well  as 
analysis  of  functions  of  eve»y  kind/'  bas  been  recently  pub lishedL 
in  the  Philosophical  Transactions**  The  investigation  is  there 
conducted  on  the  strictly  universal  principle ;  andtheapplication 
to  the  .solution  of  numerical  equations  illustrated  by  a  praxis 
sufficiently  copious  and  minute  to  convey  an  impressive  idea  of 
its  facility,  simplicity,  and  comprehensiveness.  Preceptive 
details  were  not  deemed  necessary  in  addition  to  a  very  intel- 
ligible general  formula,  and  ample  practical  elucidation*.  They 
will  be  supplied  in  the  present  essay,  in  which  I  propose  to 
j^resent,  in  as  succinct  and  perspicuous  a  form  as  possible,  those 
parts  of  the  theory  and  practice  of  the  new  method,  which 
peculiarly  regard  finite  equations:  accompanied  with  such 
■mpfovements  as  a  more  intimate  consideration  of  the  subject 

has  suggested. 

*  --■  ,--  ■  — -_  ^ 

*  NoU,  Subsequent  and  totally  unexpected  circumstances  require  me  to 
assert  explicitly  my  undivided  claim  to  the  invention^  and  d^elopement  of  every 
particular,  wherein  the  new  process  difieiB  frem  those  wbieh  .hare  been  Ion; 
faai)tar  to  aU  weli-ittl6nae4  oiMlMiaafcicians.  I  mteod  to  resnise  tkiia  i ui 
tli^  sequel. 


(    «4    > 

PROB.  III.  When  tjie  roots  of  the  trantforroed,  aref  to  be 
less  than  those  of  the  given,  e<{uatk>n»  by  any  assigned  quan* 
tity  r. 

RutE.  Under  the  second  coefficient'  wnte  r  times  the  first, 
9  times  repeated*  Under  the  thirds  r  times  the  successive  sums 
of  the  second  and  the  several  quantities  beneath  it,  omitting  the 
last.  Under  the  fourth,  r  times  the  like  successive  sums  of  the 
third  and  the  numbers  beneath  it,  omiliiog  the  last*  Proceed 
thus  through  all  the  coefficients:  under  the  last  of  which,  or  the 
i^solute  term^  one  addend  only  (of  course)  will  appear. 

Add  up  each  column  separately  ;  and  the  respective  amounts 
trill  be  the  corresponding  coefficients  oi  the  tiansformed  equa- 
tion. — The  first  remains  unaltered* 

Note  1.  In  the  practical  applicattoh  of  each  of  these  rules^ 
ikt  first  addend  in  every  set  may  be  found  and  used  before  the 
remaining  addends  are  placed  in  column.  This  plan  is  not  only 
almost  indispensable  to  the  convenient  use  of  Prob.  III.,  but 
ftas  the  important  advantage  of  condacting  us  in  the  speediest 
Bianner  possible,  to  the  new  absolute  term ;  which  is  often  the 
enly  coefficient  of  the  new  equation,  that  b  requisite  to  be 
ascertained* 

2.  It  is  quite  obvious,  that  eaek  addend^  m  any  set  constructed 
on  the  principles  of  these  rules,  is  equal  to  r  times  the  car* 
responding  addend  in  the  preceding  set,  together  with  the  pre^ 
eeding  addend  in  its  own  set. 

3.  If  these  remarks  be  kept  in  view,  the  whole  process,  when 
r  is  a  simple  digit,  may  be  carried  on  figure  by  figure  mentally ; 
ch^  results  alone  appearing  in  column,  and  no  bye-operations 
being  requisite. 

Example.  Transform  the  equation  .t'  —  8;i*  -f-  1  lar*  —  ggjc* 
4-  3ij(  -~  lOi  =  o  to  another  whose  roots  shall  be  less  by  4* 

f  —  8  +   11  —  39  -f     31  —  101         (4 
^  —  i5  —  20  —  236  , —  Sao 


1  —  4  —     5  —  59  —  2<>5  -  9^* 
*  4  o  —  ao  —  316 

4         16        44 

4        32 


1  +  12   +   43  —  35  —  5^1  —  ga^ 


Coefficients  of  the 
required  equation* 


MMH 
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PROB.  IV.  When  the  roots  of  the  transformed,  are  to  be 
lesSj  or  greater,  than  the  reciprocals  of  those  of  the  given 
equation,  by  i  or  r. 

Rule.  Suppose  the  order  of  the  coefficients  to  be  reversed, 
and  then  work  as  in  the  preceding  problems.  The  results, 
reversed,  and  with  all  their  signs  changed  if  requisite,  will  be 
the  coefficients  of  the  new  equation. 

Example.  Transform  the  equation  *♦—  lajc"  +  i2x-*-3s:o, 
to  another,  whose  roots  shall  be  equal  to  the  reciprocals  of  the 
given  one,  diminished  by  i. 

i)  1   +  o  —  t2   +   IB  —  3 

—  3  —  3  9—8 

3  6-3 

3—8 

—    3 

—  a+o  +  6+o  —  3 
Consequently  the  required  equation  is  gj^*  —  6y*  4-  s  =  o. 

Criteria  of  Possibility  • 

According  to  the  theorem  of  Descartes,  no  equation  can 
have  more  real  affirmative  roots  than  it  has  changes  of  sign, 
nor  more  real  negative  roots  than  permanences  of  sign.  In^ 
congruous  indications  resulting  from  the  application  of  this  test, 
are  proofs  of  the  existence  of  imaginary  r^ots  in  the  equation 
under  examination,  and  of  a  certain  number  of  such  roots.  The 
two  criteria  which  I  am  going  to  state,  are  the  most  useful 
formulae  that  I  am  -acqainted  with,  to  aid  in  conducting  this 
enquiry.  The  first  is  a  particular  case  of  a  general  theorem 
duetoDEGuA;  and  the  second  is  an  improvement  on  Bud  an's 
criterium*. 

].  Every  instance  in  which  zero  appears,  in  an  equation  and 
its  transformees,  21s  a  coefficient,  between  two  coefficients  affected 
with  like  signs,  indicates  a  distinct  pair  of  imaginary  roots. 


*  It  18  a  striking  proof  of  the  want  oi  clearness  and  precision  in  the  conception 
and  praxis  of  this  part  of  Budan's  system,  that  of  14  transformed  reciprocals  (or  as 
he  calls  them,  collateral  transformees)  employed  in  his  5th  chapter,  only  tvfo  were 
at  ail  uecessaiy ;  and  only  3  of  the  10  in  chap.  6. 
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«•  If,  in  pMsing  from  one  equatton  lo  another  whose  rooU 
are  less  by  unity^  a  \certain  number  of  chasges  of  sign  are  lost ; 
take  the  reciprocal  of  the  former  equation,  and  diminish  its  roots 
also  by  i,  (by  Problem  IV).  Then,  if  the  changes  of  sign,  wjiich 
appear  m  this  transformee,  are  not  as  many  as  were  lost  in  the 
other,  every  unit  in  the  difference  indicates  a  distinct  imaginary 

loot* 

> 

Example  u  Let  the  equation  x*  — 4*^  +  8«* —  16;^ +  20=0, 
be   proposed.     By  two  iuccessive   applications   of   Prob.  L 
have 

i  —  4  +  8  —  16  +  flo        (1 

*  —  3  +     5  —  ^1 
1—2+3 

1  —  1 


1+0  +  2—8+     9        (1 
t  +  1  +     8  —    ^ 


1  +  «  +    S 

*  +  3 

1  ' 


1  +  4  +  8  ±  ;o  + 


and.  observing  that  zero  has  twice  appeared  between  affinqiitive 
coefficients,  we  know  that  four,  that  is  all,  of  the  roots  are 
imaginary. 

Example  8.    Try  *•  — 8**  +  hap*  —  39**  +  31;^ —  101, 
the  formula  used  in  Prob«  III. 

'       i  —  8  +   11  —  39  +  31  —  101        (1 

1  —    7  +  »4  —  35  —      4     ' 
1—6—2  —  37 

^  —    5--    7 

i  -    4  ' 

1 


1  —  8—11—44  —  41  —  105 

'  Here  four  changes  of  signs  have  vanished.    Diminish  the 
root  of.  the  reciprocal  equation  by  i* 

1)  1  —    8+     11  —  39+     31  —  101 

-.-.  106  —  98  —  109  —  70  —  101 

bu,t,  without  completing  the  transformation,  it  is  already  evident 
that  the  new  coefficients  will  all  be  affected  with  like  signs, 
oriiili  haye^n^  change,  •*•  4  —  o  =:  4  roots  are  imaginary. 


C    «7    ) 


No.  IL 

The  two  criteria  of  possibility;  with  which  my  last  paper  con* 
eluded,  were  selected  on  account  of  their  being  most  generally 
applicable,  but  were  not  intended  to  exclude  the  use  of  any  others 
which  may  happen  to  be  strikingly  suitable  to  any  particular  equa- 
tion, which  arises  in  the  course  of  transformation*  In  fact,u  is  no 
small  recommendation  of  the  new  methodi  that  it  multiplies  the 
chances  of  introducing  these  subsidiary  aids  with  advantage. 

The  first  criterion  iucif  can  only  occur  incidentally,  but  its 
application  is  capable  of  an  extension  beyond  what  is  at  once  ap- 
parent. To  cite  a  single  example ;  when  the  m^^  coefficient  changes 
Its  sign  in  passing  from  one  set  to  another,  while  those  which  im^^ 
mediately  precede  and  follow  it  are^  and  continue  to  be,  iden- 
tical, the  existence  of  zero  between  like  signs  somewhere  in  the 
interval  may  be  suspected.  Should  all  the  previous  signs  in 
these  sets  be  also  alike,  the  probability  is  increased ;  and,  in  this 
case  especially,  may  usually  be  put  to  a  decisive  proof,  by  an 
operation  plainly  suggested  by  the  first  set  of  formulae  for  tranS" 
Jormalicn. 

The  utility  of  the  first  or  figurateformulae  for  transformation, 
which  is  manifest  in  this  instance,  will  occasionally  be  illustrated 
by  the  detection  of  a  close  inferior  limit ;  and,  in  short »  when- 
ever it  is  desirable  to  investigate  the  state  of  any  particular  coef» 
ficient  or  coefficients,  separately  from  the  rest. 

On  the  subject  of  the  second  criterion,  it  will  be  understood, 
that  if  only  one  change  of  sign  is  lost  in  passhig  from  amy  trans- 
formation to  the  next,  the  dimmished  reciprocal  need  not  be  taken, 
as  this  circumstance  proves  the  existence  and  situation  of  one 
real  root.  And,  in  short,  since  the  alternations  oi  signs  are  even 
or  odd,  according  as  the  signs  of  the  extreme  terms  agree  or  diffi!r, 
and,  in  the  latter  case,  there  is  certainly  one  real  root,  the  place 
of  such  a  root  will  be  shewn  every  time  the  absolute  term  changes 
its  sign* 

Initial  Solution. 

The  first  step  toward  the  complete  solution  of  a  nmnerical 
equation  is,  to  obtain  what  are  usually,  tho'  not  with  sufficient 
precision^  called  the  nearest  integral  values*  of  the  real  roots. 


*■    When  eonect  writers  employ  such  expressions,  their  practice  shews  that 
they  ha^e  a  refereaed  to  that  transient  relation  between  the  succoKiTe  portions 

da 
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And  in  order  to  this,  the  nearest  superior  limit  of  tl^e  greatest 
root  both  affirmative  and  negative,  must  be  investigated.  The 
best  methods  of  doing  which,  are  founded  on  a  rule  given  by 
Newton  in  the  latter  portion  of  his  Universal  Arithmetic. 
Perhaps  therefore  the  most  natural  transition  to  the  new  method 
will  be  made  by  translating  Newton's  rule  and  example  into  its 
algorithm. 

Prob.  V.  To  find  a  limit  greater  than  the  greiatest  root  of  an 
equation. 

For  the  limit  of  affirmative  roots :  By  successive  applications 
.of  Prob.  I.  find  the  coefficients  ot  the  equations  whose  roots  ar« 
less  by  i,  2,  3,  &c.  than  those  of  the  given  equation.  Continue 
the  process  until  a  set  of  coefficients  arise;  which  are  ail  affir- 
mativie.  The  index  of  the  number  of  transformations  employed, 
is  the  limit  required. 

For  the  limit  of  negative  roots :  Change  the  alternate  signs, 
and  proceed  and  estimate  as  before. 


of  the  root,  according  to  which  (as  I  have  said  in  art,  23  of  my  Essay)  in  passing 
from  one  digit  to  the  next,  we  tacitly  regard  the  former  as  units,  and  the  latter  as 
a  decimal  fraction.  Conformably  to  this  principle,  the  equation  is  always  under- 
stood to  be  so  reduced  in  the  first  instance,  that  the  absolute  term  does  not  coiitaiin 
more  integral  places  than  are  indicated  by  the  dimension  of  the  equation.  To 
effect  which,  the  neatest  mode  perhaps  is,  after  distributing  the  integral  part  of  the 
absolute  term  into  periods  as  in  common  evolution,  to  point  offjust  as  many  digtii 
from  the  integral  part  of  the  2nd  coefficient,  as  many  periods  of  2  digits  each,  from 
that  of  the  3rd,  as  many  of  3  digits  each  from  the  4th,  and  so  on  5  ciphers  being 
prefixed  for  that  effect,  if  necessary. 

If  Mr.  Nicholson  had  paid  attention  to  this  circumstance,  he  would  perhaps  have 
•milted  the  3rd  and  4th  props,  of  his  Essay  on  involution  and  Evolution.  Cer- 
tainly he  i^ould  have  suppressed  one  among  the  strange  misrepresenutions  tvhifh 
he  has  made  of  my  method  of  Continuous  Approximation.  6b  far  from  havmg 
stated,  as  he  affirms,  ♦«  that  ther^  is  no  advantage  in  applying  it  to  the  integral 
part  of  a  root,"  1  havtf  distinctly  shewn,  in  the  only  article  {21)  to  which  he  can 
allude,  not  only  <'  its  sufficiency  for  effecting  the  development  of  the  real  loot 
independently  of  any  previous  knowledge  of  R,"  but  the  very  manner  of  arriving, 
by  means  of  it,  «  at  R,  an  uiiambiguous  limiting  value  of*,"  which  value  in  all 
ordinary  cases  is  the  first  digit  of  the  root,  as  it  is  most  obviously  in  the  example 
to  which  he  refers,  solved  on  p.  44  of  his  Essay. 

This  attack  is  the  more  unwarrantable,  because  the  terms  integer  &n<l  integral^  or 
any  equivalent  to  them,  do  not  occur  in  any  sentence  1  wrote,  nor  any  allusion  to 
the  distinction  between  integral  and  fractional  decimals,  except  in  the  expression 
quoted  in  the  beginning  of  this  note,  and  the  incidental  mention  of  "decimal  places" 
in  some  of  the  examples  5  and  because  the  solution  so  pointmgly  held  up  byMr.N. 
lis  in  every  particular^  excepting  a  want  of  precision  in  his  way  of  determining  the 
first  digit>  a  direct  exemplification  of  my  rules. 
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Example  i .    Required  the  superior  limits  oi  the  positive  and 
negative  roots  of 

X*  —  2A*  —  lox'  +  3o;r*  +  63*  —  120  =  o 

For  the  positive  roots.  For  the  negative  roots. 

i_2 — 104-30+63 — t2o  (1.        1+2 — 10 — 30+63+120/1 
1 —  1 — 11  +  19+  82  1       8 —  7 — 37+-  26 

1      o — 11+  8  1       4—  3 — ^40 

t       1 — 10  1      5-I"  • 

12  ..16 

1  1 


1+3 —  8-  2  +  90—  38  (*  1+7-+"  8— 38— 14+-146  (1 

-*      4 —  4 —  6+  84  ■  1+  8+-i6 — 22—  36     - 

^      5      ^-^  6  1+  9+^5+  3 

167  1+10+35 

1       7  1  +  11 


1+8+14-+-  2+79+  4^  1  +  12+48+38-33+110  (1 

=^  1  + 13+59+97  &c* 


The  positive  limit  is  thus  attained  at  two  steps,  and  the  negative 
at  three;  consequently  jf  <  2,     >  •^—  3- 

Moreover^  by  a  merely  mental  application  of  the  first  criterion 
to  the  la^t  set  of  coefficients  in  the  first  operation,  and  of  the 
second  to  the  last  set  in  the  other,  it  is  obvious  that  two  positive 
roots  and  two  negative  are  impossible.  The  equation  therefore 
has  only  one  real  root,  whose  first  digit  is  2^ 

By  the  figurate  formulae,,  the  coefficient  — 10  in  the  first  opera- 
tion would  become  at  the  next  step  —  10  —  4  (s)  +  10  (1)9 
obviously  ne^ive;  the  same  may  be  said  of—  30  in  the  2nd 
operation,  which  would  become  —  30  —  3  lio)  +  6  (2)  +  10  (i  J« 
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Obscrviiqf  ibii^  we  mighl  have  omitted  tbe  first  step  in  each 
operatk>n»by  substituting  s  for  i,  and  working  by  Prob.  Ill*  thus 

i— ft — 10  +  30+63—120  (2        j+  2— 10— 30  +  63+ifto  (2 
a.      o— 20+  fto+i6S  »+  8—  4 — 6S—  10 


1— 0  +  10+10+83+  46  J+  4—  a -34—  5  +  110 

2+    4 — <2—  4  2  +  12  +  20 — a8 

«+  8+  4  2+16+52 

s+12  2  +  20 

ft  ft 


2+8+14+  2  +  79+  46  1  +  18  +  46-1-38—334-110 


But  on  this  plan,  there  is  a  manifest  risk  of  overstepping  tbe 
places  or  criteria  of  intermediate  roots* 

Example  a.    Find    near   limits    to    the    negative   root   of 
or'  —  7«  4-  7  =:  o.    [Lagrange  Res.  des  Eq.  Num,  p.  i22*1 

1+0—    /  —    7 
3  1—6 

2 


1 

+ 

3 

■— 

4 

— 

»3 

- 

3 

4 
5 

0 

1 

+  6 

-h 

5 

— 

*3 

m 

3 

7 
8 

18 

1 

4a 

9 

+ 

so 

— 

1 
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Tlve  next  tmsformation  would  obviouily  prodvee  coeffidentt 
entirely  affirmative ;  and  therefore  3  may  be  taken  for  an  inferior* 
and  4  for  a  superior,  limit.  But  the  simple  inspection  of  the 
last  set  of  coefficients,  indicates  the  root  of  the  conresponding 
equation  to  be  >  -/r  ^  ?t«  Consequently  the  root  of  the  pro- 
posed  equation  is  >  3^  <  3^,  abstracting  the  sign.  The  limita 
found  by  La  Grange^  certainly  with  much  greater  troufalct  are 
3  and  3^^. 

Pjkob.  VI.  To  obtain  the  complete  •  initial  solution  of  a 
juimerical  equation. 

1*  Find  the  superior  limits  of  the  positive  and  negative  rooti 
by  the  last  problem* 

2.  Apply,  at  die  proper  places,  the  criteria  of  possibility^  * 
mentioned  in  the  conclusion  of  the  last  and  beginning  of  the 
preaent  No. 

3.  If  the  aggregate  of  real  and  imaginary  roots,  respectirelf 
indicated  by  the  criteria,  is  equal  to  the  index  of  the  equation^ 
ike  solution  is  already  effected;  as  was  the  case  with  Example  i« 
Prob.  V.  For,  all  the  real  roots  are  distinct,  and  also  correct 
as  far  as  they  are  determined;  that  is,  in  this  instance,  to  ane 
digit. 

4.  If  otherwise,  return  to  the  first  equation,  whose  dimini- 
shed reciprocal  indicated  a  pr(d>ability  of  a  certain  number  of 
roots  commencii^  with  the  same  digit ;  and  multiply  the  success 
live  coefficients  by  1, 10,  loo^  &c» 

5.  Find  the  superior  limit  of  the  positive  roots  of  this  'ney 
equation ;  and  proceed  according  to  the  foregoing  precepts^  until 
the  nature  of  those  roots  has  been  ascertained,  and  such  of  them 
as  are  real  have  bfsen  traced  as  far  as  to  the  first  digit  in  which 
they  differ^ 

6.  Perform  a  similar  course  of  operations,  it  necessary,  upon 
another  of  the  equations  referred  to  in  the  4th  precept ;  and  so  on, 
until  the  requisite  number  of  roots  has  been  classified,  and  ail  the 
real  roots  traced  to  distinctness* 

Example  1.  Characterise  and  distinguish  the  root!  of  «*— 
70? +  7  =0. 

From  Example  2,  Paoa.  V.  it  is  obvious  that  therQ  is  but  one 
negative  root;  whose  dii^nct  initial  value  wasjound  to  be  •«*  3. 


For  the  positive  roots. 
S        o  —  7  +  7    (1 
3        »  —  6 

'ft 
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Ittveftigation  of  these  two  roots. 
1  +  go  —  400  +   1000    (» 

3  3»  —    369 

3a 


«  +  3  —  4  +  > 
8        4  &c« 


(t 


all  positive, 


••.  if  real,  there  are  two,  each 
having  1  for  its  first  digit. 

•••  Apply^the  and  criterion. 

a)    1   4-  3  -*•  4  +  1 

0-33 

»  .  ... 

-r  a 


1  +  33  —  337  +    631 
3  34—303 

35 


(« 


1    —  2   —   1    +    1 


1  +  36  —  268  + 

328 

{» 

3         37  -^ 
-    38 

231 

1 

• 

1  .+  39  —  »93  + 

97 

(» 

3          40  — 

»53 

'       4» 

1   +42  —  112  — 

8        88  — 

56 
48 

(« 

1  +  44  -    H  — 

2    +      92 

* 

2 

- 

. 

1  +  48  +     68  — 

104 

{* 

3  +     49  + 
&c.  all  positive. 

117 

« 

Here  are  tofo  alternations  of 
aign^  as  before ;  .*•  two  roots 
may  be  real.  See  the  next 
column. 


Hence  the  roots  in  question  are  real^  and  their  respective  second 
digits  are  3  and  6.  '  Consequently  1.3,  1.6,  and  —  3f  are 
approximations  to  the  roots  of  the  proposed  equation.       * 

Remarks.  1.  In  the  course  of  proceeding  by  the  foregoing 
problem,  if  a  rational  root  should  happen  to  be  accurately  ,at- 
tained,  the  absolute  term  in  the  resulting  equation  would  be  o« 

2.  If  two  or  more  successive  terms,  including  the  last,  should 
become  o  together ;  this  would  shew,  that  the  quantity  attained 
was  the  accurate  value  of  just  as  many  equal  roots* 

3.  The  equations  whose  last  terras  have  thus  vanished,  are  by 
that  very  circumstance  depressed  just  so  m^fny  degrees,  and  may 
be  ffeatedlas  such  in  tjie  subsequent  process :  —which  is  another 
remarkabie  advantage  of  the  new  calculus. 
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4*  If  in  pursuing  the  directions  of  precepts  4  afic!  £,  tHere 
should  appear  an  increasing  tendency^  in  the  last  terms  of  the 
equations,  to  simultaneous  disappearance ;  as  this  argues  a  pro* 
bability  of  two  or  more  equal  roots,  it  may  sometimes  be  advisable 
to  apply  the  usual  test,  namely  to  seek  the  greatest  common 
measure  of  the  last  two  Jigurate formulae  concerned  in  the  trans, 
formation.    For  if  that  measure  exceed  1,  it  will  be  of  the  form 

(r  —  a)  ,  11  and  m  being  given  quantities^  and  r  will  have  m+i 
values^  each  zz  a,  and  the  given  equation  in  r  may  be  depressed 

fii4>l 

m  +  1  degrees  by  being  divided'  by  (r  —  a)  •  But  even  in 
this  well-known  operation^  the  principle  01  woAing  with  the 
coefficienis  ^nly^  will  be  found  beneficial. 

No.  III. 

Abbreviations  of  the  Initial  SoluHon. 

-  •  •  "  ■ 

Considering  the  extreme  depee  of  simplicity  to  which  the 
general  formula  of  transformation  was  reauceo,  it  cannot  be 
expected  that  a  substitute^  easier  than  itself,  should  be  attainable 
otherwise  than  casually ;  or  that  the  convenience  gained  by  coft« 
tracting  the  work,  if  the  operations  can  still  be  mentally  con* 
nected,  will  not  be  purchased  by  some  other  sacrifice.  What 
appears  really  useful  on  this  head,  is  subjoined. 

(a).  General  Compendia.  The  variations  in  sign  and  magni* 
tude  which  the  absolute  term  undergoes,  supply,  in  most 
cases,  satisfactory  indications  of  the  place  of  the  superior,  and 
even  of  the  intermediate  limits.  Wnen,  therefore,  the  trans« 
formations  are  likely  to  be  numerous,  it  becomes  an  object 
to  procure  the  series  of  absolute  terms  separately.  For 
this  purpose,  Lagrange^  after  'substitutinff  o,  1,  a',  3,  &c. 
in  x\k  common  way^  until  the  number  of  trials  exceeds  by  unity 
the  index  of  the  equation,  finds,  by  subtraction  as  usual,  the 
several  orders  of  differences  of  the  results,  and  thence  continues 
ibe  set  at  pleasure  by  addition. 

In  an  Addendum  to  my  Essay,  1  have  advanced  on  this  idea, 
by  shewing  how  the  several  orders  of  differences  due  to  all 
the  coefficients,  may  be  simultaneously  deduced  from  the  given 
equation  itself.  The  substance  of  that  amendment  is  contained 
in  the  following  problem. 

Prob.  VIL    To  deduce,  &c. 

i«  Proceed  acciM-ding  to  Prob.  I. ;  except,  that  in  taking  the 
sums  of  the  columns,  the  number  at  the  head  of  each  column  is 
to  be  omitted*.  The  several  amounts  will  then  be  the  1st  diffs* 
ot  the  coefficients  under  which  they  respectively  stand. 


wm^u 


^    In  tht  ekample,  thcte  numbers  are  separated  from  the  rest  by  a  line  dr^wn 
below  tiiem. 

VOU  V.  PART   lU  e 
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^« .  Perform  a  similar  operation,  but  adapted  to  an  equation  one 
degree  lower,  on  tliis  seHes  of  diflFerences ;  and  the  results  will 
be  the  ind  differences  of  the  coefficients,  under  which  they  stand ; 
and  so  on.  The  work  will  terminate  of  itself  when  the  set  of 
differences  is  completed. 

Example.  Find  the  differences,  due  to*  the  coefficients  of 
*'  —  63*  +  189  =0.    [Lagrange.  Res.  des.Eq.  N*  p.  iS]* 

'  t  I  o  I  -  63  I  4-  189 

*  -  - — -*- ■ — ■ ^^^A^^ — .^_ — ^_ 


tst.diffs.     3 


find  diffg.  •  • 
3rd  difff 

^^■^■•^^^^^^^^^^^'^  * 

Still,  the  subject  appeared  capable  of  further  iQiprpvement. 

^Tbe  separate  courses  of  addition,  for  constructing  the  «epa^e 

'  coefficients,  were  an  encumbrance.     And  since  the  coefficienu, 
taken  in  retrogression  from  the  absolute  term,  are  functions  of 

'the  same  class  as  the  respective  orders  of  differences  belonging  to 
that  term,  it  was  natural  to  infer,  that  the  two  sets  of  quantities 

-were  mutually  transformable. 

The  result  of  pursuing  this  train  of  thought,  is  ^ven  in  the 
two  following  propositions^  which  appear  to  me  to  simplify  this 
point  to  the  utmost  degree  of  which  it  is  capable. 

Phob.  VIII.  The  inferior  coefficients  in  any  equation  be- 
ing  regarded  as  a  set  of  partial'differeHccs  belonging  to  the  abso- 
lute term,  to  find  other  sets,  to  any  extent,  similarly  connected 
with  the  succeeding  absolute  terms ;  supposing  the  roots  of  the 
given  equation  to  be  diminished  by  a  succession  of  units. 

1.     Under  the  given  set  of  coefficients,  draw  horizontal  lines 

*  sit  convenient  intervals.  Over  each  coefficient,  write  the  index 
of  that  power^of  the  unknown  quantity  to  which  the  coefficient 
appertams.  Write  the_  same  indices,  but  ift  the  natural  order» 
J»  «,  3.  &c.again|t  the  successive  horizontal  spaces;  the  greatest 
index  being  understood  before  all  the  spaces  that  may  stilt  remain, 
a.  The  first  number  to  be  entered  in  each  interval  is,  the  given 
*first  coefficient.  The  next  and  each  succeeding  term  ia^to  be 
found  by  multiplying  the  number  last  entered,  by  the  smaller  of 
the  two  indices,  which  staled  horizontally  and  vertically  in  line 

'  with  it,  and  adding  the  prcduct  to  the  number  directly  over  the 
place  you  are  going  to  fill. 

?)•    This  process,  applied  to  the  interval!  in  regular  succession, 
1  produce  series  havmg  the  required  property :  the  last  terms 
twing  the  absolute  terms  in  question  with  their  J>roper  signs. 
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Prob.  IX.  From  the  tei  of  partial .  dtffetences  appertajniajf 
to  an^  absolute  tenn,  to.  find  the  reniaiaing  coeffieients  of  the 
equation  to  which  that  term  belongs*  • 

1*    Draw  horizontal  lines  as  before ;  and  against  the  succei'r 
give  intervab  write  the  set  of  multiplter-indices  which  were^ 
employed  in  constructing  the  said  set  of  differences,  omitting  the 
first  oi  those  indices. 

2.  In  each  interval  enter,  first,  the  given  first  coefficient; 
secondly,  multiply  the  number  so  entered  by  the  index  which 
stands  against  it,  and  add  the  product  to  the  number  directly  over 
the  place  you  are  going  to  fill ;  thirdly,  having  entered  this 
amount,  multiply  it  by  the  next  inferior  index,  and  add  the  pro- 
duct to  the  number  directly  over  the  next  space  to  be  filled ;  and 
so  of  the  rest.  / 

3.  Applying  these  precepts  in  regular  order  ta  the  filling  of 
the  intervals,  the  number  of  terms  in  the  successive  series  pro- 
duced, will  be  found  to  diminish  continually  by  one.     And- the-' ^ 
last  terms  in  these  series,  taken  in  revertt  ordv,  will  bet  the 
coefficients  required. 

£xam^le%  -  Shew-the  distinct  initial  values,  or  the  impossibility, 
of  the  several  roots  of  x^^- 8**+  n«^  —  89«*+  ^ix  — 101  =:o, 
ByProb.  VIIL 

5  4  3  »  1 

1  —    8  +     11  ~    39  +      33t  *"^    apt 

1  t  ~    7  H-       4  ~    85  — '        4  ~    ^^5 

^  1  -  5  -  6-47-      98-    g03 

3  i  -  2  -  12  -    8g  -    264-    jG^ 

4  1  +  a  —  4—9^—454—9^1 
5.  14-  7  4-  24  —    *8  T-     500  —  M»^ 

1  -f  t2  4-   72  -f  193  —   114  —  1535 
1  +  17  +  140  +  613  4-  ltl2' —   423 

At  the  next  step  all  the  terms   Would  be  positive;   con* 
sequently  8  is  the  superior  limit  of  the  T6otU    And  it. is  mani- 
festly tM  immediate  limit  of  a  single  real  root,  whose  distinct ' 
initial  value  is  therefore  7. 

The  coefficients  due  to  the  further  evolution  of  that  root,  are 
thus  found  by  prob.  IX. 

a  +  17    +  140  +  613  +  atia  —  423 

4      I  4-  21  +  203  4-1019  +  2131 
3      s  +  24  +  2ji  +1270 

2  1   4-  26  +  277 

a      1  4-  27 


^'  *  I 


•%     1  +  27  4"  277  4-  1270  +  2131  —  423  arc  the  coefficients; 

e  a 


(    8«    ) 

Agilfiff  H  .riie  abiolMtf  tarm  has  nrithei>'  changed  itt  sign  nor 
diminished,  niitU  %ie  appvoach  the  tuperior  linh.il  ii  pfobable 
that  the  other  roots,  if  possiblet  are  all  lest  than  i ;  particolsriy 
as  sererat  ahemMidus  of  sign  appeat  to  hate  been  k^st  at  the  first 
ftep«    Returning  therefore  to  that  step^  we  find  by  Prob;  IX* 

I  —  7  +     4—  35  —    4  —  ^Qg 
<  4^6^    a  -^  87  —  4^ 

t  1  ^  g  ^    y  -^  44 

*         >*  —  4  —  »' 

f.  ■  T       ^_-  1  -  .      .  ■  ■ 


.'     A  coefficients  t  —  3  —  11  —  44  —  41  —  >|oa»   . 
Thise  qoejilicients  exhibit  only  cn0  cbao|;Pi  of  sign,  that  'vi$Jqur 
less  than  the  precedi^gi^  qt  given»  equauon* ,  The  dimi9ishe4 
reciprocal  gives 

i)  .1  —    •  +     It  —  89  +     8*  —  101 

—  106  —   98  —  109  —  70  —  101 

&c.  all  negative* 

Consequently,  by  the  second  criterion,  the /our  r0ois  in  ques- 
tion are  imaginary.  ' 

(b).  Of  Partial  CompendiloL  of  this  class,  one  only  appears 
vorthy  of  recollection,  both  on  account  of  its  facility,  and  of  the 
frequent  occvrr^nce  of  cu])ic  equations ;  to  which  it  is  adapted. 
It  is  intimated  by  Budatt,and  consists  in  the  following  observa- 
tions :  In  a  series  of  tranaiormees  of  this  order : 

The Jirst  term  is  constant 

The  s€e0nS  increases  by*  a  eansiani  Ancremmt^  equal  to  three 
tinier  the  first  t«rBi. 

The  ih%r4  is  aqu^l  to  the  aggregate  of  i)\fi  former  third  term, 
and  of  the Jorffmr  and  new  second  terms. 

Tht  fourtit  as  usual^is  equal  to  the  aggre^e  of  the  <n6r^/>f<^ 
ceding  set,. 

Hence  the  stej^s  in  the  initial  solution  of  a  cubic  equation,  may 
he  tnentajly  connected;  e.g.  Example ^^  Probt  ¥«  would  be 
complete  under  this  form, 

1       0—7—7 


1 

3-    4-»3 

1 

6         5  -  »3 

1 

9   '       20—1 

By  the  same  artifice,  two  lines  may  be  spared  from  transfer- 
aalioBa  pf  the.  higher  orders. 


(   99    ) 

* 

(c),  CHker  scal^i  of  nolalicA  wpqld  4eV9lope  tome  pai^ci|lar 
i!0Ot«»  more  aptly  than  tl^e  A^Qiwai  «caW ;  but  the  place  fgr  tliiii 
artifice  call  «eldom.be  ajtticipaiedl.  Sonoe  advaiit^piy  however» 
may  occacionally^b^  gained  iny  imroducing  the  Unary  principle, 
previous  to  the  decimal,  in  the  practice  o£  the  fourth  and  fifth 
precepts  of  Prob.  VI.  Thus^  multiply  by  t^  fi>  4, 8*  &c.  instead 
of  1,10,  lOOi  &c.  and  transform  the  result  by  Prob.  I :  then«if  no 
changes  of  sign  are  lost,  we  may  infer  that  the  first  five  transfor-^ 
mations  prescribed  by  precept  o  would  not  lead  to  a  root  of  the 
equation ;  and  the  binary  transformee  may  be  at  once  changed 
into  the  ^ih  decimal  one  by  multiplying  its  terms  by  1,5,  5*, 
&c.  i.<.  by  I,  '^  ISS,  t^,  &c. 

(p).  My  readers  will  have  anticipated  an  observation,  which 
should  have  been  subjoined  to  Prob.  t :  If  the  last  addend  in  anjT 
column  he  added  to  the  last  in  the  next,  the  amount  will  be  the 
same  as  the  siim  of  the  former  of  the  two  columns. 


ARTICLE  V. 
Letter  from  Mr.  W.  6..  Horner. 

.  To  the  Editor  of  the  Maihemoiicdl  Reposit^r^^ 

Dbab  Sie, 

I  am  really  sojrry  to  occupy  yonr  rahialile  pages  with 
^  statement  of  particulars  perkiaps  merely  personal;  but  if  you  will 
indulge  mo  with-tiie  opportunity  oi  speaking  a  few  words  in  self- 
defence,  I  promise  to  be  as  brief  as  possible.  ' 

Three  months  after  my  Method  of  Continuous  Appfoxtmation  had 
been  read  before  the  Royal  Society,  you  wrote  me  that  you  had  just 
veeehred  t^om  Mr.  Evans  of  Wodwidi,  a  printed  prospectus  fur  pub- 
lishing by  subscription  a  new,  &c.  method  of  solving  equations,  &c^ 
by  Theophiltts  fioldred,  8tc.  This  was  thejirst  titne  I  heard  qf  that 
Gentleman's  name  or  of  an^  discovery  made  bjf  him. 

I  heard  nothing  more  of  Mr.  Holdi^d  antU  last  summer^  when  some 
person  unknown  to  me,  but  apparently  familiar  with  Mr.  Nicholson* 
was  so  kind  as  to  send  me  a  copy  of  the  latter  Grentleman's  £$say  on 
Involution  and  Evolution,  then  recently  published.  Reference  being 
therein  made  to  a  Treatise  on  Algebra  by  Mr*  N.  I  procured  that 
work  also. 

This  Treatise  on  Algebra  contained  the  first  public  statement  qf 
JIfr.  Holdred^s  Method  i  and  it  was  published^  as  Mr.  Nicholson  him* 
self  states,  subsequently  to  the  reading  of  my  Essay  before  the  Royal 
Society.  Supposhig  therefore,  that  the  two  methods  (as  has  been  in« 
stmtated)  were  essentially  the  same^  the  question  of  friosUjf  ot  date 
is  clearly  decided  in  my  iavoiirt 


(  s»  y 

With  fegari !o  superiorHyiii  thembflfeof  operatfhgfsfiffsupfycwrnff 
Ute  fundamental  identity  of  the  methods);  Mn^Nidohdn,  Mi4io  htf^ 
indTspettaMy  prestented  Mr.  Holdred's  mode  in  the  most  pci*fect  form^ 
possible,  and  might  be  sapposed  to  retain  a  pattialHj  for  the 
improTementB  he  had  himself  introduced,  diHinctly  says,  ^  the  advan-r 
tage  eertainly  remains  with  the  nonfiga^lte'^(my  Theorem  III) ;  ^*  and 
this  wiU  appear  more  decidedly  the  case  as  the  dimension  of  the 
equation  increases/' 

fiut  to  ref erse  the  hypothesis :  snpposing  that  these  gentlemen's 
methods  had  not  been  thus  inferior  in  date  and  facility;  still,  if  two 
methods  of  effecting  a  given  purpose,  one  of  which  is  partial  and  the 
6ther  general  and  complete,  be  published  nearly  at  the  same  time  by 
two  authors,  who  knew  nothing  at  all  of  each  others  studies  or  per- 
Ibrmances,  can  there  be  any  doubt  with  whom  the  claim  of  superiority 
rests  ?  Now,  it  does  not  appear,  from  any  thing  advanced  by  Messn.' 
N.  and  tfv  that  either  of  them  had  any  Tiew  lieyond  the  8<rf«tioii  of  a 
finite  equation ,.who£e  roots  are,  to  a  certain  extent,  previously  known*^* 
On  the  contrary,  in  addition  to  this,  my  Essay  conveys  ah  easy  and 
popular  method  of  getting  unambiguous  limiting  values,  or,  as  I  now 
prefer  to  call  them,  distinct  initial  values  of  all  the  real  roots  of  a  finite 
equation ;  and  conducts  the  whole  developement  on  a  principle  mani« 
lieatly  unrestricted,  and  applying  as  directly  to  irrational  and  trans* 
cendental  as  to  finite  expressions.  Nor,  in  reverting,  on  the  other 
hand  to  the  minutiss  of  calculation,  ought  it  to  be  forgotten,  that  by 
my  Compendious  Operation,  the  subject  of  arithmetical  &cility  was 
carried  to  its  acme*' 

Perhaps,  Sir^  I  might  here  safely  close  the  argument :  but^  wishing  td 
remove  every,  the  slightest,  shade  of  sfis|Hdon  that  has  been  attempted 
to  be  fixed  on  my  claims,  I  request  your  forbearance  a  Iktie  longer. 

Mr.  Nicholson  says,  that  about  twelve  months  before  the  publica- 
tion of  his  Essay,  I  purchased  Budan's  work  at  Mr.  Didcsott's  shop. . 

The  facts  are  these^  some  time  after  my  Method  was  completely 
developed)  and  I  was  considering  of  the  most  effectual  way  of  usher*: 
Hig  it  into  notice,  an  expression  in  the  introduction  io  Bar&ow's 
Mathemaiical  Tobies  caught  my  attcjntion.  It  excited,  in  fact,  an 
apprehension  that  Budan  had  anticipated  me;  and,  in  consequence,  I 
wrote  with  much  anxiety  to  Mr.  Barlow,  requesting  the  loaa  of  his 
copy  of  die  work.  That  gentleman  had  parted  with  it,  and  all  my 
enquiries,  for  a  tuBO,  were  fruitless.  At  last  I  was  fortunate  enough 
to  meet  with  it  at  Mr.  Dickson's.  This  was  in  the  first  or  second . 
weekof  Jtf/^,  1818. 

The  use  1  made  of  that  antiior  is  exactly  stated  in  my  Essay,  and 
was  very  slight  In  hct^  perceiving  that  he  had  entirely  missed 4he 
principle  of  contmuity,  I  candidly  confess  that  I  skimmed  over  the 
general  matter  of  his  Treatise  too  hastily  to  perceive  the  value  of  some 
of  his  remarks,  and,  in  consequence  gave,  in  a  note  on  my  Essay,  an 
opinion,  which,  on  subsequent  perusal,  I  find  reason  to  believe  not  per« 

*  What  Mr.  N.  has  taid,  on  the  8ubjec|  of  ItmitB,  is  directly  i»  ducidBtioii- 
of  an  observation  quoted  from  me. 


.(  »  ) 

fectif  just.:  A  more  accoiate  acoount  wlU  lie  gitan  in  te  flMrar 
Arithmetical* 

The  doite  and  circamstances  of  this  affair  are  a  sufficieat  reply  to 
Mr.  Holdred's  remarks  in  Phil.  Mag*  for  No?ember  last,  about  ^ 
article  connected  with  his  methedf  which  appealed  in  the  number  for 
October,  14$18.  i/lj  method  was  finished  long  before  that  date; 
I  nef&r  saw^  ne^er  till  this  day  heard  of  that  article ;  and^  once  for 

,ail,   I   AM  MOT  IllJDEBTED  TO  AHT  PKItSON   THAT  EVER  I.1T£D^  ^OR  A 
BIN.T  BEYOND  WHAT  I  HAIE  FAIBLT  AlH)  BROAJ>I*Y  STATED  Vf  TftE 

Piiiz..  Transaotions. 

Among  the  adrantages  secured  to  my  little  Tract  by  its  appearaofi^ 
in  that  resectable  record,  that  of  very  general  perusal  cannot  be 
included.  Haviag,  besides,  as  little  of  the  book-maker  in  my  dispose 
tiQiK  as  a&  aathi^  can  well  possess,  I  feel  myself  in  a  senae  at 
tiu^  m^rcy  of  those  wbofe  names  are  more  familiar  to  the  aiast 
of  readers*  M  the  same. ilme  I  am  conscious  that  to  an  iaisentioa 
avowedly  presented  to  public  use,  the  public  hare  a  right.  >For 
which  reason,  if  Mr,  Nicholson  had  restricted  himself  to  a  fair  account 
of  my  discorery^  or  eren  annexed  a  more  elementary  de?elopement 
of  s^me  useful  points,  than  had  accorded  witbmy  more  enlarged  plao^ 
I  should  ha?e  been  under  obligation  to  blm.  Bat  his  frequent  ami 
strange  mistakes  and  misrepresentations  greatly  alter  the  4»se. 

1  am  obliged  to  you^  Sir,  for  a  sight  of  Mr.  Hc^dred's  late  publica- 
tion,, -wbicb,  under  the  notion  of  its  being  long  sifice  published,  my 
bookseller  had  repeatedly  ordered  in  vain ;  ai^  am  exceedingly  sur« 
prised  to  see  annexed  to  a  work  which  makes  its  appearance  so  long 
after  my  metiiod  has  been  published  and  republished,  a  supplement  de» 
tailing,  as  the  latest  dUcorery  of  the  author,  mt  NONFieuEATS 

METHODJH 

Mr.  Nicholson  blames  Mr.  Holdred  for  not  acknowledging  this 
*  circumstance^  nor  mentioning  my  name  in  Kis  whole  Treatise. 
Mr.  Hoidred  replies  by  saying,  ^^  I  should  hare  made  no  mention  of 
Mr.  N.  if  I  had  not  thought  myself  ill-used  by  him.*'* — The  surest 
way  to  obtain  justice  of  Mr.  Holdred,  it  seems,  is  to  use  him  ill ! 

But  to  proceed.  If  this  Gentleman  has  read  my  original  paper*— 
as  he  ought  to  have  done,  before  he  pronounced  so  confidently  that 
he  had  been  ^^  anticipated  by  no  one^'*  he  must  be  aware  that  my  dis- 
covery includes  three  distinct  theorems,  each  rising  above  the  former 
in  simplicity,  but  all  connected  by  a  common  and  original  principle^ 
viz.  thai  the  constant  multiplier  employed  in  completing  each  trans* 
formation  is  that  portion  of  the  root  by  which  the  previous  reduction 
jci  the  absolute  terra  was  effected.  That  which  Messrs.  H.  and  N* 
employ  is  due  to  the  subsequent  reduction.  And  for  want  of  advert* 
ing  to  this  essential  distinction,  they  speak  of  my  Figurate  Method  as 
if  it  were  identical  with  theirs,  or  only  differed  from  it  in  having  the 
figurate  nttmbers  *^  run  back  one  order." .  Whereas  the  methods  them** 
selves  are  totally  distinct,  and  mine  will  be  found  higher  up  in  the 
direct  track  of  improvement,,  and  considerably  easier. 


t 

■»*■ 


•    FhiL  Mag.  Nw.  18)20. 
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In  th«  fint  cftay  thvee  thooraas  (art  9),  the  .mvKipliciMs  are  r^ 
iuced  Jiguraie  funciions  of  the  once*corrected  coeificients* 

In  Che  ^cood  (art  14)  they  are  the  ^uccessivetmis&feHdn  coeflkient 
and  its  tferles  of  eorreetiveaddendt. 

In  the  third  (art«  td,  &c.)  they  are  the  ai/d(i?;k(irthei&gel?es. — In  prac- 
tice I  have  adhered  to  this  least  plan  as  being  by  far  the  most  elegant ; 
—* demanding  the  least  possible  space,  and  the  sihallest  niulti{^icands. 

Mr.  H.  on  the  eontrary^  having  taken  -a  step  l)aokward  from  this 
station,  and  stumbled  on  my  second  theorem,  istyles  it,  under  the  no- 
tion  of  its  being  an  invention  of  his  own^  ^^  an  improtement,  beyond 
which,  he  believes,  nature  could  not  go  I*' 

The  real  advantage  attending  it,  is  the  fociiify  with  vrhicb  it  may  be 
expressed  in  words,  which  renders  it  an  almost  necessary  introduction 
to  the  third :  otherwise  It  is  in  practice  both^  roomy  and  laborious. 
The  first  paragraph  of  Prob.  ItL  in  tbe  Moray  ArithAietkaB  is  a  bond^ 
fide  interpretation  of  the  i^thod  in  Question;  and  JVivw  Holdred's 
practice,  It  will  be  sM>en,  Is  a  literal  pons  asinorum  compliance  with 
that  precept* 

Taken  In  one  point  of  view,  Mr.  Holdred^s  supplement  is  a  suffrage 
in  my  favour :  it  proves  that  be  feels  tacitly  the  cohriction  whidi 
Mr.  Nidiolson  has  avowed,  that  my  method  is  ^^  dedd^dly*^  superior 
io  his ;  and  the  implied  probability  that  mine  alone  wiil  be  adopiedby 
mathematicians.  All  I  ask  of  them  in  recompence  for  the  facilities 
consigned  to  their  use  in  the  Nonfigurate  Method  is,  4o  bear  in  mind 
that  I  alone  am  the  author  of  it. 

I  am,  Str^ 

Tour's,  Tery  respectfiilly, 

W»  G*  UORNEtt, 

P.S«  On  looking  baek  for  tho  causes  of  my  liasty  perusal  and  long 
neglect  of  Budan,  1  find  that  I  was  engaged  in  preparing  for  the  press 
and  publbhing  a  most  uu mathematical  eiTusiun — a  Poem ;  and  that  in 
addition  to  the  ordinary  classical  avocations  of  my  own  seminary,  I 
was  visited  for  several  months  by  an  unusual  number  of  private  pupils* 
ISeed  I  add,  that  anticipating  no  rivalry,  all  anxiety  on  that  head  ceased, 
from  the  moment  I  ascertained  that  liudan  had  .missed  the  mark  which 
I  had  hit ;  and  that  more  than  three  months  intervened  between  my 
finished  transcript  leaving  my  po;»session  a^d'bebiig  acknowledged  h^ 
the  Royal  Society. 


C'4i     ) 


AllTICLE  VL 

HORJE  ARITHMETICit. 
No.  IV. 

Extremely  simple  Theory  of  Transformation.     Part  TiXhU 

A  clear  and  early  apprehension  of  an  easy  mode  of  trans* 
forming  a  given  equation  to  another  having  the  roots  dimt* 
nished  by  a  given  quantity,  is  indispensable  to  the  ready 
practice  of  any  approximative,  that  is  any  numerical,  solution 
whatever.  Nor  is  it  less  necessary  as  a  means  of  estimating  the 
decree  of  perfection,  of  which  those  methods  are  severally  ca* 
pable^  and  their  relative  value  as  practical  rules. 

In  fact,  no  other  consideration  is  wanted  to  enforce  its  im« 
portance  than  this,  that  the  defects  of  the  old  approximating 
rules  are  all  to  be  traced  to  that  laborious  mode  of  transforma* 
tion,  which  induced  calculators  to  allow  a  general  uncertainty 
in  the  result,  rather  than  employ  the  only  proper  and  natural 
check,  which  is  obtained  by  transforming  the  complete  set  oC 
coefficients. 

For  these  reasons,  although  I  have  already  siven  two  distinct 
investigaitions  of  my  mode  of  transforming,  I  hope  to  be  par- 
doned for  introducing  a  third,  deduced  from  principles  quite 
intelligible  to  the  youngest  algebraist*. 

Discarding  the  intervention  of  figurate  numbers,  which  are 
more  to  the  purpose  in  a  corollary,  being  merely  incidental  to 
the  examination  of  detached  coefficients,  we  have  only  to  reflect : 

Firsts  That  if  any  expression  in  tierms  of  4r,  be  divided  is 
times  successively,  by  x  -—  r ;  the  remainders,  in  the  order  they 
arise,  being  /,  /r,  A  . .  •  .r,  & ;  and  a  the  quantity  left  undivided ; 
then  will  this  transformed  expression  in  x —  r,  yiz. 

be  exactly  equivalent  to  the  original  expression  in  x*    For,  thif 

*— i——^-*—^—— ■*———— ■^■i———^—— ^——      ■II—— >—— .^J^— ^M^il^^— — ■— ^— i^^ 

*  Though  Columbus's  feat  with  the  egg  (absit  iuvidia !)  was  not  more  directly 
in  every  body's  track  than  the  propositions  that  follow,  they  have  never,  I  j)e* 
lieve,  t>een  taken  for  practical  principles-  by  any  one  befbie  the  pi«ient  writer* 
Setting  aside  the  use  made  of  them  in  this  EssajF  to  establish  concbsions  wUch 
aic  not  flow  new,-  the  first  fruit  of  their  application  as  instrumenu  of  investigi^ 
tion  is  another  original  and  very  easy  method  of  transformation ;  a  portion  of 
which  was  given  in  my  last  number,  without  the  investigadon,  for  the  take  of 
exciting  cariosity.    The  rest  must  be  reserved  f»r  a  separate  paper. 

VOL.  V.  JPaBT  II.  f 
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is  only  saying  in  other  termsj   that  if  =  k  + , 

K  ,  k  C  .  C  y  ^  

=  H  +    .  4  • . .  =  B  +  ,  and 


L 

a  +   ,  then  is  l  zzk(^— r)  +/  —  u[x — r)*  +  iU  — r) 

X         ^  f 

+  /  =     -   finally  to  «(a:  —  rf  +  &c.  as  above. 

g.  £.  /). 

Secondly*  Th«i  in  dividing  by  Jf  —  r  in  the  usual  manner,  the 
coefficients  in  the  quotient  form  themselves  from  those  in  the 
ifaividend  thus :  the  ist  in  the  quotient  i^  =:  the  ist  in  the  divi- 
dend; the  ?nd  is  z:  the  2nd  -H  r  times  <ibe  ist;  the  3rd  :;:  the 
3rd  +  T  times  this  sum,  &c.  Or,  in  other  words»  the  mth  in  the 
guplienlis  zz  the  wth  in  .the  dividend  -f  the  (i» —  i)th  in  the 
quotient*     As  is  evident  from  observation. 

* 

thirdly.  That  the  quotient  contains  one  term  fewer  than  the 
dividend. 

Now  in  the  practice  of  the  New  Method,  the  coefficients  arc 
all  we  have  occasion  for;  and  these,  agreeably  to  the  indication 
of  the  foregoing  principles,  will  be  found  by  this 

Elementary  Rule,  i.  To  the  first  coefficient  add  the 
correction  o ;  and  to  each  succeeding  coefficient  add  r  tttncs 
the. amount  of  the  preceding  coefficient  and  \\%  correction. 
Proceed  thus  with  all  the  coefScsents  in  order^  until  the  abso-> 
lute  term'  is  corrected. 

2.  Apply  a  sifRilar  |>focess  to  these  results,  and  then  to  those 
which  are  deduced  from  them ;  and  so  on,  as  often  as  it  can  be 
done ;  stopping  each  process  one  term  ^hort  of  the  preceding. 
Th^  last  term  in  each  row  of  results  will  be  one  of  the  new  co- 
efficients, standing  vertically  under  the  given  one  for  which  it  is 
to  be  substituted. 

This  rule  dilEprs  in  enunciation  only  from  the  text  of  Prob. 
III.  in  these  Essays  ;  and,  like  it,  is  a  strict  verbal  interpretation 
of  the  Theorem  in  Art.  14,  of  my  original  Essay,  (Phil.  Trans, 
for  i&x^  As  in  the  passages  referred  to,  u^epass  on  tea  more 
cpmmodious  and  elegant  mode  of  operating,  by  observing,  that  as 
rf^e  addends  to  the  dividend-coefficient^  (see  the  second  principjt 
aWv^e)  »ie  c^nstani  multiples  of  preceding  quotient  coefficients, 
t^  addends  fLom  ivem  each  other  in  the  same  manner  as  the 
qaotienticoefficients,  and  independently  of  them  "after  the  first 
pi^cess.  Hence  this 
I M  p  RO  V  £D  Ru  L  «•    1 «  P^rfprm  tl^e  fir^ipt  process,  er  th^^  hy 
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which  the  absotutfi  term  is  correeted,  8»  diWcted  in  the  former 
rule. 

2.  Apply  a  similar  process  to  tfei  seriei4'6f  correciitmsy  and 
then  to  those  which  are  deduced  from  them ;  and  so  on,  as  often 
as  it  can  be  done ;  Stopping  6ach  process  one  term  short  of  the 
preceding. 

3*  A^d  ^]p  e^sch  column  of  additional  corrections,  together 
x^ith  the'  once-Corfected  coefBdient  under  ^hich  it  stands ;  and 
the  sum  wifl  be  the  n^w  Coeflicients,  standing  vertically  under 
fht)se  given  ones  for  whicA  they  ate  to  be  substituted. 

Very  moderate  expertness  in  arithmetic  Will  enable  tfie  ana- 
lyst to  fofrrt  and  aVld  the  principal  cdrrectiotts  fin  fhe  Elemen- 
tary Rule)  or  the  secondary' on^s'(\vi  the  Improved  Rufe)  under 
one  mental  operation.  The  latter  rule  irt  this  form,  has  been  the 
most  frequently  employed  of  any  of  the  new  methods ;  nor  am 
1  aware  that  more  than  orid  person  has  objected  to  it.  But  how 
weak  any  such  objecdong  must  be,  even  ill  reference  to  the 
only  incident  which  seems  to  sanction  the  adoption  of  the  ele- 
mentary rule,  viz,  a  freqiient  intermixture  of  4-  and  —  correc- 
tions in  the  columns,  will  be  martifest  from  the  following  con- 
siderations : 

1st.  The  principal  corrections  to  the  2nd  coefficient  are  all 
equal,  and  amount,  in  one  sum,  to  («  —  %\ar :  Those  to  the  grd 
increase  by  a  constant  difference,  ar*;  as  do  the  secondary  cor- 
rections to  the  4th,  viz*  by  ar^  i  So  that  the  coifrections,  for 
equations  under  the  fifth  order,  may  be  said  to  be  fornoted  by 
addition  orUy* 

ss'nd*  As  to  the  rest,  not  to  mention  the  obvious  resource 
of  draiying  the  pen  across  each  secondary  correction  as  soon  as 
it  is  written^  to  prevent  its  being  included  in  the  sum  of  the  co- 
lumns ;  and  the  various  ways  in  which  the  aggregate  of  a  set  of  + 
and  —  terms  may  be  taken  without  writing  the  arithmeticid 
equivalents*,  the  calculator  has  the  choice  of  at  least  two  very 
elegant  artifices  for  avoiding  every  thing  like  complex  menta} 
operations :  viz. 

(A).  Retain  th^  secondary  corrections ;  Omit  the  last  prin-f 
cipal  correction  in  each  set.  Find  each  new  coefficient  by 
adding  up  cUl  the  numbers  which  stand  in  column  Mow  the  old 
one.     Or, 

(B)«    Perform  precepts  1  and  2  of  the  Improved  Rule,  eitKer 

*  The  tramitk)n  from  Cantei*s  well-known  arithnteticaV  compleinents  to  the^e 
cfjtiiVaSeiits  i^  so  itight,  that  more  than  one  peison  pdosil^y  has  made  it ;  h^tic 
FttmccetiTy  I  believ^>  wa9  the  first,  and  he  has  ductdated  the  suli^ct  most 
ainply.  Leslie  also  h^s  touched  upon  it  with  his  usual  ing^aity  in  the  PhiloscH 
phy  of  Arithmetic, 

f  2 
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with  menul  or  written  secondary  corrections :  To  ih^  last  prin- 
cipal correction  in  each  column  add  -  of  the  last  in  the  next  su- 

r 

J>erior  set :  The  suip  wjll  be  the  ne\y  coefEgiem  belonging  to  the 
brmer  of  the  two  columns. 

The  practice  (A),  applied  to  the  eauaiions  of  the  inferior  di- 
mensionsy  is  particularly  neat :  I  shal]  adhere  to  it,  in  regard 
to  quadratics  s|nd  cubics  at  least,  in  the  remainder  of  these  pa- 
pers. The  other  (B)  is  a  useful  check  upon  the  results  of  pre- 
cept 3  of  the  Improve4  Rule. 

That  this  sketch  may  serve,  as  completely  as  possible,  the 
purpose  intipiated  in  the  outset,  of  promoting  the  perfection  of 
approximation  in  gener^^l,  it  only  rerpains  for  me  to  remind  the 
tne  reader  that  surds  and  transcendent als  are  readily  convertible 
into  the  ordinary  form  of  a  finite  equation,  by  means  of  as  msmy 
terms  of  Taylor's  Theorem  as  are  reqiiisite  for  the  degree  of  ac- 
curacy intended.  The  process,  for  surds  at  least,  can  be  made 
plain  even  to  tyroes,  by  an  intelligent  teacher ;  and  is  easier  fof 
chat  eflect  than  expanding  by  th^  Binomial  Theorem* 


March,  1827,  Perspicuity,  as  well  as  the  reader's  advantage, 
may  be  promoted  by  a  brief  explanation  of  the  mode  of  Divi- 
sion adopted  in  these  transformations  ;  which  differs  materially 
in  point  of  arrangement  from  that  which  is  familiar  to  algebraists, 
ana  is  intrinsically  recommendable  for  its  compactness,  adapUt 
tion  to  continuity,  and  ready  introduction  to  recurring  series,  &c. 
The  principle  is  simply  this  \  that  Division  has  the  same  afr 
finity  to  Multiplication^^  which  Subtraction  has  to  Addition. 
Every  one  sees  this  in  theory ;  adopt  the  idea  therefore  in  praq^ 
lice,  and  the  two  rules  may  be  thuff  symbolized : 


Multiplication. 
Qbyd— X) 


To         Q 

Add  rr-  ax 


Product  p 


Dimsion. 

p  by  (j  — x) 

To  F 

Add  rf  QX 


Quotient  q 


The  change  of  signs  in  the  terms  characterized  by  x,  and  the 
gradual  devdopemcnt  of  those  expressed  by  q,  are  all  that  dis- 
cineuishes  the  latter  rul^  from  the  former.  An  example  will 
make  the  practice  clear.    The  following  will  be  interesting  for 
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the  intimiition  it  conveys  of  the  famitiar  light  in  whith  « trivial 
practical  improvement  may  plfice  an  old  speculative  fact. 

.  Divide  ^x* '-bx  by  x'^bx—c,  or  ^—bx~^  by  t—bx~^—ex     , 
H«  r=^'^3+^"o,-'-^'^*«"' 

+bx-\~ /*V«""V^*-+^V*-^+*'a*«"*+  ^' 

+ fx-^zz <'V-'+  <'>o>-'+^*W-^+V«"*-l-&«. 

m 

1'he  bracketted  numerals  shew  the  order  of  developement  of 
the  work :  the  calculator  has  no  occasion  for  them.  In  fact, 
since  convenience  requires  that  the  set  of  coefficients  should  be 
completed  at  the  outset  by  inserting  zeroes  where  requisite/  he 
fnay  dispense  with  the  use  of  x  and  its  powers  during  the  opera- 
tion ;  restoring  them,  if  requisite,  in  the  final  result,  but 
operating  with  the  coefficients  alone.  This  remark,  slight  as  its 
pretensions  appear,  considerably  extends  the  boundaries  of  com- 
mon arithmetic 

This  may  serve  as  a  general  elucidation*  In  our  transforma- 
tions, the  divisor  being  always  binomial,  the  process  assumes  its 
inost  simple  form ;  of  which  this  is  the  type. 

Divide  a^x"  +  9.*""^^  + ^jx^  +  m^^c  -f-  N^  by  :;  —  r, 

pr  Ajc"^^  ^-  B^x""^  +  &c.  by  I  —  r'"^ 

A4d  o      A,r     B^r K,r     L/    m,  &c. 

A,      B,        C,      L,      'M,       N,    &€• 

Whence  the  quotient  is  a  **^^  +  ^i^**""  + ^i*  + 

M.  +  r^t 


JSSSSmiSjm 


Progress  of  Solution. — Three  Stages. — Jlules/or  the  Second. 

Since  the  progressive  solution  of  an  equation  consists  in  th^ 
alternate  operations  of  determining  a  certain  portion  of  the  root 
and  preparing  by  proper  transformation  to  determine  a  further 
portion,  it  is  worthy  remark  bow  happily  the  principle  of  the  fore? 
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going  ricetxfa  harmoniiei  ifhk,  and  coinpietev,  the  idea  thrown 
out  in  Art,  tof,  of  my  Essajr^  sespecferng  the  contrnuous  evoliiftion 
of  the  root :  where  the  term  Evolution  is  employed  in  its  familiar 
arithmetical  acceptatioiv,  and  ifP  defrned  to  bd  jyividoH  by  a  va^ 
riabU  divisor.  Such,  it  now  appears,  is,  in  the  most  strict 
and  simple  algebraic  point  of  vie\^,  thb  cfiaracter  of  the  pre- 
paratory  and  connecting,  class  of  operations^  as  well  as  the  in* 
ve«rivc  ch^ 

With  regard  to  the  latter,-  the  fact  is  manifest,  and  elucidates 
{jne  practicaf  part  of  our  enquiry  as  much  as  the  theoreticaf  in 
the  former.  For,  if  we  turn  to  the  first  precept  in  the  Rules 
abt)re,  it  witl  appear  that  if  the  quantity  by  which  we  are  pro- 
ceeding to  dimini-sh  the  root  is  a  root,,  it  will,  when  its  sign  is 
changied,  be  accurately  equal  to  the  quotient  of  the  absolute  term 
by  the  preceding,  coefficient  once  corrected  ;  and  that  if  it  is  an 
initial  approximation  to  the  root,  it  will  be  identical  with  the 
first  digits  of  that  quotient.  This  test  which  it  is  sometimes  neces- 
sary to  apply,  may  properly  be  termed  trying  or  proving  the  ap" 
proxhnation.  And  on  account  of  their  subserviency  to  this  use, 
we  may  have  occasion  to  designate  the  absolute  term  with  its  sign 
changed,  by  Cat  \.tjm  dividend  ox  rtsolvtnd^  and  the  once  cor- 
rected previous  coefficient  by  that  ot  proof  divisor* 

Again,  the  your^gest  student  will  readily  perceive  that  ^yhen 
one  or  two  of  the  first  digits  of  the  root  have  been  truly  deter- 
mined, by  whatsoever  means,  the  subsequent'  corrections,  par- 
iaking  of  the  progressive  diminution  in  decimal  value  of  the 
root  figures,  of  which  they  are  nearly  constant  multiples,  will 
become  so  far  reduced  as  not  to  affect  the  first  digit  or  digits  of 
the  divisor.  When  this  happens,  it  is  evident  that  the  penulti- 
mate coefficient  may  be  employed  with  certainty  as  a  starch-di^ 
visor  X.O  get  the  approximation  true  to  an  ascertainable  extent ; 
and  that,  from  this  point,  not  only  will  the  same  advantage  at- 
tach to  all  the  subsequent  transformees,  but  tht  proof  divisor  of 
one  Tkay  he  made  the  search-divisor  of  ikcntXi,  and  therefore 
the  whole  of  the  remaining  work  may  be  done  by  continuous 
evolution. 

But  between  this  final  stage  of  progress  and  the  initial  one 
already  explained,  and  irr  which  the  direct  use  of  division  is 
precluded  by  the  ambiguity  of  the'  conditions,  there  occurs  a  se-? 
cond- siittkge;  when  we  perceive  tlv»t  Qtie- quoiient,.  and  o»ly  otie, 
is  contained  within  the  limits  of  a  known  place  in  the  decimal 
scale,  but  the  pentiltimat<tf  coefficieTi^  is  not  am  accuraee- search- 
divisor. 

In  this  case,  the  cautious  advance  by  units,  which  gouM  ^- 
domF  be  dis|)ensed  wiib  duiing  the  f^^t stage,,  may  in- general 
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be  at  least  partially  superseded  by  more  decided  expedients  which 
practice  will  suggest,  such  as  the  following, 

[A]  Employ  the  last  coefficient  but  one,  or  the  sum  of  the 
absolute  term  and  the  greatest  teqn  of  a  contrary  sign,  or  the 
^ggfcg^te  of  all  the  terms  except  the  absolute  one,  as  a  search- 
divisor  :  T^ke  the  quotieunt  as  far  as  one  digit,  for  an  ^pproxtifia- 
tion ;  and  if  the  process  of  proving  it  leads  to  a  different  quotieiu, 
either  this  lajst  will  be  the  cornect  approximation,  or  it  will  be 
found  between  the  two. 

This  r^ile  applies  almost  e^cdusively  to  fractional  approxinri^-* 
t>ipns ;  the  ipnowiqg,  principally  to  integral  o^es,  apd  more 
esi^ecially  when  the  rppt  in  question  is  the  gi^test.  It  inclu^les 
the  ca&e  pf  pun^  pgt^w^rs. 

fB]  When  so^i^e  ^nc  coefficient  is  so  hrgc  that  the  correc- 
tion traced  fr0n9.it  wUxqostitut^  tbe  chief  portion  of  the  p,roof- 
divi^or.  .Employ  it  as  ^  search-diyis^r :  Take  that  root  of  the 
g^Qtie;at  whpse  i94cx  is  t^e  distance  pf  the  divisor  from  the  ah- 
solut;^  term,  for  an  approxiinatipn ;  and  thereby  correct  the 
same  or  a  more  advanced  coefficient  for  a  proof-divispr  :  Ei^ljj,er 
thp  pix)p^  root,. estimated  as  above,  of  th^  pew  quotient  will  be 
the  correct  approximation,  or  It  lies  between  the  two* 

N*  p.  When  the  first  coefficient  predominates,  the  degree 
of  reliance  due  to  it  as  a  divisor  is  matter  of  intuition  rather  than 
trial. 

[Cj  .  When  we  want  the  if\tegral  part  of  the  affirmative  root 
of  an  equation  having  but  one  change  of  signs  and  a  relatively 
small  absolute  term,  as  in  the  final  stage  of  the  solution  by  con- 
tinned  fractions,  the  common  doctrine  of  the  superior  limit  will 
lead  us  to  operate  with  two  predominant  terms  having  contrary 
signs,  in  a  manner  similar  to  that  last  mentioned*. 

Raih,  June  ji,  x8»i,.  W.  Q,  Hobnob* 

GarrectUn.     For  paragraph  (B)  in  No.  Ill,  read : 

(B)  The  following  Partial  Campetutia  appear  worthy  of  re- 
collection : 

Tbt  first xam  is  constant.    The  second  increases  by  a  constant 

increment  =.  the  first  term  x  iu  index.     The  last  k  equal  to 

the  aggregate  of  the  entire  preceding  set.    In  culwcs,  the  third 

is  equal  to  tkc  i^gregatc  of  the  former  third  term,  and  of  thfi 

former  and  new  second  terms* 

IF  Hence,  agreeable  to  a  suggestion  of  Sudan's,  the  steps,  &€• 


♦  A^  fer  as  continued  fractions  are  concerned,  this  tentating  mcthodjs  super- 
seded by  an  exact  one,  which  I  have  investigated  in  a  ktc  number  of  the  Quarterly 
JoumaJ,— MarcA,  1827. 
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No.  y. 

Third  Stage  of  Solution. 

Having  copiously  explained  this  portion  of  my  ditcovery  in  an- 
other place,  there  is  the  less  necessity  for  me  to  repeat  tha detail. 
A  portion  of  its  precepts  has  indeed  been  necessarily  anticipated 
in  treating  of  the  previous  stages,  and  most  of  those  which  remain 
will  be  implied  in  the  contents  of  the  present  paper;  in  which, 
agreeably  to  an  idea  thrown  out  in  the  last,  I  propose  to  shew  by 
rules  and  examples  the  efficacy  of  the  new  principles  in  im» 
proving  old  methods  of  solution.  The  improvements  may  be 
classed  under  the  heads  of  entireness»  in  regard  that  all  the  co- 
efficients co-operate;  conciseness ; — completeness^  in  regard  of 
the  transformations,  which  require  no  bye-work;  continuity^ 
since  every  transformation  takes  up  the  work  wh^re  the  pre- 
ceding one  left  it ; — unprecedented  facility  ; — and  almost  in« 
tuitive  certainty. 

Sketches  will  also  be  given  of  two  modern  methods,  which 
have  a  kind  of  historical  connexion  with  my  own,  and,  as  far  as 
equations  in  their  final  stage  are  concerned,  participate  with  it 
the  characteristics  of  entireness  and  continuity. 

u  The  Ordinary  (Newton's  or  Raphson's)  Approximation,  im^ 

proved. 

The  principle  of  this  method  is,  that  the  last  coefficient  tut 
one  is  an  aaequate  search'divisor*  Consequently,  (i).  If  the 
proposed  eqtiation  does  not  accord  with  this  description,  it  must 
be  reduced  to  such  a  form,  by  applying  the  precepts  of  one  or 
both  the  foregoing  stages.  By  this  means,  at  the  same  time,  a 
number  nearly  equal  to  the  root  will  be  found ;  and  that  by  an 
easier  process  than  the  trials  prescribed  by  the  old  rules,      t 

(2).  To  ascertain  the  extent  to  which  the  next  approximation 
may  be  confidently  carried,  consider  what  single  digit  is  the 
nearest  in  value  to  the  quotient  of  the  last  term  (with  its  sign 
changed)  by  the  search-divisor ;  and  by  means  of  this  digit-ap- 
proximation and  as  many  of  the  coefficients  as  are  requisite  for 
the  trial,  by  a  process  resembling  the  first  under  the  Elementary 
Kule  in  No.  IV.  determine  the  first  digits  of  the  proof'divisar. 

(3).  After  this  scrutiny,  which  in  most  cases  may  be  ap- 
plied mentally,  take  the  aforesaid  quotient,  to  a  number  of  di- 
gits  equal  iq  those  in  which  the   search  and  proof  divisors 


' 
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agree;*  and  it  ^rin^  to  that  extent,  be  a  root  qf  the  reduced, 
equation.  (,  I 

(4)«  Diminish  the  roots  of  the  said  equation  by  this  approxi* 
mate  root,  and  to  the  resulting  equation  apply  the  two  last  re« 
cited  precepts ;  and  so  on,  until  the  root  has  been  approximated 
to  the  degree  of  accuracy  desired. 

Example*  Given as^.-f-  x*  +  x  —  90  r:  o,  to  find  Xi  (Bon* 
nycastle»  Vol.  I.  p.  172.) 

Coromendng  at  at  the  1st  S^e. 

>4  1       -f  1         —  90  (t 
1-^4      ■1-6         -87(1 

1  +  7      +17      -7^(> 
14-10    +84       -S7l^ 


i  +  Ja    +57      -  6    (^  = 
•t         1.31 


0 

5i 


.10 


•I 


58.31 
•01 


6*83i 


Ditto  as  at  the  find  Sti^.  ' 

1  +    1  +    1  —  90  (4  <^9o 
4       so      84 


6 
4 


so 

fti 
16 


1  +^3  +  57—    6 


&€•  as 


-57- 
Defore. 


t  + 13-3  +  59.63  —  o»i69(  -^^  =  .002832  .-.  The  root »  4.ios83a. 


3 


Remark.  i.In  these  operations,  the  number  to  the  rfght  of 
the  curve  is  the  approximation  by  which  the  roots  are  next  to  b« 
diminished,  a.  The  diminution  by  1  is  effected  by  compendium 
(B)  of  Now  III. ;  and  the  others,  by  that  marked  (A)  in  the 
former  part  of  No.' IV.  3,  The  effect  of  precept  a  is  seen  in 
the  figure  under  the  last  set  of  coefficients  in  the  work :  at  the 
preceding  step  it  was  applied  by  inspection.  ^.  Not  a  figure 
IS  warning  to  complete  the  work,  except  the  division  of  6  by  ^7 
or  j8j  and  of  169  by  59*63  or  59*66. 


.«■  '■■*' 


^8.    The  Method  of  Double  Position^  improved. 

The  principle  of  this  method*  as  appears  from  the  equivalent 
formula  in  my  paper  at  the  conclusion  of  Vol.  IV.  of  this  Re* 
pository,  is»  that  the  aggregate  of  all  the  coefficients  save  the  last 
u  an  adequate  search^mvisor.  This  being  understood,  the  rule 
may  Jie  said  to  be  the  same  as  in  the  preceding  article.    But  ob- ' 


*  Oft  £vide  the  last  term  by  ihe  pro^'divisoTg  to  one  digit  more  tha^  ibe 
two  divison  agree.  . 
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serve,  thai,  prmbusly  to  taking  the  aggrejgate,  the  4eciif»at  point 
in  each  coemcient  should  be  removed  as*  many  periods*  to  the 
right,  as  tan  be  dbne  without  causing  tlie  last  term  to  become 
more fljiin  twice  or  thrice  as  great  as  the  last  but  one;  and^r 
talkftig  thfc  aggregate,  the  points  should  be  restored  to  tfccir  places, 
and  the  aggregate  pointed  as  the  last  term  but  one.  Tbe  reasbn 
for  this  procedure  is  easily  understood. 

Example.  Supposing  that  the  5th  line  in  the  foregpiiig 
example  weie  proposed,  mz. 

1  +       *  3  +  57  —  6.  The  work  might  stand  thus 

58.31,)  1 4-13.0, +j^7-o^»—  ^'OoOtC-iofi?  — 

In  this  example  a  'e4oser  approximation  is  made  than  by  the 
preceding  method ;  but  this  will  seldom  be  the  case  unless  the 
quotient  is  little  more  than  .i  or  <  i. 


3.    HdUys  and  other  Methods;  in^rovedf^ 

(A).  The  principle  of  Halley*s  or  Delagny*s  rational  mediod* 
is,  that  tlihe{p0nukimate<:0emcientbe'oCaqy  value  as  a$earcbn 
divisor,  it  will  be  improved  by  a  eoitection  deduced  from  the 
preceding  term.  For  the  sake  of  simplification  &e  division  is 
mosit  convenient^  expressed  in  a  fractional  formula,;  the  .deno- 
minator, .Gfr^search  divisor,  being  the  sum  d  the  last  coefficient 
bu^pne  and  a  fractian  w^ose  denoii^inatdr  is  the  said  coefficient, 
and  its  numerator  the  product  of  the  last  and  last  but  tyro.  The 
quotient  may  be  taken  to^tmce  the,  extent  indlpaled  in  the  first 
article  :■  in  other  respects  the  rule  is  the  same* 

.I^kHFCfi.  In  thecaseasfinmedin  the pEracediqg4rticIe»  ^ 
approximation  is  expressed  Jijr  :=•:.  «xis  5;     ':^  ^  — T 

22  TBI 

very  nearly  =  =    =  .1028  + 

.  ^  .     I       .  . . 

-*  Auttiod^oduiisof  1  d^rmuhe  sad>caeffici€«l«  ddntiir|rdLift6*.i^i^ 
aW)r^totbcri9teiinl4!rNo.IL       , 

t  Thk  3fitf  chis  belOfigi  >to  'tbt  ^ffiittta  p  4- ^  wlikhwtcimia- 

cidentally  in  a  Fspcr  of  mine  in  No.  42,  of  the  Joomal  of  Science  |  by  malcing 

57  J  ^  X  57  2x13  _. 

p=;4,a=:^,  fi  s»  ft  and  f  z;  _^  -  4,  or -^ -,  ^.re^^^ 

ly.    More  accurate  values  of  r  would  of  course  give  still  mofC  accurate  approxi- 
siations,  if  it  wcrs  worth  while  to  seek  them.    May^  ^tSsy*' 
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Bpnark.  In  ordinary  tascs,  as  Newion*$  approxi&natjpii  ex- 
cc;c4»  the  ^rutb,  sp  Halley's  will  fall  short  of  it,  because  the 
fractional  addend  in  Halley's  divisor  is  a  rowltiple  of  ths  Nm^- 
toni^  approximation^  For  this  reason,  the  pricKJij^al  minffr 
.fraction  converging  to  the  value  of  that  addenci  is  generally  a 
preferable  addend ;  as  in  the  example  above^  where  iq^  is  opt 
only  a  more  convenient,  but  a  more  correct  divisor  ^haja  igfj; 
and  the  approximation  is  in  consequence  very  close*  )  ;3ijn  Wt 
aware  that  this  remark  has  been  mad^y  any  other  person* 

(B).  In  solving  the  equation  of  a  pure  power,  Halley*»  or 
Hutton*8  (jorrection  of  the  MsrdiHctiVitar  woiild  he  the  fraction 
whose  numerator  is  the  product  of  the  )ast  teem  by.  the  index 
of  the  second,  and  its  denominator  twice  the  root  already  deter- 
mined,  .  ^ 

Mr.  Barlow  has  extended  this  method  to  the  solntion  of  all 
equations  in  the  third  stage,  which  are  tranftformees  of  a  givon 
equation  who^e  root  is  ^  l* 

Ex  AMP  LE.  The  same  as  before.  Here,  because  i  + 1 3  f  57 
— 6  is  derived  from  a  previous  equation  by  dimiriJshin^  the  roots 
by  4,  which  therefore  isr  the  whole  root  hitherto  determined,  we 

have  for  a  further  approximation  tztt  —  T~r  =  —  = 

57  +  jfl       '9i       39 

•ios6  +,  which  i<' nearer  than  Newton's. 

(C).  Thp  connection  of  our  transformees  si^gg^ts  ^Qpther 
mode  of  extending  the  same  principle.  Instead  of  supposing 
the  equation  in  the  third  stage  to  be  derived  from  the  eqiiattcin 
arbitrarily  given,  let  us  assume  it  to  be  derived  froni.one,  ,?n 
Which  the  secPnd  term  was  o,  as  this  is  the  case  .which  m^kes 
the  nearest  apqproach  to  the  ,t;ondition  of  an  equation  of  .^ure 
power.     Now  the  quantity  by  which  the  toots  of  th^  assumed 

original  equation  have  beeh  dimiiiished  is  always  ~  df  th^  ^hd 

term  of  die  actual  equation.    Consequently, 

6n  this  hypothesis,  the  correction  of  ^he  searcb-divi?or  .will 
be  the  fraction,  whose  numerator  is  |(n  x  »«^  1)  times  the  last 
term^  and  its  denominator  the' find  term. 

EXAMPLE.    As  before.  Th^  approximation  is 7r^&''==' 

67  +  -|r 

s  s6 


—  .1028 — . 


J9A         «53 

g  2 
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The  variation  frdtn  Newton's  or  Halley*)!  metbo^,  ^hich 
would  be  required  in  case  of  the  absence  of  the  penultimate  to« 
^cient,  must  be  sufficiently  obvious  from  the  observations  made 
regarding  the  second  suge  of  progress*  The  calculator  will  ap- 
preciate the  clear  and  connected  view  of  his  subject,  which  the 
cntireness  of  our  transformations  furnishes  him  with,  and  by 
which  at  every  step  he  is  enabled  to  select  that  mode  of  approxi« 
■lation  which  most  happily  unites  eaie  with  certainty. 

4*    Budams  fsupfUmmUuty)  Method. 

Besides  his  Mithode  GenSraU,  which,  for  the  j'nvestigation 
of  roots  exceeding  two  or  three  decimals^  be  significantly  con- 
signs over  to  the  day  labourers  (mancuvrier^)  of  science,  as  a 
tool  which  they  may  handle  meckanically,  .ihi$  author^  in  a 
Note  (V.)  on  his  6th  Chapter,  indulges  clever  roathematiciani 
with  the  use  of  an  instrument  which  is  somewhat  less  cumber- 
.some. 

His  principle  is  that  of  the  ordinary  inferior  limit ;  or,  ac- 
cording to  our  mode  of  expression,  his  searcb-dtvisor  U  the  sum 
of  the  last  term  and  the  greatest  coefficient  of  a  contrary  sign. 
——■—'■— —■^—  I     ■  ■-    II  ■  1 1  — — »    I     I      ■     --.III, 

*  ^Of  die  utility  of  this  method  ts  an  instrument  in  aid  of  tm/i0/api>roxini»« 
tioD  itcamiot  be  necessary  for  me  to  repeat  my  opinioo.  I  commended  it,  even 
under  the  erroneous  impression  thatBudan's  ttaoifoiniations  did  not  exclude  the 
uie  of  figuiattve  &ctors;  an  error  to  which,  I  muK  siy,  a  want  of  clearneu  in 
the  introductory  portion  lof  his  work,  and  contteted  operatioos  throoghoat  the 
lemainder,  sieatly  contributed.  And  from  the  time  when  I  discovered  die 
proximity  of  our  principles  of  initial  aolutimt  (which  was  nor  until  t  sat  down  to 
commence  this  coune  of  Essays)  my  sentiaoenu  have  been  sufficiently  marked  by 
the  use  I  have  made  of  liis  labours,  accompanied  in  evety  instonce  with  due 
acknowiedttment. 

SoBie  of  my  r»ders  may  possibly  retiuiie  to  be  reminded  diat  this  authpi's 
CEovrtf/ Method  (so  called)  is  snMitially,  both  in  principk  and  practice,  a 
a  particular  case  tf  mine:  afiict,  which  fiillyexplauis  howitcotild  hap  pea 
tint  I  passed  from  my  method  to  lu^  without  bdng  immediately  aware  ot  the 
ccnncidence  {JL  refer,  of  course,  to  initial  iq^roximarion  only);  while,  on 
the  other  hand,  his  principles  never  led  him  on  to  the  general  *^round  wliic^h 
I  asaiimed  for  my  basu  s  nor,  probably,  would  they  have  led  me  to  it,  had  I  been 
acquainted  with  them  before  the  developement  or  my  own,  which,  however,  I 
nost  asiuie^y  was  not. 

Nothiug  is  more  usual  than  unconsciout  anticipation  of  portions  of  a  geaenl 
theory.  ^  How  loi^has  Square  Root  been  known,  and  yet  none  reflected  that  die 
aaine  principle  extended  to  Quadratic  Eouarions,  and  opened  the  way  to  the  so« 


thou^  I  never  happened  to  meet  with  it  till  this  year :  yet  to  whom  did  that  rule 
ever  suggest  the  lolutioa  of  a  cubic  equation?  Most  probably,  not  pveo  to  itt 
author^ 
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Now  ihis  principle,  even  if  united  with  my  mode  of  transforfea^ 
lion  would  give  flow  approximations,  compared  even  with  th^ 
Newtonian ;  for  ex«imple,  in  the  [Mroblem  which  has  been  solved 
in  this  paper,  the  first  decimal  approximation  vrould  be  «0938  or 
•lo— ,  and  the  second  .ooa8a6  or  .ootSg — »  Biit,  strange  as  it 
may  appeal^,  there  is  nothing  in  Sudan's  work,  that  I  am  aware 
of  alter  habitual  perusal,  which  indicates  so  much  as  the  possibi* 
Uty  of  diminishing  the  roots  of  an  e^uatian  by  more  than  a,umi 
«  ftW*  This  is  the  well  known  basis  of  his  Methode  G^n^rale; 
and  tbe^  comparative  rapidity  of  the  supplementary  operation  is 
accomplished  by. the  (certainly  very  dexterous)  manner,  in  which 
he  contrives  to  throw  his  approximations  into  the  form  of  a 

series  of  connected  reciprocals,  like  a  +  'j  +  f  "^  "^^  ^°* 

by  which  artifice  the  diminution  of  roots  is  reduced  to  a  single 
unit  for  each  tertn  of  the  series,  and  the  denominators  are  some- 
what more  manageable  than,  if  unconnected.  But,  after  ail,  the 
reductions  and  counter-reductions  which  they  require,  render 
the  operation  sufficiently  intricate,  as  will  be  understood  from 
die  following  epitome  of  the  contents  of  four  pages  of  the  afore- 
said note. 

The  %Mli^ii£  is  taken  from  Newton,  ;t'  -^  ax  ^  j« 

1        o    — a        — 5  (l  +  i=:s.  first  term. 

t        3        1        --6  (i 


I        6      IP      ,  —I  I — r—  =  — ,  and  term. 
Multiply  by        t       ti       n*         ii^ 

r  . .  66  laio  -^1331  (1  .    *  . .    . 

Multiply  by      11'     ti-     11  1 


«    •  ■    t 


I  p  II  I  ■  — i^i— !■ 


»33*  8349  S4795      —54 
Hence   — -^ ^rr =s— -r-  nearly,  is  the  3rd  term. 

MuUiply               t                69  1345        —54 

By  I  ^5    »5^  H"^ 

1  1725  84^25-843750(1 


«  ■  I    nw  m 


Multiply  t  17518  844078     —1399 

By  875*  875^  875  1 

80796875 +  i3;63750+«3a«»  Mao    -1399 
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Hcftce 

*^^^     ■  ■     r:    J.-  '        ■  z:  gay  to  -- ? zz       ^^  ■  ■ 

18  the  4th  term. 
Whence  thfc  iroot  is  2  +  —   +    — ^  +  — L^^   &«•  - 

d.094^ji48i^4«  The  faiit  three  decimah  aie  itieprtect.'  Tk 
accuracy  of  Che  temainin^  n|tte  onr  author  verifies  4^  meiMiX 
anoAar  proceft  chnractettzed  by  the  use  of  the  superter  liiiiii^ 

In  ny  or^iRal  Eisavy  by  the  process  describe  in  i&e  $^ 
article  of  this  paper,  the  same  root  was  found  correct  to  18  de« 
cimalsf  at  the  fame  number  of  ateps  as  Budan  employ^  feiabr 
tain  these  9* 


5*  tioldreiPs  Method^  ai  arranged  ty  Nicholson ;  tmlft  dk  tH^ 

provemenU 

Investi^ed  in  the  161  towing  nuinner,  wbieh  is  iftore  stMte 
than  any  I  have  seen  adopted  for  the  purpose,  this  method  iu^ 
nishes  a  remarkable  proof,  how  loi^  a  very  plain  dedoctidn 
from  very  familiar  premises  may  remain  undiscovered*  It  is,  in 
fact,  nothing  else  than  the  common  formula  of  transformation 
separated  into  horizontal  and  vertical  processes* 

Take,  for  example,  Halley's  Speculum  Analyticum,  in  which 
A-^- 1  represents  two.  successive  pOrtioiis  of  %,  the  root  of  the 
given  (or  transformed)  equation ; ,  whence  .    \,\ 

dz^  zz     ••••r««««*««««.*   t»*    ^  d^     +  lidae  +  da* 

Jz^m   ••  /^ V  a/^« +aA^+>»   / 

gT^zz     ......  g^+    4ff««*  +    6gaV  +  j^ga^e  +  ga"^ 

hz*  =     he^  +  5Afl^  +  loAaV  +  xoha^?  +  ^hd*e  +  ha^ 

•  •      .«•      ••••      ••••••      ••••••     •■•  i  •      •'« 

'*  ■  -  ■        .. 

.•.  N  =      H«'  +   G^  4-     ^^      +      D«*      +     c«    +  sa 

Each  term  in  this  line  is  the  sum  of  the  column  above  it. 

«  • 

%  The  first  object,  in  practice,  is  to  substitute  a  for  z  in  the 
equation,  or,  in  other  words,  to  find  so.  Now  if  we  discard 
all  those  quantities  which  do  not  conduce  to  this  effect,  and  at 
the  same  time  prepare  the  way  for  finding  c,  d,  &c.  which  are 
also  functions  of  a,  the  remaining  portion  of  the  table  will 


« 


\ 
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•«•#«• 


G 

He 


fo 


p 
Ge 

H0» 


P 

na 


9 

pa 


d 


€ 


a 


He' 


to. 


r 


D 


De 
He* 


ra 


c 


No.  ]. 


No.*. 


stand  in  this  form  (see  No. 

1.  in  the  margin) ;  coeffs. 

€,d,  &c.  i&eing  first  put  g 

down  and  the  other  quan-         h     ha 

tittes  formed  from  them  by 

continual  multiplication  by 

...|inow  thefigurate  fac- 
tioirs  S)^  2lpjplied  to  the  se* 
vera)  terms  in'  this  tablet 
as  they  stsmd  in  the  com-  j, 
{ll^efOpe^^  4he  sums  bi  the 
(^nj^fif  will  be  (c  +  2/rftf  + 

(rf+8/tf +  6^fl*+  loha^zz)        ^ 
l^&c     Ajid  these  being       f^^^y 
^jitur  coefficients  for  the 
^pqpKffiftion  hi  e,  may  be 
^c^d^a  the  former  coefis.  i  _( 

fi^4»  ^r  ^cre,  in  order  ^ 

jij|fi.th4tjfOT»c«,  i)<,^c*     I  H  .&?. 
stay  be  formed  from  them 
||(^l^ial^lmuU3I>lieatioll      . 

.  Ij^^  (see  iilo*  &•  in  the  mar^n)*    Bv  this  means,  contipuify  if 
f|j|^Qtf^ae^>;  fo|r  <^  being  introduced  in  the  same  manner  ,as  a^ 
flPl^e»  in  the  same  manner  for  the  iauroduaioa  q^  thp  Joqc 
p(tftian  fif  tl^g^rfoot. 
i;  ;|{e9Wrif  ,fSgurate  factors  of  the  next  lower  order  may  be.used» 

&c.  be  placed  in  line  with  s*  The  work  would  then  proceed 
aslhlto,  3*  in  the  Margin;  cheing  =:  j  -4-  r^  and  so  of  the  rest. 
rio  Aii^Mo^arit  I  i»ay  possibly  have  beeni  aniieipated :  I  i^gard 
it  as  the  highetft  improvement  wbich  Mr.  Hoidred's  method 
aamktof. 


N<>.s. 


»l 


I.-.' 
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Ko.  VI. 

THS   SAME   SUBi£CT»  CONCLUDED* 

tinal  Imffrovttn^nt  in  the  Third  Stage  of  Solution. 

What  remains  to  be  adduced  on  the  subject  of  equations  in 
their  third  stage,  may  be  arranged  under  the  following  particu- 
lars, which  may  be  r^rded  as  additional  improvements  on 
Newton's  MettK>d*. 

1.  The  quotient  is  only  taken  as  far  as  one  digit 

a.  Since  the -first  digiti  of  all  the  divisors  throughout  the 
solution  (at  least  after  one  root-digit,  generally  speaking,  has 
been  found)  are  constant,  those  of  any  one  divisor  are  su&icicBt 
for  seeking  any  succeeding  root  figure. 

3;  lience  the  puie  coefficients  of  the  transformees  need  not 
be  found,  but  only  the  once-corrected  coefficients.  This  is  done 
by  placing  the  first  correction  obtained  from  the  new  root-figure 
unoer  the  last  obtained  from  the  preceding:  but  as  many  periods 
.  in  advance  toward  the  right,  as  are  equal  to  the  distance  in  digttSg 
by  which  the  latter  root-figure  stands  in  advance  of  the  formier; 
and  then  aggregating  the  column. 

4«  When  the  resol vend  has  extended  to  ahout  one  digit  tnore 
than  the  remainder  of  the  root  is  desired  to  contain,  the  con« 
iracted  operation  may  commence.  This  consists  in  cutting  off, 
from  the  previous  first-corrections  and  all  quantities  beneath 
them,  as  many  digits  as  are  equal  to  the  difierences  of  the  re- 
spective periods  and  the  index  of  the  ec^uation,  for  every  digit 
by  which  the  root  advances;    The  quantities  so  cut  off  are  ne« 


*  The  mode  of  ilhiicntioa  fdecied  in  dtb  and  the  piectdttig  pajiifr,  hat  ttmck 
me  frrrai  an  early  date,'  as  a  plain  and  pqmlar  imiodnctibntotbe /roeltci?  of  njr 
algortthnu  But,  I  really  cannot  conjecture,  in  what  respects  "  the  plaif  and  sober 
methods  of  Newton  and  Raphson*'  could  contribute  (as  has  been  surmised  in  a 
i|uarter  for  which  I  feel  veiy  high  respect -^Jlf.  Rev,  bee.  i8ao)  an^  thiqg  ma- 
terial to  my  theory;  since  they  do  not  furnish  the  slightest  indication  towards 
entireness,  or  frcility,  or  continuity,  of  transformation,  which  are  the  grand  cha- 
racteristics of  the  new  method.  The  mode  of  developement  adopted  in  aiy 
Essay  was  that  which  actually  led  me  to  the  results  there  stated;  and  I  trust  it  i» 
not  presumptuous  to  affirm  that  the  public,  far  from  having  seen  any  more  clear  and 
simple  developement  of  the  principle  there  assumed,  has  seen  no  other  develope* 
nent  which  le^  to  the  same  results.  Indeed  I  am  not  appifized  of  any  attempt 
of  the  kind  having  been  made^  For,  after  all,  it  ought  not  to  be  forgotten,  that 
although  my  theorems  have  been  applied  hitheno  in  one  particular  direction  onty, 
viz.  their  bearing  on  nu^ierical  solution,  they  are  m  &ct  as  universal  ataoalyaia 
itself. 


(    «S7     ) 

'digits:  of  ihe  procHHxts  4X>Ble)e3rn9d:in  the  opers^ion. 

Example.     The  sanu  asintio.y^ 

N;B. vThe  tiio^'of 
iraffitforniatioo  bere  used* 
i$  the.sfime  variety  (A)  of 
our  general  method  which 
"itas  ^ftfployed  in  the  last 
No.£^.  UcTder  131, 1330a 
■^tcj  9taadi  one"  priiici|Mil 
mriectiony  the  sam9  -as 
steads  above  the  black  line ; 


13 


57 


.1 


igt 


131 

4831 

1 .« 

1    •   »  9  * 

|02 

sGGoi 

idB 


—  6...    (.i6siS3e354t 


^d  under  5«3i;  596^6604    |.t|3307...      106I4 


&c.  Stands  one  secondaiy 
t»fgectiop,  'Mual  to  'the 
^jri/artfofthe&rmer.  And 
in  Hamming  up  the'  co* 
ItmiDS,  the  number  ndct 
al>o«e  the  Mack  line  Is  i&. 
eluded*  Such  is  the  cop* 
itant  mode  of  procedure  in 
Cubics,  according  to  that 
variety. 


•7  « 

Oft    596566014  .., 110313208 

2.  4  -: 

^  —  49686792 


596938(5  . 

I3I99 


7^' A7755<i^^ 

3  . 

—  140559 
...  119411 


5(9Wot5la« 


—  21148 

1791 8 

—  z^^s 

9985 

—  25^1 
«39 

—  12 
12 


.M 


Depression  of  i^uaHon$. 

From  the  Theory  of  Transformation  givmin  No*  IV.  it  di- 
rectly follows,  that  BY  THE  VERY.PROCESS  OP  JSOLVINO  En 

equation  according  to  our  method,  it  actually  is  depressed 
^u^'  ^f^^^^;  .For,  since  every  set  of  corrected  coefficients' 
oDtaiped  in  diminishing  the  roots  by  r,  was  .shewn  to  be  the 
quotient  of  the  preceding  line  by  je  —  f*,  we  infer :     . 

I.  That  if  r  be  an  exact  root  of  the  equaftion,  the  last  of  the 
odce-corrected  coeffici/snts  wi^  be  zero,  and  the  rest  of  thera 
will  constitute  a  formula  one  degree  lower^  and  containing  the 
remaining  roots.  ,  >    t     . 

fl.  That  if  r  be  tn  approximate  root,  the  aforesaid  last  €oef« 

ficiem  willhftte  undergone  a  proportionate  diminution^  and  the 

remaincfer  constitute  a  formula  depressed  one  degree,  and  from 

whici  an  equal  approximation  toward  the  otter  irootsinaybe 
obtained. 

VOL.  y,  P^Rx  11,  ti         ' 


(    5«    ) 

'  <  Anl  itiieit  ifii*  e0m|iteifag?'tlMrtnntfmmatt^  die  liMrmiihe 
in  question  ar«0p«rai(ri  vfoatprfeiieif  u  llwf  wapbibey  if  tbey 
had  been  eauations  of  an  inferior  order,  w,^e  roots  we  were 
diminishing  by  r,  iiis  obvious 

3*  That  if  in  any  transformpe*  ih^  last  terni«  either  totally  or 
to  a  certain  extent,  vanishes,  the  remaining  terms  may  be  re^ 
f^A^  9p4  operated  upon,  a^  a  complete  traiisfpripee,  contkid- 
ing  the  rema^nipg  exact  pf  propontonably  apprpKinmt^,  i:Q0U 
diminished  by  r.  ... 

Coiu  The  last  mentioned  f emarkabie  ani^  usefuipr<kpeity  it 
common  to  all  methods  qf  scxhition  (^  tniire  tro^formatioft,  and 
conseq^emly  to  all  thos^  e^cpkiined  ia  No.  Y. ;  a  faci;  whicli  I 
believebas.  oever  been  no^Jced  before. 

The  utility  of  ihese  r^iparks  will  be  appr^fiiated:  (f^m,  thelol^p 
lowing  ejB^^9fdes,  selected  from  various  classei  of  equations* 

ExArMU.li  1.  The  complete  solution  oC  an  equation^  all 
whose  roott,  or  all  but  two,  are  integral,  such  as  'that  of  ci^ — 
S5X*  —  ^or  4-  304  =s  o,  beco0ses,  even  without  the  aid  «f 
NewtoB*^  ]|)ivisors,  an  operation  of  the  utnotQ^t  £cicility. 

N.  B.    The   btauadndc  1        0  —  55—   304*504(1 
hat  been  reduced  by  com-  1         1  '^    54  ~   ^4 

pendiilm  (W  of  the  Initial  j        4  _  ^^  -  X36  +  420(1 
Solution.    K  might,  how-  1         5—44—180 

ever,  have  been  educed  as  -        »«  3^  _  ^jg  +  240(1 
the  tucceecKng  cubic  is,  by  **  •     -x  v 

(B)  oiiAk  lecond  itage ; 


1-1-9—    28—  «4» 

foT  the  ^Vliw7obvi«S"ty  »      "  -     »  -  «5a  +     o(t/ W  =  •"  >  4 

be    nearly  =  v'W  =  ^      ^     *^' 

V5^  X3,  and  the  once-  jg       g^ 

corrected  coefficienu  would  4       16 

have  evinced  that  3  was. a.  ^ivm    1   v^^^'  ■>   ■■  ■  ;_.  ^^ 

roi^;  ,5»n4  the  transforma-  _  il  — 144 

ttcm^  "vhcn  compleiod  aC"»  •    ^' 

obodii^toihe  noaaipiQgrdi*  ^^ 

Jsayp  cc^p^i^  tp  the  same      \  ,,    ^;        .  '^^  1  =  -^  t 

cubic  formula  1  +  la  —  I         „         1.  v    .  ^     f«  .        % 

-  251  which  now  apB«ilf         HcW  *P  iWWiafftd -ItJ 4,43:) ^i  (3+4=3)  y^ 

in  the  work.    Or,  wtthaut     (7  -  ig4;x  =;?)'  — 4  *  •^^• 

camaldting  ifac .  liw,&fW^ 

tifmV  P^>¥9  we  ^xr;frfl9i  the  first  rtmuik^  un^  this  Articlei  that  the  fo{?nulj| 

i^^o*.  Agr7-i6lqt  pnce-cOfieoed  oodflScicnia  conubs  the  remaining  rgpts; 

andsinee  the  ih^or  iftiil* 

of  4ho8e  roo^  manifestly  lies     1    0-55—   3o  +  504(^W>3- 

near  ^ITor  '7,  whfch.  on       ■    ^     ^  f^'^^^^^r  /  ^     ^ 
appJyi^thc  iBual  trtiftot    »    9r^4A^-^m^     9L%/^<i^     ' 

*figi»<drrBOflitaa»  w^  ^        ■»  7. ;.  , ?S  * . >?cPi   :  . 

the   entire  solution    might 

be  of  the  very  concise  form  annes^d.    The  first  mode  of  solution  is  subject  to 

uo  »mlnrrassment,  but  expert  calculators  will  certainlyprefer  the  other. 


6  -J.    1  ^  t*!  HU   gf  4.  eof  1 
«     29      4f     «3 

Half*  corrections  for  the  Neg«  Scries 
1      o  -*•  3        tf(< 

8(1  .-.    ;-.«  xftit  3 


i 


o  -- 


ft 


•i  59  >  ■ 

.      •      *       ,     I  • 

ExAfspLZ  2,  To  ddeffMinewlmhdr  lite  Cation  611^ •--/ 
~  81/  4.  ^  rf  to  s  o  hat  imegriiUr  finite  fracttohal  roott, 
and  to  depress  the  ^nfoatitok 

If  such  a  fnu^onal  root  exwu^  ihe  iHUiierator  will  meature 
the  ]ast  tenh  and  the  denodihlitor  i%e  llrit.  Accordingly  this 
problem  hat  beep  employed  by  Newton  in  exemplification  of 
bis  method  ot  diyitfdfs,  and  it  Is  fof  the  purpose  of  illastrating 
the  advarilage  accruing  from  conhectihg  our  system  of  trans* 
fdrmatfoh  with  that  method,  that  the  problem  is  quoted  in  this . 
pface. 

N.Bi  Tbrrei«Usofa!>« 
stkntin^  i  an^  »«-e  obtained 
bf  oneentiis  aad'onc  fUr* 
tin!  tffftemma  of  the  com* 
pendiinfa  (B).  From  thoMSy 
the  roNilts  of  thtf  nwadvtf 
sufattitutioiis  '^  1  aof -ft  g 
are  derived  by  means  of  cor- 
rectio98(  the  priocipk  of 
which'  is  too  obvious  to  re- 
qiliVepiirdcuiar  explaoatibil. 
Thtf  cMttfa^ }«  pttfekMfhg 
mapd  mraber  uiv  tratif* 
fonnatioQS  oif  thcaltemate 
terms  onfy  of  the  given 
equation,  the  signs  beii^ 
changed  and  the  intervals 
filled  with  ciphers;  and 
then  doubling  the  results* 
The  last  part  of  the  work 
shews  the  advantage  gained 
by  connecting  the  conclud- 
ing transformations  with  the 
nearest  point  of  the  breced^ 
ing.  And  the  final  result 
shews  at  the'  MHe  nbv*' 
that  — ij.  is  a  root  and*tfaar 

the  formula.  2  Hv  ft  "(^  ST^  3f  etMtains*toots,  which  when  lugiueiiuul  by  t  and 
the  signs  changed,  giVff  the  rMllbilig  roots  of  the'eqoation. 

Because,  these  Researches  after  integral  and  frattibnal  roots 
will  generally  serve^Ao  other  purpose  than  to  prove  that  the 
equation  has  no  such  roots,  I  have  been  the  more  careful  to  re- 
duce them  to  the  most  expeditiourmanceuvres  that  could  be  con*- 
trived  ;  in  which  kind  nothing  appears  preferable  to  tbe  process 
here  adopted.  But,  as  the  straight  forward  way  of  first  cleaniig 
the  roots  from  denominators,  and  then  regularly  approxiiaating 
to  their  numerators  is  more  inteUigible  to  tyroes,  and,  even  in 
tbe  most  unpromising,  case  of  a  large  compound  first  coefflctenty 
is  capable  of  some  peculiar  facilities,  I  shall  pursue  that  ixfbde  in 
regard  of  Newton's  next  exampld^ 

he 


^  34 


Results  pfsubttttutiiig  '*l^>|  H'^'4**' v? 

arefbund'abbve'to  t)^   ••••••  S^*^*  so, 

Divisors  decreasing  by  3  are  1  o,  { 7    4 

Conse^neatly  -^=  -*  1  j- may  hi  a  Idoc 

.*•  chaqge  tho  first  transformee  imi»m  n^gttife 

6    83    ift  —  18  +  7 
«      6        0  —  4 

6    «5    18— i8  +  3(i 

a      9>       9-3 
€    S7    a;      "9      o 
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Example  3.    Let  the  prap^ed  equation  be  f^a*  —  50^^  4- 
j^^a^  —  1 40fl*  -4-  64a  +  30^ 


Mule. 


hX 


-4iki 


H-t 


80. 


4»-lN 


2 


/', 


6  —    25  +     49  —       ftSo 
Malt«  by.    4  t  g  —  4' 


84- 


•*«^ta 


3—  23  +  .  S8""    >*«<>  +     8048  4-    .3840 

^"'^  ^y  j  V  *  .  '  a         9  .       »>7         81 


i*<iiipi 


l|0  —  1,50  +    1,440  —  8,64oo  —  3,11040  , 

N.B.The  previous  reductions  are  effected  by  multiplying  by  the  small£i;t 
c6minon  aeries  of.  powers  of  any  prime  divisor,  of  the  nrst  term,  which  will 
give  integral  products.  The  divisors  so  employed  prove  to  be  2,  2,  3 ;  whence 
the  roou  of  the  finally. raduced.  equation  are  (a  x  2  x  3=)  12  times  greater 
dual  of  the  given  one.  After  cutting  ofiF  one  period  finom  .each  teim,  and 
beginning  the  initial  approximation,  the  very  first  line  shews  that  10  ia  a  root 
of  the  reducfd  equation,  and  consequeptly  X^  r:  |^  is  a  root  of  r  the  propoKd; 
and  also  that  the  roou  of  i  —  15  -f  144  —  8040  ^  31 104,  when  divided  by  is, 
orimtherthoseof  (1 — ^  x  15-I--^  X  144  — ^X  8640  —  -gS:  X  31104!=) 
1  — *  5  +  16  —  320  —  284,  when  divided  by  4,  will  give  the  ,remainiiig  roots 
of  the  proposed. 

EXAMPLB  4.  To  illustrate  the  snd  remark  on  the  subject 
of  depression.  In  the  Phil.  Trans,  one  root  of  «^  —  7a?  4-  7  ==0 
was  found  zz  1*356895867;  and^  when  (he  approximation  had 
advanced  as  far  as  1.3568,  the  once-corrected  coefficients  were 
4.0688  and  —  1  •48653696.  Find  the  remzitAxtg  ropts  by  a  qua- 
dratic equation. 


8 
406  8.8-  V 

8,&c. 
I  9SH67. 

l4|o|7!o!49  ^^• 


4070495867 

3 

*3  704  95l8|7 
3 

47.049|5l9. 
5       I 

4  7  354|9l6"      . 


3^5504 
—  ^48053696^ 

64...  &c« 

36634 

2035 
326 

24 

a 

1-3568 


i-47689to6(—  o.335Bfti47«.   ».l^ 
131114876 


—  i.6674«8o 
14101488 

«^—— — ' ■ 

—  «47ft74« 
^367748 


1.3I6895867  1  ^~-  '^'' 


—  3.048917339    Neg:roo| 


474  ofylo 
>   La 

UI7141019 


Of  4.070495867 

.670448944  =  sN 

—  4»7409388ii 
1.692021472 

.048917339  Ncg^root 


—    104994 
94814 

^ 10180 
948^ 

r-$98 

474 

924 
190 

33 

34 


r 


» 
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N.  B.*rln  the  fifpt  place  the  gWrn.cUBflkieftti  ate  ^vMcdicf  smd  Yoltdwefl-by  ^ 
corrections  which  xymst  have  b^  so  ftltuatPpi  in  4e  cubic  procev. '  Then  the'i«4 
toatning  part  95867  of  the  root  is  inserted  in  its  proper  place  In  tbe«  first  column  5 
itid'tht  products  foittid  by'mtiltiplyiug  thte  sum  of  the  first  column  by  it|  in  a  coi^^ 
tneted  operation;*  occupy  the  next  portion  of  the  second  column.  Thus  the 
suBii  of  the  1st  and  snd  columns  are  the  onCe<orrected  co-effideots  which  follow 
next  after  the  given  pair,  on  the  supposition  that  die  portioii  95867  is  annexed 
to  the  root  at  once.  Of  course  the  snd  of  those  sums  is  the  proof«dtYiior  ta* 
wbich  that  portion  of  the  root  is  due ;  which  shews  that  the  use  we  have  ou^ 
of'  litet  portion  is  by  anttcipattoa,  and  that  it  does  ;iot,  at  the  period  we  use  it» 
ibnn  a  part  of  thd  root  For  this'  reaaon,  «he  root  of  the  quadratic  entuitiony  of 
which  the  newly  corrected  coefficients  form  the  principal  xtaek^  is  added  10  die* 

portion  1.3568  alone,  to  form  the  positive  1901  of  «^-*^  7«  4^  7> ' 

» 

The  preceding  example  was  introduced  for  the  purpose  of 
explaining  the  mode  and  rationale  of  working  even  in  the  mbst 
intricate  cases^  But  it  must  be  evident/  that  in  regard  of.  thei 
particular  equation  here  solved,  it  would '  have  been  easier 
to  get  the  required  rooU  from  a  new  operation'  on  the 
original  data;  The  comparative  cumbrousness  of  the  depressed 
process  arises  partly  from  the  contractions  employed  in  the  pre« 
vious  cubic,  and  partly  from  the  extended  iorip  of  the  new  €o«l 
efficients.  Where  neither  of  these  circumstances  occur,  the 
superiority  of  the  ^process  for  depression  is  very  conspicuous^  as^ 
in  the  following   . 

ExAhfPLE  5.  By  my  method  of  Continuous  ApproximiH; 
tion,  Mr,  Nicholson  finds  a  root  of  op^— «70g5x'  -|^  15869754^^' 
=  100007  30880  to  be  X  =  3456 ;  and  the  numbers  at  the  fool 
of  the  preparatory  operations  are  338 1  and  2448680*  H.equiced 
tbeoch^r  two  roots  of  the  eqoadoto. 


•  • 


Saai  9448680      (—1105 


— 1 


—  aasi  3450  9=  9456  omittbg  the  last  %ire. 


'  S3fii  1S76  S345 


—  I  —  iftii 


—  ttiiz  itt6 {deducting  3  the  Ifst  hi^it  in  1  ioj| 


iflBl  3580  U34 


1116 

r 

* 

]f{aicc  the  roou  lequifisd  are  9%\^  and  IS34.  ' 

Equal  Roots. 

i.Heaicmtsig  precisely  as  in  the  foregoing  artiele^'We  fist*' 
ccivis4)i9t  if  iwotw^ol  the  «4ttacion  tte  W\i  esiactly  e^uiH  to 


(    6«    ) 

■ 

U|ff  onMUily  r  by  wImIi  wetre  dimhiMffhgttie  riio{»,  hot  only 
the  last  of  the  once-corfected  cbefficients  will  vkiihfi,  but  th^ 
hit  of  the  twice-corrected  disc;  and  that  the  ijemaimng  termi 
of  the  latter  set  will  constitute,  a  formula  itO0  degrees  lower  thin 
the  original  equation  and  contaiiiing  all  ita  vemaimng  fXKil9« 
And  in  short,  if  a«y  assigiied  nambef  of  toots  are  each  rr  r , 
j«si  to  many  successive  courses  of  panially  corrected  coefficients 
wMl  end  hi  2ert> ;  and  the  signincai^  terms  of  the  last  such 
course  constitute  an  entire  formula  containitig  all  the  remaining 
rjOo«^*  And  consequently  thai  if  tbe  transformation  be  com- 
pleted, the  retuk  wiH  be  a  formola  of  the  same  reduced  dimen-r 
aions  as  the  last  meotioned,  and  containing  all  the  remaining 
Hiota  of  the  equation  diminished  by  r. 

The  concluding  observation  appfies  to  alt  tbe  niethods  speci- 
fied in  the  Corollary  of  the  foregoing  article. 

£xAMPLBC    Solve  the  equation  Jr*  —  6**  +  liix*  —  to*  -|-. 

-  N'B.    Without  even  compTeting  tbe  trans-  t  ^6  ^  is  <— *  lo  4*3(1 
fHiaatioiiby  Prob.  I.,   It  aopears  m>m  the  fittt  i  —   5         7  ^  ^ 

Milmto^  in  tfae.maistn,  and  coaipttndiiitn  (D)  1-^4         3 

iQ  An.  I Vt  that  tbelait  ca^icot  will  in  ibrve  i  *^  ^ 

luccessive  coanes  be  o,  whence  it  follows  that  q^  ^^ 

1,'  I9  1,  are  three  roots  of  the  equation;  and  |  -«  g  j-  is  -*  10  +  2(1 
the  last  course^t  —  g  +.  ©  sh<ws.  that  3  n  the  1  -i^   *        7      i 

9ttm  tooi*    In  the  same  manner  it  appean  ^  '  ■ • 

htm  Uw  mfQtiii  soliaiPAt  that  i,   1,   i,  and  *  *^^        0,0      # 
(a-fr  4:??)avs^tlirwHs. 

ft 

Example  2.     Solve  the  £qii9tion!ji^  -^9«^  4*  4^  -f  a«2t 
o.     (See  Mr.  Hellins's  Paper  in  Phil.  Trans,  for  178a.) 

I    P—   9        4      i«(i        On    o — 9-   4    i2(^,ikn^yt<(y/^^s 


«     4—    3-  »o 

♦  ft    15      0 

-4-16 

4* 

8(1 
^8 

1 

4 

g    6(— azEiAftt:-3=— 18E-8       j 

*                       •                    —                                     * 

1     0—    >(^* 

- 

N.  B.  ^The  first  solution  gives  the  roots  (i  +  i  :r)  2,  a,  («  —  4±iz:) 
—  I  and  —  3;  the  same  as  are  produced  directly  by  the  second  solution.  In 
the  latter  the  corrrections  are  appH<^.  meiMMj^M^  aad»lhd>yM4ftfaith«^bf  tii<?fife; 
■lentaiy  Rule  in  No.  IV. 

Case  a.  When  the  rrpeate4  root  consists  of  several  (Iigits» 
t)MSolu|i9«i$tafttQm)e4  WdUh  sKHneptcutiaf  oinsiiiiiaitiMiai^,  which 


• 

I)  is  well  known  that  eqt^al  roQ(8»  and  tOQlM  4iBenng  hy  miame 
<}uaotttibi^  are  among  the  causes  which  produce  the  greatest 
embarrassment  in  ^roximating  by  the  ordinary  tnetbodsv  an4 
in  fact  render  them  nearly  ineffectual  whenever  they  occuiw  A 
tew  Tery  simple  considexations  will,  I  believe,  place  the  source 
of  this  embarrassment  in  a  clear  light,  and  at  the  same  time  prove 
hpw  effectually  it  is  obviated  by  the  entireness  of  transformation 
pn  which  our  method  is  grounded*. 

(i)  Every  equation  may  be  regarded  as  the  product  oi  two 
inferior  ei^uanions ;  bnci  containing  the  single  or  rqpe^ed  root 
toward  which  we  are  actually  appioximatlng  ;i  and  the:  other  in« 
volving  the  remaining  roots. 

($)•  Outing  the  pv^ceti  of  iadfefisife  approximation,  the 
root  in  question  becomea,  abstracting  signs,  the  least  root  o€ 
the  transformed  equation.  Regarding  the  left  hand  period  in 
each  coefficient  a*  integers,  the  root  is  a  fraction  <  t>  and  the 
farther  the  approximation  proceeds,  the  smaller  ihe  fmction 
becomes. 

(3).    Naw.  ifV  +  ax^^ *'+  ba.-^^^ ±  A  is  multi. 

plied  by  :t^  ±  ir*'""  ^  ±  /r*a?^""^  • . . .  &c*  in  which  r  is  « 
small  fraction^  the  first  p  +  1  terms  of  the  pfoduct  will  have 
the  same  signs,  and  nearly  the  same  coefficients  as  the  f6rmer  or 
constant  factor,  and  the  last  j[  +  1  -terms  will  have  the  same 
signs  and  nearly  the  same  coemcients  as  +  A  times  the  latter  or 
variable  factor. 

This  IS  manifest  on  actually  multiplying  the  two  fermulae, 
snd  retaining  only  that  portion  of  each  term  in  the  produjct, 
which  does  not  include  r,  or  which  iiicludes  ther  lowest  power 
off. 

(^J,    If  therefoi'c,  the  variable  factor  is  =:(;*  —  rf^  the  last 

•  +  *  temr^  wtllvary  but  little  from  ±k{x —  r)  ;  and  the  first 
of  those  terms»  as  weU  as  all  that  precede  ii,  wHI  undergo* 
merely  fradional  vaibiatioiia  during  (be  process  bf  the  work, 

(j).  Kenoe,  when'  an  equation  has  a  extensive  or  incpmr 
mensurable  equal*  root&,  the  foWoyring  indications^  ,^Hl  be^obk. 
served  as  tbC' work  proceeds :  simultaneous  aiul  vegular  dimn 
nution  in  the  last  a  terms;  the  preceding  terms  constant  iiy 
regard  of  signs,  and,  to  an  increasing  extem«  in  their  first 
<bfiita  abo ;  the  lass  a  4-  1  signs*  alternslreiy  +  and  — ,  or  -^ 
aadi-h9  that  fmual  relation  among  the  last  a  4-  i  terms  whicQ 

Hte  expanstph  of  AC*  —  r)*'  indicates.  , 

(9).  Vroin  that'faw  of  expansion,,  also,  the  zudHC-  off  thd  ap^* 
proximation  f  nfay  be  readily  found,  and  in  various  ways.  .E.g. 


(   -64     ) 

Videndimiw  be  « times  the  Tasc  terra .  (B)  Theathteriti,  reckon- 
ing backward,  fnay  be  the  dividend;  and  the  search-divisor  be  « 
limes  the  pmcisding  term.  (C)  The  last  term  b^ing  (he  divi* 
dcnd,  and  «H-Hh  term,- reckoning  backward,  the  search-dl- 
visor,  the  ath  root  of  the  quotient  may  be  tried  for  r. 
.  The  ordinary  rules,  which  are  only  adapted  to  the  case  a  zz  u 
of  course  fail  when  applied  to  other  ewes ;  but,  by  attending  to 
the  indications  and  directions  here  made  out,  the  new  method  is 
divested  of  perplexity,  and  the  transformations  may  proceed, 
under  every  circumstance,  without  interruption.  * 

£)LAMPL£  3.    Sohrc  the  equation  **--33ioir*+*35974«'-* 
t86oo7a«' •— 3733863X  r:  1367631.0. 


—  8 
1 

1 


•  #     •  I  •    •      « 

5«>  +  3!59  74-i 
•4*  1 


-  2  80 

—  1130 


260  072  — 

2974       -4- 
.  .26       -h 


373  3^63  - 
378  fl«      - 

34728_ 


.  .13676310(111 
.463 


^1710  4- 

1 

1 


l39 


iSo 


*9 


74-    I267 


o 


57 


87^  +1-347 
74    —  210 


8837  -"l--»a7 
i3«  ^37 


2  2I0 
.   1 

1 
1 


4-117,741  —36652 

2  21  lt|995 

2  22|  12^17 

223  1244Q 

-—  1  10  12430 


74    —  »33?9< 


22610 
I0l7 


+  3I7097 
-  '246^7 
-^    -1  2440 

(—110 


-    1 12440 

4-       12440 


>  >3 


10 


( 


--3. 


2    ,  .  ^ 


1+3       -*- 

The  roots  are  1 1 1,  111,  111,  and  r-i(s=fc  v^Tr5^)» 

N.  B.  In  the  first  trahsforoiec  the  pecaliar  relation  of  the  signs  appean;  the 
leading  ones  having  obviou«>ly  assumed  a  constant  foim,  and  the  last  four  regu- 
Jarl)r  alternating.  Hut  the  terms  are  not  yet  prepared  for  regutdr  simultaneous 
diminution.  The  reason  of  this  appears  in  the  sequel ;  for  it  tusosout  tiiat  ii« 
the  portion  of  the  root  which  yet  remains  to  he  evolved,  is  greater  than  any  co- 
efficient in  the  constant  factor  x^  4.  34  .f-  to;  Accordingly  in  the  second  trans- 
former whose,  root  1  is  less  than  either  of  thow .  coeffivients,  we  not  only  ob- 
serve the  indication  of  the  signs  to  be  confirmed,  but  evcjiy  trjal-jQeoQitimeiided  in 
the  6th  remark  on  the  supposition  of  three  equal  ro9ts,  gives  the  saiSjC  4u9^eiMt  t  ( 
and  when  this  is  employed  as  the  approximation,  the  tendciicy  to  copstancy  in  the 
jfiiat  term,  and  icgular  simultaneous  diminution  iii  the  three  last^  become  ^ry^ 

j^ronuncnt. 

» 

'    The  same  facilities  would  have  cbanctecized  the  fttrther  priH 

greftsof  the  ^olution^  had  the  rpot  been  extended.  Bu^ytsince 
le  last  terms  Were  manifestly  vanishing,  as  we  proceeded  to  the 
third  transformation,  the  compendium  (B  of  No^  IU.)'wbicll 
bad  been  adopted  as  usual  at  the  preceding  step$»  was.  tb^icis  abaa« 


vanuiRof  the  remarks  at  t^e  bte^d  Qttw.^t^w^?'  ..;  ^  '  '  r 
;  7«-  Sfm:  m  W  ef  >i«!  ^tage  pf  j^alytipn.  t^e^,^x,|sterfce;_o^ipH'e 
Mrticu]^  ttn^  W  5^aM^  |0<?A  .w»U  ^«.<^*l'W. mailed,, 
wheaever  tiiat  root  nappens  to  be  much  gteat^r,  abstracttng'm^ 
iipit^  thto'any  Other  rOok  of  tli«eqaa|ioiu  iathis  ey«ni{.i)if 
cotteliidoiis  or  (he  ji-d  atid  subwqueiit  rnnaiflc  wUI'Im  wuttMtJ^ 

the  re«t  will  not  vary .iniick  from  (-^r  rf^xijmM  ihq  ^pftanvfMh 
t&r»  Oongeqoentljr tbe  fest  a -V  i . signs /wdlaternft^jt  i^n^'tnt 
annexed  coefficients  will  exhibit:  ^o  ^p^oaob  .tAti|Q  tew  jp£  tl^ 
Bii|Qiiu«l  Theorem,.  wdwAll  pcf^^iv^aW  i4/^ilu^A.Mf^c?>h^.«th 
pemdii^^visiytermitaiH:Wnte4  fpr,Hnits. 

^hcii  these  indicatioft^  o^cur,  the  preceptjs  of  ijit  i5th'^re> 
mark  ma]^  be  applied  to  the  %||t  c^  -f  i  terms  aod  a  good  iid- 
pro]^iin4^qn  ^ipeA. 

f or  iii/|t^i;^9^i^  ^p  ^be  U$l(  ej^^n^ple,  the  binomial  in^icat^o^^  in 
.4|ie  Sr^t  fip^  i^rfii^of  t^e. given  equation,  iand  'th^  iMgnifr. 
icfviq^  qf^be  reamini^g  te^n^s  when  the  3rd  or  even  the  ^nd*'  po- 
li(rf^&.j|i|p|C9iUOtQ4wtt^  ?r^  niaqife^t.  At  thfc  fame  ifMe  irk 
qfmie^t^fr^^  fW:»  -^^rs^nd  5/  iflS|[6b^  Ml  prfyduce  »i  ^iAc 
^f»fiWfY?Jueiaj[t^,rq9J5,;fl  tifo  perrodS.  Whence  '  ^ '  ^  ^ 
•     .   .  .        ..  •     '.■■'•      "•"  ■'    *•'  '/^   •• ' 

'-«w  •  +  i«95it4  -f-ga^ly^^  -4i  ii66|»fir . ,,      .    ..  • 


?-^8S 


5? 


•  •    •  • 


1" '  '^ 


■  tt ' '    '""    '.-  '- ' '   -  r^:  ]..'.::•*  'j.fj 

1  ^  €«^ '+  igj!?*  r-?     8(565«  r*-      87«Kr  -^   .  ..|?iio 
«4  the  test  9S  (h«  last  step  in  die  former  )i6littioii«  :.    . 

(8.)  Again, io diminishing  the  rpotfr of  ^  ^fi^m::iy  fiipfl*'4' 4-f.tir 
PnX*  =  o  by  r,  ihe  last  coefficients  becon^e    \  - :  :    i 

p,     ='     ^x^Ki^^r-Ha^^r*    +  4^^r^.  .•   ,  =  ^^      f 

■'■■■•■■■.;••-,,".••.  -^ 

as  will  be  manifest  fromtfae -principle  i^id  <|own  in  N6.  I¥. 
jnpre  directly  t^ii  aj^  usually  deduced  iirofr^  the .  3inQ«B^^M 
Tbcoreou    Fo^.t^p  l^V  of  the  literal  pa^is  is  evident,  »a<?l  |tl}e 

Vol.  v.  Part  11.  i  ., 


"  .  •  '        ■  ■  ?  I 

figarate  eoeilicientt  are  necegftarily  formed  iiji  divttKhgsu^tessl^rtiy 
^y  X — r,  in  the  mode  there  enjoined. 

Iffow  we  have  already,  leen,  that  when'r  is  a  rdbtit^pelted 

(for  e^Eampte)  « times,  the  new  <^oeMcieilu  ^,  T^, .';  •  .p j^^ill 

*'       ''  ■•»■«>'<■«. i,i 

become  e*  Consequent!]*  r  U  a  root  of  every,  one  <^f  .tfip  foroiula; 
jtuttiow  exhibited,  and  the  ^stbf. which,  if  the  s^m^  af.  tjiiepriv 
'gipal  equation.  And  sipce  the  latter  cont^ips  that  root  a  time*, 
and  the  new  coefficients  were  produced  by  su<icessive  divisiom 
1yy«— r,  depressing  the  originid  dne  degree  at  ^eiacbi  step, , it  is 
plain  that  p^  so  contains  r  as  a  root  K.<^tttme$i  V^^^.Ot 
*•»-«  times t- \ « ..P^  asc.  JDSt  onced    -         i  .. 

Since^  then,  «—  r  is  a  common  meaaore  of  all  these  equ* 
tionfc  including  the  original  one,  it  may:  befoond  by  ii  well, 
known  rule,  and  the  equation  depressed.  And  tbii  is  the  prac- 
tice commonly  prescribed  by  authors. 

,  lo.)  Biit  another,  and  a  useful  reflection  concerning  ^ 
Jcnved  equations  appears  to  have  escaped  observation,  hn 
4hisi.wh«a  we  are  in  possession  of  a  distinct  approximation  to 
tiK  .repeated  root,(an,l  without  this  w<t  -re;  wldom  sure  of  thfe 
eatistOKe  of  wch  a  root),  the  further  extraclio^  of  U  may-  be  ob- 
tained  from  either  of  the  derived  equations;  and  afterwards,  since 
every  transformee  is  the  very  saine  function  Of  *  ^  the  fbrmuJt 
from  Which  it  is  derived,  we  may  chaoge  the  residual  formula 
into  one  which  shall  contam  all  the  r^mai^uhg  roots  of  the  tqua, 
tion.  by  reversing  the  procesi  of  derivaupn^orrp  other  words, 
dividing  the  successive  coefficienU  by  the  sanje  figarate  nuro- 
bers  as  the  original  coefficients  were  muhiplied  by. « iTbus,  w 
the  example  already  given :  '  '       , ' 

N.  B.  At  it  'mppeared,  from  •«  -^  33»  +  8%»7|  —.  J9.6«>P7«  ; 

the  indicaiion mentioned  in  tBe  K'  1^ 5 .9.  .■  ,-.  ■,.  J  ; .. :,  ,v,-  jl 

nth  lemark,  that  the  equadon  3  —  99I0  +  S59  6i  —  630  036  (n|« 


•irob«bly!iad8eqadmoiii,w!io«e  a&I    -4841         6ul7.i 

im  digits  wcie  II,  tbc  fcvcral  .- 44lP  +    «5|6t    , 

•enni  bkimimg  at  the  ard  from  55         ^5 

the  cnd;aiid  precccdmg  backwar*  5 -4.660' +  '» 7*61  4,;  \H^6  ( | 

have  hem   npltiplicd^  .by  iht  ^^^({y.t+iW^    o 

,athcrbythchaiwalthcJCll^^><  ''^ ^  r  j/ ^  ,,^1  /      -..        . 
beri  to  piodace  the  tmallc^t  m-  1  +  225  +  12664  (-  Ut 

The  extracfi6n  t>f  the  "  -  •    »— '  Vti-^  i«6b4. 


Repeated. root  tu  being ^m-  ^       ,^ 

plcted,  the  raidual  fortnfalawar  "♦ 


1.      *      - 


ainltipSed  Vr  the  ledpwcali.of.  i  +     3  + w 

the  twne  aenet.    The  lesuU  fa  '  ■    ■■     '   ■-. 

a  fonnula  containing  the  reman*.  .     .    r ■  ■    .      «r    •    ^ 

Kwof  theeqSition,  ditomished  by  the  root,  already  found.  After  aag^ 
mLtinKthem,  thiielbre.  by  that  quanuty,  thesamequadntic  ftctof  *»  +  3»+ 
r©  appeati,  i»hieb  was  found  bjr  the  first  method.        . 


(  «7,  y 

Koots  whose  iifftrtnct  is  very  small. 

•       « < . «     « , 

When  two  or  more  rooU  of  an  equation  agree  in  their  first 
digit  or  digits,  and  are  at  the  sme  ti^de  ^smaller  or  greater  t^n 
any  other  root»  abstracting  tlie  s^ighs,  the  evolution  of  the  por« 
iion  in  which  they. agree,  will  neq^swHy  )>e  attended  with  indi* 
cations  very  similar  tothose  which  we  have  traced  to  the  influence 
of  equal  roots.  Consequently  they  present  the  same  resistance 
tO'Che  Newtonian  and  similar  methods ;  a  fact  which  Lsiffrange  . 
has  i|pt  faile4  to  dilate  upon.  Biu  ihcy  also  share  in  tha  »cili.- 
tiea  pointed  oiit  in  our  5th  and  yi^  remarks  above)  to  such  a^ 
degree  at  least,  that  an  approximation  mayihenqe  be  generally 
obtained,  which  shall  at  once  place  the  remaining  ^ution  wfth^ 
I^Areaphpf  the  prdinary  methods* 

.  :1  diall^  illustrate*  this  .observation  by  means  of .  t^e  problen), 
wiuch  |«agirvige»  inithepaper  allucjed.  to,  selects  as  opprobripus  to 
M[ewtop'9  i^e^iod,.  and  ^aa  ej^ample  C3tf ,  jii^  9^P«;i  "^bi^  initial 
M^ution  has  'been  giyen  ^Ii^ady^  m  oiu  inpst  caUtiops  mannec» 

m  «pf. lit.,  ,.,'■••..  '.  ■^     '     r,    ••:   .-:.'>:  J.      ."    v.  .7    ;.-..,  -r 

* '  Exf Ati w;i?* "  Let  th^  equation  9^  ^'^  7*  +  7^0  \i  ^wi* 

posed..    ,  ,  ■'-'  \'-/'  •    '■  '        '.  v>-.:. 

'  .If.XWio  Mie  4i^t  tfo^ferme;  Wft  ppwirfc  I    .  p     -7.^7  ft  :  »; 

iha  indinitidiw  of  the  tfii  icmark  on  equal  rooti,  \\%     *^4       rt- S  (.6 

pietty  clearly  made  out.    The  last  two  terms  .5  :  '?ii6  -.  1.164'^ 

have diminitlied  together.    The  last  thrce.signs  36  ^  t.84* 

alternate.  The  first  two  tersif  hsve  9lr4|ii^:thejr  -^      ■  •      g         *^  • 


.i»lX-l     i   ■     '.  :    '.^  .      .li.  .^j-    ...■•J.-'-   • 


;a«,'!L^  ±z  .^.  -^^  ii^.;.«t.  idgseAig  .«  «  >  good  .pittttdtotijtoj 

^ftidiipibveilo.'bsiotfioctty  thesQcoipd  di^cin^Uift  gicatfit  ifliRnstiire,  roou  <     / 

.r.  V  •..  i>  Mptsoi^if^f^r^at^  ^^  ,  .,,^  ;,,  ,,.|.  ,^. 

''  llb^ol^^r^ relation  b)etw!{^h-  thti  ^ts  of  an  equation  has^ot^^ 
curred^  to  mv  recollection^  as  requiring*  any  particular  expla- 
nation^ in  ordei'"  ^o'  present  the  ^  cilbqldtor  from  ieing  detained 
9mon^  the  processes 'of  thift'' '  iiihial  stage,  when  themeahs  of 
more'  rap^d'and . y^'^iafe  advance  are  attainable.  With  re^ii 
to  the  case^iof '  dqiiar toots  with  cbntrary  signs,  rootis  m  irith* 
inetica1pr6giression,.'&c;  for  which  particular  modei  of^depres^^ 
sion  hate  tyeeh/Inventedi  I  only  thiiik  it  reqtiisftre*to  observ^^ 
that  whaitsfoevcr  convenience ^  may  be  proposed  ih  tite^'adoptiori 
of.  those  rules  will  [be  considerably  improved  by  the -aid'  w-our 
lyiteih  of  transformation.  *  ■'  ''  :.   '' 


j      .'U     ^'.  .1 


•I  .  ... 

1     •       .        .       .  .  ...  . 


'  Tli^'^tlh^^li;  Whicfh  has  introduced  so  tnncli  IkdiK^  irttbth^ 
Ti^il^f6fhi1^ti6tl  of  £qaations,  appears  to  i^ult'  from  the  ^ih-* 

' '  i:  jkbiMS'g' xAe  literal  j)artj  from  thetcteffitfc«r*^  tti^liir 
v/hitb  thy  tamidr  obli^v^'  direcftii  us  in  arrangitt^  khii  iiitAoi^ 
A^WthilatWr.     '        '"  ''  -  ^        ' 

'^  itVlkVienie  olr  ^^y^c^bM  b];>eratfot)s  tYepdifckm(ti\^m&9i^ 

Se;veral  ^aipples  of  the  kn6wti'orp6i8ible>*}nfItieMe'dr)Mft' 
lC6hito!baW<yn,  WrfldrC'ciil^  t6  tlie  deader.  Thti^;  BUfetrtctferfin 
j^glbi)rk  ii  iAw^p  €ffect€dhy  ASiliibhi  PiVi^ion^  in  W  «rMit> 
fonbi^tibii^,  is  plated  in  the  cbinp^cl  fdHh  oIF  MtfRipilftiAtittli^} 
tvdMoA  ik  idbhfdd^  #fth  fnTbltrtibh;  8dc*  And  «(«k  M^i^tfhy 
arises:  Whether  it  it  not,  in  every  case,  possible  to- K^d'^W^ 
^f^d^invfrif€Juz^t^Jlj^M^^  to.tbat.  whfch 

would  be  employed  in  verifying  it  ?  *  **.  '^  « 

It  is  with  the  wish  of  rendenng  the  practicability  of  this  i^eat 
a  liftle  iftore  Sippanftit,  Ihatl^fi^  induti^  io  fhi^  IMgeihth-the 
cdhteritroftllispaiteit  ,  7    '        ^ 


r    SYKTWBttQ  MfVfSfdlTi 


•r    »     »     .. J» 


in  our  trahsIbriilatTons  w«  have4nM  mtesiois  to  uie^hiaoBual 
. divisors onlv.  We  shall  now  khJbit'th^fillle in tt ^pAmnAiohti^ 
Pjremi#ing,tnerefQre  that  thie^  coefficient  of  the  divisor  is  assumed 
to  be  unity; — a  condition  readuy  satisfied  tn  eve^iy  case  by  ot^ 
viding vacbteiili in bothfadtofii  by  the  aci^  fifitv«MfieiMI# 
and  that  the  first  coefficient  of  the  quotient  is  therefore  the  same 
as  that  of  the  divided,  jkhd  k^  be  pfiHced  at  a  suitable  dis- 
ai^i;.  hlow  it;  the.  r^mainiiig  tprpia  p£  thia  g^io^iept  ar?  t<^>c 
foi^nd by  the  fblloyripg   ,      .,,        ,      ,    .  ,,     ,.  ,    /f.>  oj   1 1^    t 

Ryi;£.  Multiply  ea[cb  [term  olf;th^^^  li^ii 

fOte^ed,  hy.the  se^pnd  an4  suliESC^uent  ^epni  ot  tne  ajyisor  with 
their  .signs,ohanged,.:'P)ace/tlfie  products  in, separate  ^iheft*.  ^°^ 
la  djue  degi«|$s,  of  advance^^.iinder  the  successive  Jtermi,  oX  tne 
4ivi4eqd<i  .  ]U[iule|rihe.cq^um%  wlu(^;contains.ti)^/^r8t^^^^^ 
]}F0|(W9«  .f  l^e  A^  sunpunt,..  /pj^ja^n^wquo^nt^^rxb*  .  ^^pc^ 
tbflls.^nMlt^le  iqiuoti|?i^^,r^rminB^^^  9r  isi^uAqfp^ly  «te^^  ^^ ;] 
.  P^Mv  Fqr,  ;qn  this  arrangcmi^t.,  the.i4cnti^ca\  qiuaptil,ics 
which  must  be  added  to  the  cbemcients.  of,  tb^r/^uptient  in^the 
ordinary  process  of  multiplying  '\\  by  the  aivisoi:  to  reproduce  w 


dtvidend,  are  here  vAmmM  thniY'  yUm  hmk  4^  product  the 
Example  i.    Divide  4«*  —  o^*  -f  6^%  —  ^*^ fey  «ii*  — 

Arranging^the  c^dcQcieatt  according  to  the  pow^cC  d^  ^M- pfOOOCdJEni^w. 
above,  weinvc 


N.  B.  The  end  and  ^coefficientt      —  \  ^>%'^%^'^^^}    ;QtW||) 
of  the  divisor  arc,  for  better  recoUectton,  .  »*+-\8  '^^^^A^o  \ 


1 

'•I 


these,  united  to  the  proper  literal  parts, 

0iiWi».«l^  ^tgte'^  ft4lNl»g)^  4.  |^^iwa*^|irlIw«j|«b|!q«RkiKb>  .  • 


i        i  ."    <   r       .    •'. 


I  •    J 


#v.  tf-  -/o- -   »  '■-*•'   »*    .    9-   ■  flte.  ,X*^^^  *" 
-  — 1  —  t-xr         1         to 


!H '  -  •         .  < 


;  v.ii .  •■    .  •  :  j;  r> 


Hence ili<*erle«Kquiied  bet  +rj  + 'j|  -.  J  m,Ja  -u- .^.i^  2.*;.'; 


Jlri: — jr — ^-^  ^  say  to  -—-^ 2 ^ — , 

,_   6+   36-   itti+M^-     ff76tK.(9 
9Jh   *7+  667'-f    3«<59  .'    ^o^ 


I.  1 4 


6?  ■*^-  6 V  "*  «V 


<    I 


(  79  ): 

The  conformitjr  of  this  mode  of  INvhicMk  Vkh  thi^  usual  prou 
ccsspf  MwUiplicatiQu  wilkbc  ,..:.:; 

apparent  at  once,  if  we  pro*  —14-3  + a  ^  o.(^— 3  +  a 
ceed  to  prove  any  of  the  tore*  .4-  g  ..  p  .»  6 

g»]9g  cxampleiii  the'i«t  for'    '  — a  4^-6  +  4 

instance.    For  here,  in  mul-    1  w^  6      o  >■!  ■  o  'h  4 

cjplying  th^  quoti^  — iol^  + ...     u    :  :         ^         . 
8ax  +  2x*  ay;  the  fdiyitor         , 

a* —  34^  +  2^*,  the  Vorlu  xanitting  the  Kteral  part*  would  ap- 
pear in  the  annexed  fonui  oi  which  the  other  i$  a  simple  trans-* 
position. 

The  advantsige aci;rui0gsi]roiaatiepit^nioihii ciOBformtty may 
be  recognized  in  th^  following  pair  of  examples^  which  Mr. 
Njcbplson  (in  AfaM.  C^rn^.  No,  20.)  i^a^.-aoliredj^j^  tbeiuethpd 
of Cbmbin^iqna* :        .  '    t  .    .  -       ;, 

Example  4.  .To decompose x*  in  the  form  ax^x^m^x^  + 
BJr  2  *3  x^  -ficapajij^s  .Hk  DXg  +  a ;  where  x^  zzx  -fi  «^ 

N.  B.  Here,  as  in  the  Tntnsfohnatioil    "!'  [    "o  '     o'       6         o    {•—  • 
of  No.  IV,  the  succcMive  a>cfficicnts  js;  ..^^  .^  %     ^_    g  .     g  , 
D,  &c.  are  the  re^iauukts,  x«  coegtcienis,       -L  ^  ^  tV-^  'SV    ' 

terms »  individiog  rhe  required  iformula,:  :  ^  t:    6  +  ^S^—  o5  (—4 
or  iu  equivalen(  jb*.  by  the  successive  un-         "~    4       8^ 

_  »  .'oy^-''  ■%■'"  —I     ^il«■    ■  111   If!  M I  I .         Ill         r 

knowtts  «  +  fit  ;r  +  3,  &c.  Consequent^,      j  ^  9  +  55  (—5 

Bi  JC^  is  of  thp  4th  order,  and  «*•  has  its         ^ 

abs^te  tenp  In  dk  5iH  pbce;  anj.  af  thC;     -,  ^  .,^  - 

Older  is  todiiced^  one  decree  by  each  divi*    .>:   ■   .\^? 

sioiit  we  iflfer  that  the  codicients  £ ,  d  ,  &c. 

are  the  5th,  4th,  &c«  in  tfieii^respective  sets.    Checking  .*.  the  divisions  at  those 

distances  respjegtiyely,  Uie  last  l^rtiiin  ei^  traotieAi  ^  a  JcoeflE^iiettt  of  dta^iiqufeicd 

formula,  ahd  its  place  W  iu  'piesbif  lii^e  ibdicates  its  place  in  that  formula. 

I&nce  the  solutionis  x^^=:  XoX^x^Xm  —  14*2X3*4  -f-  55*2*3  -^^5*2  +  16. 

<  .  .f>.!  T:.  - *     - 


Example  5.    Todecbmpose  -5,   m  the  focm 


/  A 


'1  *  i»     ■^' 


N.  B.  Here  also  the  coefficients  1,  ,  ],:;o  (1 
A,  B,  &c.  are.  fhose  which  immedi^*' .  , . ,  1 
alely   follow  the  absolute ,  ternu,,  ia  '  "4^  >  1        (2, 

multiplying  -j  successively  by »  4?  1,    '  ■'    '«  '    2  (3 

« •{-  2»  &JC.    This  vrould  be  evident      .*  "^  ■§ ^.-   >  ^ —       ^ 

if  the  formula  were  proposed  in  the  ini-  ^  .?  "^*  .  .,          .•    ^** 

tegral  form  with  negative  indices,  thus  *4      ^^ £!>■ 

jr^  =  «i-»  jfg-i  «3-'  +  &c.    Now  35      5©        «4        ^^(5 

the  coefficient  of  a~*  is  manifestly  the  ^^^        ^         i ^.^ « 

3rd  from  the  end  in  each  set.    Ne-  825       274       120  (bSc 
glecting  .%  all  but  the  last  three  iti  13^0     *^44  ««• 

every  set^  the  first  of  each  reserved  1624  &c« 


i  9i   ^ 

dtstiince  from  the  actuU  first  term.   'Hcjoqp  w^  jbpye   ,,        .'  ,  .r    ..> 

^'  'I'j'j  *1*2*3*4  *j'£««**5  'l|P****fc      "  *i«f»»*7 

The  great  advantages  of  operating  iir.xlusjilayt'^<^i^^o  be 
(i.)  that  it  is  the  most  natujral  av  Vrint^ai  the  €kmit  way,  and 
(a.)  that  it  is  quit^mnnsitriotisd;  tfor  if^  x^^  x|  &c«  instead  of 

beiilg  simple  foiicti^ns'of  x^  pioce^ding^ia  regular  order,  were 
taken  with  arJsitirarj^  coefficient!)!  aifd  of^.  an^  dimeilsion,  or  of 
^ifktc^t  dimeDsiQiu  .and  ia  -^ny  order  indi$criipiiuuely«:  (<l^ 
method  of  operating  would  be  ea«ialIy'^appsreBt  apd  guided  hjr 
the  sam^  lawSf* 

'  The  i-ufe  we  havfe  laid  down  for  Synthetic  ^Divisi^tfigiftfes^fe 
•iubitiincii  with  the  VeH-fcnown  niethod  df  cbmtni^IIig'a  ficiilZ- 
ring  sefiesi  the  stale  of  telatJon,  as  \i  is  called/  b^lng  thfe  jianfe 
3h^niky  wnicb  iaotir  ex^niples  apjpreafs*bA  t^^  ti  At  hattiJ  kif  tiS 
ivid^iid.  '  ^cr^ce  our  rule  sterVes,ev<iTypurp6jse7^ 
«'eribs' are  C6rt*tructed*;  bdt  With  sevetaladditionirl  recoinriieiidl- 
tipps;  parti/^ularlv,  a  perspicuous  arrangemeht,^^  W^It  ad^Yc^A^ 
as  we  Haveseenf,*  for  continuous'  repietition,  ^tid  drrfectly  '^ui- 
irating  the  ^onnexidn '  6f  oppdsitfe"  parts  ^ '  atialy^^u'';  ^D<i'  % 
appropriate  iituatioii  ainbtijr  demeAt^^ 
fantlijarize  stibjehywbirh*'nad'previoiislv  been  acfcourlted  ati- 


MulUply  each  comment  by  4ae  index  pf  the.  Ofm^cc^  Mnkt^qziim 
^uanHty^  ,XHpidctne  w^ole  result  }yf he  gip^^  Jomuia^.fltke 
ch^a^nts  pjiht  qt^ofieni^,  iaken  in  ffrdcr^.  wilL be /^/ ^»^j  o},iffC 

'    '  N.  H.  t^  TIM  siiih<|i|tf  Ifae  fteipnoteil  df  ift^'  i^M  po\^rs  iMri1!»t>e«fdm^,<5  if. 
tlmiMlin^QsreyaraQitLOr  if^ei^iuitionltMlf:]S  rev^ddnirliBJintiattaftfc. 
.11.  If  aicomni^?  dcQOiiHi^tor  i«.sui(»jcyin^4,  t«  ^  ic^XTmiiltip}iprs;|p  ol|ii%fi|.;|jie 
\e^it  integral  pro<|iict^.  t)>e  re^btrpd  ,sums  vill  appear  in  tf^c  guoticpt  ^loiinisl^ 
in  the' same  ratio      3.  Whatever  fuiictioA  of  one  order  iiitenor  to'tKe  divisor  it 

'teamed for 'tfa'ftilv^dend,  wil!  pr6diK;e  t^esum^  bfcefialir constant multiplel^f 
the  o,  1,  s,  &c.  powtti:;  if  kfeiSw  byi^ft^Sitiiiai^dfik,  it  prt>duc^seof«iCBlnt  Mill- 
tsplet  of  tlie  I,'«f4(c»  powew  \  %(Cn    kialiort  i»  every  term  of  the  quotient,  the 

'  imex  of  the  unknown  ^wnsity  a^^Unt  lof  tbe  power  implicated  vHth  the  dieffi- 
cienty  taken  toother,  contt&otly.malqe;  -^  'I.  ^ 

.    •    „ ill     «    ■»  ■■  > »■      ■■■     t|i  »v''l  I       I ,)  ^»—^^— ■*—*■»— '>T^<^*»<*i*—j«»—yA«*—y<a<w»—HNiP— 


S» 


*  [Had  die  *^  CoiloctioQ  of  £xattp|ks  k  Differential  and  Integral  Oilculfi 
been  extant  when  this  was  written  I  should  have-' se|padd  niy  iUusttationsiif  the 
.tranifoi;mationof /%iolorfa/ii  from  Part  31  Sectien  s;  towhichtbereada  is  tc^ 
(aaiflm4ed  to  spply  cnir.  proocssss.] . 


C    {r»    ) 


ExAMFf:*  •«  Fted  At  tuj^  of  the  /niccd^siyei  pawert  cf 
tberootiof  *»—.«*•-!* 4  :io.  :  —      <♦ 

A  property  connected  with  these  sums,  has  suggested  some 
ingeniouf  methods  of  approkMattn]^  fo*  tke  greatest  or  least  root 
«M*ti?9^9fV    F^.  n.yfpsm^^  j^:apy  tpq^^b^  gmt^f  #han 

<^ff«t  wpayi9»vi9i  wr^^  .^bR  ,p9wc;f«  <rf  ?w«.q$w  W9t» 

ipil  W^4  ff  W  t^i?  stivers ,  ^pj;<:<^qf,  y)vep  pe  po^er  ;s 
]ti^ j  9fl4  t)w  fpQTp  wu  tk  felgl^W  iJ?e  f 4v^iVPj  Tbn  is  triiff, 
VWW  tk  fWt.  1^1?  ppwvc  w  Vg?^y9f  Aw  if  th^  rqqt  \>,e 
tk^4»^VfWc^tlwfi^»i^Wlf9li  W;%fs|^p  fi^4  94  >be  T<)CH» 
IjiM  ^914  Cjpccnw^t  ^Ji^t  r/^^  r  ; 

Ht^pc,  HUVfTpN  4^^(((^  thatfbi?  .Wf*  rwl  oj  the  wvH  of  the 

.  pH^^  powi^ri  V w  k  gri^tq^  4w  tk  ^fi^^A^  rppj  pf  the  pqu^Mon, 

.  but  if^  Wgh  JPPWffl  ^iU  W?*«  ^  «\ev  i^m^h  t,9.  iU  cqrr^ct  Vfl- 
.  ke^  Uf5  w^  ^Wc  9f  Ik  /pxpppiipn.  wfcirf^  jhe  adipixture  qi 
IXiW|gM¥ny  CGK^  P«h»  fi(i<fMWP^  k^^  m^  <P  ^^^^  overlpq^cd 
tk;POMi)^iU^yof  %yf9  9^Wmfm^<T99iPt  «;<(^<?S^dmr  tl^e  ie«; 
in  which  case,  whether  they  bave.(]|ji^f^n£;  9r  4iJB^T«iP<l  f^S^t 
k  would  be  reauisjt€^  to  diyid^^  i}\e  sum  pt  thq  powers  by  thie 
'UDmbeir  of  s^cn  roots  previoi^s  to  es^tr^ictio^.         , .  '  ' 

^ULER,  folloiyin^  D^  Bernou)li|  makes  the  fir^t  terms  ifi  the 
series  of  sums  arbiurky  or  empirical  yrlMch  sometim^  expedites 
the  convergency,  but  as  frequently  retards  it,  and;  jas  £agtange 
^lMm»  miMt  M'k^afiidoM inibe eyent  of  equal  ioots*  *Olber« 
liiM,  ihetr  pviiiciple  of  talung  the  qvotieiit  of  two  siMnite 
l^fHis.  or  €ne  square  roq(  df  thie  qiiotlept  of!  twp  alternale 
tcrm>»/f<ir,anHppr9;Kima^^^     ||ipKe(<?.r^l^  t^  l^;^lft9fji*si,  ^s  it 

leralimi'lo  be  BSfdfe  ia  thfiakmal  state  ot  the  scritik 

f^  U UMnamibat  EulbAh  who  lenditdnpai th^  jftofetf:ci the  aksUBie 
terau  in  his  Introductio  ad  An.  It^  \  ^o,  h^  •&Bnau'4i/dv^loQkcd  it;  10  lut 
itfjjy<ir4i^  '^  j^  \  wlmre  ia  conaequciwe  ef  (feM  ovenigfrt  be  braBcb  ibe  iMbod  m 
qiiotioB  st^lcssy  m  acssDw^idie  ill  ap^^lkstida  b  pecii^ 

Ws  any^^  ibatsboiildewn  ibe  altemste  tcntfs  bt  qidstiy  the  i»th  looi  'of 
tbc  ^yoticnt  of  two  ciwffiricBli  iwbich  ^mtm  tenni  apars  n»y  be  adoMod,  atin  tbe 
caie  of  «*  z:  V,  or  in  general  of /n-^  s  ni^s^ve  afreet  ip  |l|c  8smeSonaiiia» 


A    73  .) 
ExAUFi.!  7.'   Find  the  greater  root  of  the  e<iuaUQa  ^n 

The  value*  of  i^,  4,|,  -V-,  ^^'.  &c.  axe  aUcrnatcIjf  Icsj  aijd 
ffreater  than  a,  but  approximate  nearer  to  U  at  every  tj^ep. 
Whence  we  conjecture  fl  to  be  a  root  j  which,  on  trial  pro'?* 
to  be  correct, 

MoTeover,.if  we  remark  thatdn  sutnt  3,%,  ^  <£*  33*  $fi^<=' 
do  not  manifest  a  proportionate  convergency  toward  the  yalue 
of  a°, b".  a*,  a',  &c.  but  ekceedthaf  ratio, mort  kndmortJ ntirly 
in  the  proportion  of  a  ;  1  lis  weidvance^  we  ghanibeHd'ftctfH- 
clude  that  a  isa^ujpAVd/^roott'whith  aUo  proves  cori'cct- 

This  mode  of  detecting  equal,  ro^ts,  ii  founded  upoo  the  re- 
mark made  aboye  on  an  oversight  of  Newton's.  We  (hall  now 
■hew  itf  use  when  pairs  of  roots  neutralize  e^ch  other. 

Example  8.    Find  tjie  roots  of  «  —  i* — 5*  +  e=,6. 

■   [£ufer,.  U.  S.  ^  a*)"' 


! 


^      •-•-5+«/,j.,_      , 

f- 

"   •  8       .»       1'       .»       £»      .    ."       "si 

-"-    J-M-      l-'M- 

■WiiSc. 

Here  the  «maiUne«3  of  the  sums  of  &Ad  pcfweti  pinvm  that  the 
equation  has  one  or  mon;  p^t-s  of  roots  nearly  a^uil;  4Alt  «vMi 
.  contrary  signs.  The  value  of  -^,  Vr,  -V^  &t:.  converge  to- 
ward j,  whence  We  conjetaoi-e  ■y'^  to  be^  root  of  the  equa- 
jtipn.  And  since  ^°;  g\  5'&c.  are  lets  than  ^,.11,51  £[«.  in 
tfe  ratio,  more  and  more  nearly  of  2  :  1,  we  infer  that  --^i/s 
u  alto  a  FOAt.  In  the  sutns  whert!  fhete'dtmoy  ebiA  ^otUv, 
the  constant  power  t  remains.  Therefore  the  roots  are^^^, 
—  y^fiandi.  .  , 

With  the  dividend,  *heo,  which  we  have  ado 
grange,  no  embarrassment  can  arise  from  equal 
Jn'itii  the  tame  or  contrary  sighs,  if  we  pursue  thi 
out  in  these  two  examples.  As  for  imaginary  re 
tame  author  sheWi^  that  they  will'  not  uliimat6l 
convergency,  unless  the  product  of  a  pair  of 
thfe  square  of  the  rppt  we  would  ^pproacli,  v 
^  Jitliori,  ihai  whenever  (he  cube  of  that  rqot  exe 
Iiite  term  of  the  equation,  we  are  perfectly  sec 
^nCy  sooner  or  later.     In  fact,  when  this  v  thi  , 

indications  of  equal  roots  {see  No.  VI.)  .arcabsent,  we  tnay  very 
Correctly  choose  an  iCrbitrary  dividend.   '  None  appears  prcferaKfc^ 
VOL.  V.  fABT  II.  k 
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« 

to  the  first  term  of  Uie  equation  itself ;  which  has  this  useful  prd- 
perty,  that  the  first  two  terms  in  the  result  give  Newton's  or 
KapntOD's  approximation ;  the  second  and  third  Halley's  or  De- 
lagny's.  And  as  the  convei^gency  proceeds  very  equably,  we 
thus  have  a  standard  whereby  to  estimate  it. 

Example  9.    Find  the  root  of  x'  «•  ax  j=  5. 

N«  B.    The   iotroductory      i      o     —  a       —  5  (i 
tftwfomiatioiii  eyince  the  root  .  "J      q  j       176  (i 

to  be  very  newly  2^,    As  /  -j jg 

the  cube  of'  this  number  ex-    „====== 


10      '-  1 


*ceeds  theabiolate  term  5»  the     i      o        .0  o  (    *o    6    1 

equation  is  at  first  in  a  form  -  — ' — o  £ 

fer.SZS"3;'a:    "  '~  '1^  "m  "'^  „ 

ness  of  die  excess.    The  root ..      .     * i? :  ^°^  ^J 

of   die  fint    transformce   is     1     to      106      11  fit      11856    125398  &c. 

.*.   nearly    i^i   and   since  ,13^5 

(l^)»<6.  this  will  «o/ con-     .-.  1  +  1  +  — ^    =  ».o9455i486  cw 

▼efge,  but  its  reciprocal  would.  ^^ 

That  of  die  and  is  nearly -^t   rect  in  the  8di  decimal  place. 

•*•  diat  of  itt  reciprocal  is 

nearly  10.  As  10'  far  exceeds  ^  the  quotient  of  the  fint  by  the  last  term,  m 
aee  that  this  leciprocal  equation,  vix.  i.»io— 6—  i,  is  adapted  for  rapid 
conveigency.    Azid  so  the  event  proves. 

It  i^  now,  I  trust,  evident  that  any  equation,  whose  roots  are 
not  all  imagtnarv,  may  be  readily  reduced  by  our  initial  process 
to  a  state  saited  to  this  mode  of  solution*  - 

RfiCIPROCAt  EeUATIOKS. 

Those  equations  whose  roots  are  equally  the  values  of  x  and 

ot  — ,  will  famish  a  beautiful  exemplification  of  the  principle 

atated  in  the  beginning  of  this  paper,  and  will  be  better  under- 
stood and  more  easily  solved  by  using  the  following  G^^^rfl/ 
Rule,  than  by  Ihe  methods  now  in  use.  f  In  changing  a  recipro- 
cd  equation  into  one  whose  roots  are  the  sums  of  those  of  the 
former  taken  in  pairs :  I  i.  The  1st  and  and  coefficients  remain 
unaltered,  f  a.  As  soon  as  a  pair  of  the  new  coefficients  have 
been  entered,  multiply  each  by  the  and  and  following  terms  (') 
of  that  power  oi  a  bmomial  whose  index  appertains  to  the  un- 
known which  'is  to  be  annexed  to  the  new  coefficient  in  ques- 
tion (*)^;  i(nd  place  the  products,  with  signs  changed,  and  inter- 
mingled in  regular  alternation  below  the  succeeding  terms  of  the 
given  equation.  1  3.  Under  the  columns  which  contain  the  first 
two  of  mese  products  enter  their  amounts,  which  wHI  be  twp 
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more  new  coefficients,  f  4.  Proceed  thus  until  the  set  of  coef- 
ficients is  completed,  f  N.  B.  (')  As  the  latter  or  duplicate  por- 
tion of  these  sets  ot  products  will  merely  cancel  the  4atter  half 
of  the  given  formula,  these  portions  of  the  work  may  be  ne- 
glected. (*)  The  given  formula  is  supposed  to  be  of  even  di- 
dimensions»  or  to  be  reduced  to  that  state  by  dividing  by  «  +  1 ; 
and  then  the  highest  power  in  the  required^  will  be  half  of  the 
highest  in  the  given  iormula. 
Dem.     For  the  former  equation  is  made  from  the  latter  by 

substituting  x  +  x~'   for  x,  or  rather  «*  +  t  for  w^  to  avoid 

fractions;  and  therefoie  (:r^  +  i)"*fora?"*;  which  is  equivalent 
to  adding  to  fhe  alternate  terms  the  products  of  the  coefficients 

of  a?*"  by  the  expansion  6f  (1  +  i)*"  -—  t.  Consequently  the 
reverse  operation  is  rightly  performed  by  subtracting  the  same 
quantities.  And,  since  the  latter  half  of  the  former  equation  is 
constructed  entirely  of  the  duplicate  portion  of  the  said  pro* 
ducts,  it  will  be  necessarily  cancelled  by  the  reverse  operation. 

Example  lo.  Find  the  roots  of  ajr^  — igaV-^igaV -f 
2a^  1=  o.  [BonnycastU^  vol.  i.  p.  183.) 

'  •      o  *-  «8        o        o  —  tS     o      a  (—  I 

s^9.^ii^ii  —  11—.  24.8  +  0 

a  -  B  -.  17  H-  15  (  >Y^  say  3 
—  6      .IB— 15 


♦-*      ■ 


/— sst;\/s*4-ft  K  5  _  —  i=fc^i4 


«»-as+te-.^ 


a  V  4  4 

N.  B.  The  given  equadon  being  of  odd  dimenstont»  hat  one  root  «  r:  —  a; 
wheiefore  we  begin  by  dividing  by  x  -f  a.  Tlie  quotient  is  of  the  6th  order, 
.*.  the  icquimi  foraiala  will  be  of  the  3rd,  •*.  iu  first  two  terms  a— a  appertuni 
to  the  qnantitiet  whose  indices  are  3  and  2.  The  coefficients  of  binomials  raised 
to  these  powers  are  I9  81  3i  1  and  1,  2,  li  which,  when  the  first  term  and  the 
duplicate  terms  are  omittf  d,  leave  simply  3  and  a  to  be  multiplied  by  2  and  —  2 
.  respectively.  The  products  6  and  —  4  are  treated  as  the  rule  directs,  and  the 
transformation  in  this  instance,  is  completed  The  resulting  cubic  is  solved  as 
being  in  the  second  stage ;  and  the  roots  treated  in  the  usoal  manner*  produce  the 
above  results,  which  shew  diat  the  roou  of  the  equation,   besides  —  a,  are 

*(3=fcVTK  and— K2±:l/Ti:+:t/fi:±:4t/ii)«.. 

Cor.    Binomial  equations  m^y  be  cither  treated  by  the 
above  Rule,  or  by  a  separate  rule  easily  modified  upon  it. 

k  8 
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ARTICLE  VI. 

/noesUgatiaa  efta/o  Gan^trical  Potisms. 

i[y Thomas  Galloway,  A.M.  Royal  MilitafyCcllegt. 

'  In, the  First  Volume  of  the  Repository,  Mr.  Ivoiy  has  given 
ati  elegant  Ceon^etrical  Analysis  of  one  of  those  curious  Perisms 
which  Were  ^i!ibllshed  without  Solutions  by  Dr.  Matthew 
Stewart  at  tl^eend  of  his  General  Theorems.  I  propose  ilti  what 
fottows  to  invekigate  two  more  of  them,  to  which,  so  far  ^s  I 
khow^  no  solutions  haVe  hitherto  been  published,  although  the 
Qeneral  Thep ferns  have  occupied  the  attention  of  several  very 
distinguished  Mathematicians.  I  have  followed  the  algebraic 
method  of  investigation,  but  the  constructions  to  which  I  havie 
bhen  led  av^  remapkably  simple  and  symmetrical ;  and  both  Pro- 
position* affipNPd' a  good  specimen  of  the  facility  with  whicl^tfaue 
solutions  of  geometrical  questions,  rather  above  the  ordinary,  de- 
gree of  difficulty,  can  be  obtained  by  the  aid  ol  the  modern 
analysis* 

PORISM  I. 

The  Porism  which  I  shall  first  consider  is  thus  enunciated  1)y 
Dr.  Stewart :  '^  Let  there  be  a  circle  given  by  position^  and 
two  points  A,  B  givep;  two  straight  lines  de,  qf  may  be  found, 
auch,  that  if  from  the  pointy  A,  B.  thereby  drawn  AG,  BG  to 
any  point  G  in  the  circumference  of  the  circlci  and  from  the 
point  G  there  be  drawn  gh,  gk  perpendiculars  to  de,  sf,  the 
sum  of  the  squares  of  gh,  gk  will  be  to  the  rectangle  agb  as 
the  rectangle  agb  to  a  certain  given  space:  that  is,  the  rect- 
angle AG  11  will  be  a  mean  proportional  between  the  sum  of  the 
squares  of  t;H,  gk  and  a  certain  given  space/* 


K 

)<^ 

^'^^"V.ly^^ 

* 

r        / 

1  ^^^r' 

^ 

1  m                           ^^^_     • 

t'     1    ^ 

M 

^^^    4 

• 

^                                  X. 

'^ 

^^^^•^^^j 

Let  c  be  the  centre  pf  the  circle,  join  AC.  bc  ,  bisect  the 
angle  acb  by  the  straight  line  cy,  and  through  c  draw  ex  .per- 
pendicular to<:Y.  This  last  straight  line  ex  ift  assumed  as  the 
axis  of  jr,  the  point  c  being  the  origin  of  the  rectangular  co-- 
ordinates X  y^f 

1  St.  ,  Let  3  denote  the  angle  which  each  of  the  straight  lines 
CA,  CB  makes  wjrh  the  axis  ex;  let  ^sa  CA=:  a,  en  ==  i, 
then  X  and  y  beiiig  the  co-ordinates  of  a  point  G  we  have  the 
following  expressions 

Ao*  =  [a  cos^  +  ;r)»  +  (a  sitt/S— y)» 

B,0*  =  {i  cos /3— ;r)« -*- (i  si»^  —  y)% 

If  the  point  6  is  confined  to  the  circumference  of  a  ctrcleof 
which  the  radius  is  r,  then  x'+y^s±si^9  whepce,  by  ex* 
panding  and  substituting, 

Ao*  =  «•  +  r«  +  2a  cos  fix  —  aa  sift  /8y 

BfJ*  =  i*  +  r«— aicos  g*— ai  sin /3jf. ' 

Multiplying  these  two  expressions  together,   substituting 
f*—  y*  for  x\  and  arranging  the  terms,  there  results 

Aa«  X  BO«=(a*  +  r»)  (&•  +  r*)— .4ii*r»^coa^^ 

—  a3rcos^53(a*+r«)— <*«  +  r*)? 

^  *>,...  (A) 

-r. »»  sin^  {^(a*  +  r*)  +  «(4*  +  r*>} 

*  in  order  to  reader  this  expression  sotfidwhat  siaipler,  let 

a*  +  r*  ^  _  y  H-  ^* 

^'^      atf  '  ao 

then   

aai(j^  — 7)=«(a'  +  r«)— a(5*  +  r«)  • 

Hence,  by  substitution, 

AO«  X  BG*  =  4(i6(py— ^r'cos'g) 

—  40*  cos  fi  (p— ?)*      f^  ^  ^ ^  . 

—  4ai  sin /3  (P  +  ?)»  

+  40*?*. 

ad.  Let  A,  /be  the  co-ordinates  of  a  poiat  d,  through  which 
a  straight  line  passes  making  an  angle  (p  with  the  axi&cx;  the 
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length  of  a  perpendicnlar  on  ^hat  Ifne,  from  a  point  of  which 
the  co-ordmates  are  x,  y  is 

(y  — flcos0  —  {x  —  A)  sin  ^, 

aod  the  square  of  this  expression,  when  r^  —  y*  is  substituted 
for.;r%  is.jr.. 

y^jcos*^  —  sin*^?  ' — 2xycos^sin9 

-r- fi*  JAsin*^. —  /cosf^sin^i 

—  2y*|/co8*f  —  Aco8(psin9| 

+  /*cos*<p-*-aA/co8(?sin^  -f  (A*  +  r')  sin^^. 

If  we  now  suppose  another  straight  line  to  pass  through  the 
*»nie  point  D,  making  an  angle >{/  with  the  axis  ex,  the  square 
of  a  perpendicular  on  it  from  the  point  a  will  evidently  be  the 
same  expression  as  above,  having  >]/  written  throughout  instefid 
of  ^  ;  and  the  sum  of  the  squares  of  the  perpendiculars  on  both 
lines  will  still  be  the  same  expression  if  cos^^  f  cos'^)/  be  put 
instead  of  cos*^,  sin*(p  +  sin*^^  instead  of  sin*  i^,  and  cos  ^  sin(p 
t{-  cos  4/  sin  >]/  instead  of  cos  9  sin  9. 

Let$  4-  4?  =  A,  9  — -4/  =  B, 
then,  by  the  Arithmetic  of-  ^weii 

cos* (pr-  «in*  f .+ cos* nJ/  —  sin*  4/  =  2  cos  A  cos  b, 

cos  ip  sin  $4-  cos  4  sin  >J/  =  sin  a  cos  b 

cos*^  4- cos* 4/  =i  1  +  cos  A  cos  B, 

sin*  p  +  sin*  4/  r=  1  —  cos  A  cos  B. 

Onsfib^ifii^i^  thtvte^  values  the  sum  9f  the  squares  of  tbetwo 
perpendiculars  will  be  expressed  as  follows: 

ay*  cos  A  cos  B  —  2;vy  sin  a  cos  b  . 
—  2*JA(i  —  cos  A  cosb)^— /sin  AcosB^ .(a) 

—  ay  5/  (i;  -f  cos  A  cos  b)  r— a  sin  A  cos  b  I 

+  /X1  +  COSACOS  b)— 8A/sinAcosB+(A*+r*)(i-r-cosAcosB). 

3rd.  The  Proposition  to  be  demonstrated  amounts  to  jthij, 
namely,  that  such  values  may  be  assigned  to  the  indeterminate 
quantities  A,  /,  a,  b  in  this  last  expression,  that  on  multiplying 
it  by  a  certain-constant  quantity ,  it  shall  becotne  identical  with 
the  expression  iof  AG*  x  bg*,  whatever  be  the  values  of  x  and 
y,  provided  a?*  4-  y*  =  r*. 

NQwinojrder  that  the  two  expressions  may  be  equal,  jindc- 
pendenUy.of  ^.and.y,.  it  is  necessary  that  the  coefficients  of  y*. 
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^tf*  ^9  2(»  and  also  the  terms  containing  only  constant  ^^^^i^'^i^^y 
in  the  two  expressions,  be  separately  equal  to  each  other.  On 
comparing  the  two  expressions  (i)  and  (a)  I  observe  that  the 
last  contams  a  term  multiplied  by  x}i  to  |(vhich  there  is  no  cor- 
responding term  in  the  first ;  the  coefficients  dixy  must  therefore 
necessarily  be  zero,  that  is,  we  must  have 

sin  A  cos  B  :r  o ; 

but  this  equation  can  only  exist  either  by  supposing  ftin  a  =  o 
orcosB  =  o.  The  supposition  of  cos  b  =.ois,  however,  in- 
admissible, inasmuch  as  the  term  multiplied  by  y^  -wouM  thereby 
vanish,  which  is  obviously  impossible.  It  follows,  therefore, 
that  sin  A  =:  o,  whence  ^  +  >J/  =  o,  and  therefore  9  =  —  >l' ;  an 
equation  which  shews  that  the  two  straight  lines  to  be  found 
must  make  equal  angles  with  the  axis  ex. 

Since  sin  a  zio^  it  follows  that  cos  A  z:  1,  therefore,  mabing 
c*  the  constant  quantity,  which  multiplies  the  expression  (2), 
the  comparison  ot  the  terms  of  the  two  expression's  (1)  and  (2) 
gives  the  four  following  equations  of  condition  to  determine 

h  c*cos  B  i=  2ab  .... 

IL       c*/(i — cosb)  — 2a6(p  —  j}cosi3  / 

III.'   c2/(i  +  COS  b)  =  2fli{p -f  j')  sini3 
IV,  c*/*{i4-cosB)  +  c*(A*+r*)(i-.cos B)=4a^(/)y-r^cos*/3). 

4th;     From  equation  I.  there  results' 

c*(i  — cos  b)  =  c*  —  2abf  c'  (1  +  cos  b)  ==  c'  +  zaB ; 

substituting  these  values  in  ILand  IIL  and  squaring  them  both 
we  have 

c'A«(i ~ COS  b)  =  ^'  ^;_^^^      . 

^  '   (i  +  cos  B)  =  ^ y^  /^^       '     > 

hence  equation  IV.  becomes 

4V6-(p  +  g)'sin«g  4a-y(p-y)'cos-g      ,^(.._,.m 

=   J^ab[pq—  r*cbs*/S). 

H  therefore  any  values  can  be  assigned  to  c*  which  will  satisfy 
the'  conditions  of  the  Problem,  they  must  be  such  as  on  sub- 
stitution will  render  this  equation  identical.  Now^  since 
2afc(2cos'/3  —  1)  =:  aaft  cos  a^,  I  observe  that  it  may  be  put 
undeif  the  following  form, 


and  by  multiplying  bothsidcgby  c*  — 4a*6*,  and  inalung  Ac 
proper  reductions^  it  becomes 

zz^./yib.pq'^  €^.^a*b*  {p^  +  ^*  —  ^pg  cos  2$) 

^  ^\K  i^i^pf^  4«^« .  fl**|  ip^  +  y*)  cosnj?^  fiJK^I ' 

sr  I c*.4tf%— 4«'*%^+  9»J  I  <c«  H».  flii3  cos  «/3K 
wbeAce»  dividing  by  €*  +  2db  cos  2?^     ' 

or,  ir— .c    .  -j^  —  —        >  :p  t 

an  equation  which  is  remarkable  as  being  independent  of  the 

*n  completing  the  square  we  have 

.^»  .  4?^  4.   4^'^VV'  -.  l?!*!5w.M^*V.^.V»-4.r4. 


andei?. 


but  PY  —ff^  _  j2yJ  +  y4  _  J^«  _  y.2J  J^2  _  ^2J 

therefore 
wbeace 

Now  since ^«=  ^2^~^,  it  follows  that/' -f«  =  ^-?=~ ; 
and  similarly,  (^^i^ts.  ^ —  .^  ^- 

therefore  -/(^^^  r*)(y*— r*)  =:  ^^^         ^  and  since 

also  pjF  =  ^ ^^-T — ' — ■  f  therefore 

hence    ,  c^  z=  r —  : 

or  €*  =  ««  +  K 
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Tifo  values  of  *c*  haive  thus  been  foupd^  each  qI  ^bich.  ^ill 
furnish  a  separate  solution. '  Taking  first  c*  =   — ^^f —  ^  afld 
substituting  it  in  equation  (I.)  we  find  _  , 

but,  observing  that  B:iis  s<p,  and  that  theitetol-e  cos  b  =  cos*f 
—  sin*0,  we  deduce  .  r 

and  ntfnoc  tatur^'C  c  '  t  «  «  «  « 

^  '^,      ,«6.+.  r' 

.     .  '      (dJ  —  ft)*  , 

Again,  1  — cos  B  =  "^,^,  ^  ^  . 

therefore  i*(i  —  cos  b)  =  - — ^-^ ; 

and  substituting  this  value  in  equation  (II>X  there  reiults 

but  ^—  J   =    %*  +  r^)-^<^r+r«)._  (i»-3)ffl3~f*) 

tkerefore  h  =z  — j — — r^^P* 

In  like  manner  c'(i  +  co^  b)  c=  ^      .  ^ — ^  ;  and  by  substi- 
tuting this  value  in  equation  (III*),  we  have 

Taking  now  the  second  value  of  c^»  viz.  a^  +  ^%  and  substi« 
tuting  It  ift  eh  nation  (f.)'we  find 

dos  B  it  td*^^ ^  stAf^ :5  -''■■■  4  j>»  •  ;    ' 
whence  ..    ■      .       ,•.,.•'•..       )    .    '. «;  '■.■■..  . 

and  therefote  ,  .    » , 

TOl.  y.   PART  li.  I 


'1 
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By  fonnifig  the  values  of  c^t  -*  cos  b),  ^"(1  4-  c«s  b),  knd 
substituting  tbem  respectively  in  equations  (II.)  ahd  (IIL)  we 
find  in  this  case. 

The  result  of  this  investigation  is,  therefore,  that  there  are  two 
systems  of  equations  which  determine  the  position  of  the  straight 
hnes  which  the  Theorem  affirms  may  be  found,  or  which  deter- 
mine f ,  k*  and  /,  and  consequently  that  there  are  two  systems 
of  straight  lines,  which  satisfy  the  conditions  of  the  Porism. 
Accenting  the  letters  f ,  A.  ana  /,  in  the  second  case,  these  two 
systems  of  equation  are  as  follows  : 


ist.    When  c'  =  ~ — , 


\. 


then         taBg^)=^y^,      ,    . 


«nd.    Whenc«=  a*  +  i\ 

then       tangos  ^j.     , 

„        ab  +  r^    .    ^ 

jth.  It  now  only  remains  to  construct  the  equatipns  which 
have  been  furnishra  by  the  Analysis. 

Having  joined  the  two  points  a^  b  with  c  the  centre  of  the 
circle,  draw  CY  bisecting  the  angle  agb^  and  draw  ex  perpen- 
dicular to  CY.  On  ex  take  ca'  equal  to  ca,  cb""  =  M<ob- 
serving  that  the  points  a^  and  b^  are  on  the  same  side  of  the  axis 
CY  as  A  and  b  respectively).  On  ca^  take  a  point  m  such  that 
Ck!  •  CM  =:  r^,  and  on  CB^  a  point  k  such  that  CK  •  cb^  =::  r** 

Then  since  ca'  =«  and  cm  =    — ,  we  have  ma'  =1 %  and 

Q,  a 


y 
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1  ■  •     ^*  •**  r* 

similarly  hb'  =:  : — i — ..    Bisect   MA^in  p,  and  kb^iii  q; 

^* ft  j» ft 

»thcn  MP  =  -,  andwor:  j — :  alsoCP=:a-— mp: 

=  — j^  =  P,  and  Cft  =  *  —  Kft  =:       ^^-^  =  ?,  hence 
fl«+r»    .     *«  +  r» 


+  — rr-  =P2^ 


To  construct  the  angle  f  we  have 

V-fr^i^-ai^'  +  rr    But  .t «  obvious 
fia^  aa  a^ 

»d  that  ^(2L±z!)±^f!±il)  ^  -i±if  +  *!+!:  =  ,a, 

aa6  aa  ao  ^ 

hence  tang.  ^  =  ^ — ^.    If  therefore  at  the  points  P»  Q 

straight  lines  be  drawn  perpendicular  to  c)c,  and  pr  taken  on 
the  nrst  equal  to  CM»  QS  on  the  second  equal  to  qn  (r  and  s 
being  on  opposite  sides  of  the  axis  ex)  then  k  and  8  being 
joined^  and  t  being  the  point  in  which  rs  meets  the  axis  ex* 
the  angl^  ptr,  or  qts  will  be  equal  to  f  •  Let  the  lines  pr. 
and  Q8  be  prolphged  on  the  opposite  side  of  the  axis  expand 
make  p&^==  pr,  qs'  zz  qs,  then  r^  and  s*  being  joined,  the 
straight  line  R^S^  will  also,  meet  the  axis  in  t,  and  make  with  it 
an  angle  equal  to  f>.  Hence  the  two  straight  lines  required  must 
be  respectively  parallel  to  rs  and  R^8^ 

The  cotutruction  of  the  angle  ^  it  entirely  similar.    We  have 

._«  —  *_  (o — *)  (a^  +  f«)       A(««-r«)-.  a(**~  r') 

But   -^ -^—i.— = r—  =MP--ir(i; 

•  *tb  flA  2b  * 

and,  as  was  aotoced. alrcaay      ' — r-^ =  pg, 

,         .  -  MP  —  NO    PR  —  QS'        -  ,. 

therefori:  tang,  (fr  z;   —         ■   =  —       ■■-  •    It    rs  evident 

1    9 
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The  perpendiculars  gH)  gk;  GH^t  ok^  are  omitted  for  the 
take  of  avoiding  confusion  in  the  figure. 

It  will  be  observed  that  when  the  points  A  and  b  are  at  equal 
distances  from  the  centre,  the  two  straight  lines  rt^  R^i^be*- 
come  parallel,  and  the  point  t^  and  consequently  d^  is  thrown 
to  an  infinite  distance*  in  this  case  the  points  t  and  e  coincide 
with  the  centre  c,  and  the  straight  line  d  with  the  axis ;  the 
construction  therefore  fails  in  determining  the  line  ct  or  /•  But 
this  inconvenience  is  easily  obviated ;  for  (as  is  evident  on  in- 
specting their  analytical  values)  the  rectangle  c/  x  ci'  is  equal 
to  the  square  of  the  radius^  and  therefore,  since  c/^is  still  found 
as  in  the  general  case,  c/  is  also  given  in  magnitudew 


PORISM  IL 


«r 


**  Let  there  be  a  circle  given  by  position,  and  let  ab,  ac  be 
two  straight  lines  given  by  position,  and  let  the  angle  bag  be 
equal  to  two  angles  of  an  equilateral  triangle ;  two  straight  lines 
BE,  DF  may  be  found  that  will  be  given  by  position,  such  that 
if  from  any  point  G  in  the  circumference  of  the  circle  within  the 
angle  bag,  there  be  drawn  gh,  gk  perpendicular  to  ab,  ag, 
and  likewise  there  be  drawn  gl,  gm  perpendicular  to  db,  bp, 
the  sum  of  the  cubes  of  GH,  gk  will  be  equal  to  a  solid  whose 
base  is  the  sum  of  the  squares  of  gl,  gm,  and  altitude  a  given 
line.**  ^ 


ist.  Through  the 
point  A  let  aa'  be 
drawn  bisecting  the 
angle  BAC,andthrough 
o  the  centre  of  the 
circle,  op  parallel  to 
AA^,  and  also  ap  per- 
pendicular to  OP. 

Let  OP  r:  tf,  AP  = 
hf  the  radius  rr  r,  and 
the  angle  B AA^  =:  i ; 
o  being  the  origin  of 
the  rectangular  co* 
ordinates,and  x  taken 
on  OP.  This  being 
premised  we  have 
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* 

CH  =  (a  —  «)  iin  ifc  1-  (jf  *—  6)  COS  * 

CK  =  (a  —  x)  sin  ifc  +  Jy  —  JJ  cos  k 

and  therefore 

GH*+  CK*  =  «(a — «)'8in^£  +  6(a  —  jr)  sin  i(y  —  &)^co|i^i( 

=  fi(a — jr)sin  *  J(a—  *)»iin«ft  +  3(y~J)*<:os** J  ^ 

littt  by  hypothesis  k  =r  6o%  therefore 

sin«ii=:|,  cdi*A  =  J. 

hence,  by  reason  of** -|"y*  ==  ^*» 

or,  putting  a*  +  6*  +  r^  =:  fi^\ 

— j-^ =  2fl^«  — 2(^*+  tf*)  jp  — aaJy  +  8^;ry-f  aM*. 

and.  I  might  now  proceed  to  ec^uate  the  different  terms  of  the 
second  member  of  this  equation  with  those  found  in  §  a.  of  the 
analysis  of  the  last  Porism,  after  multiplying  the  latter  by  a  con- 
sum  ^uAntity  ^;  but  the  intimate  connexion  of  the  two  Porisnis 
will  be  better  exemplified  by  referring  the  unknown  quantities 
to  another  system  of  rectangular  co*ordinates. 
.  h/ft  the  angle  aop  be  bisected  by  the  straight  line  or,  andlet 
OX  be  drawn  perpendicular  to  oy.  Assuming  these  two 
straight- ^ines  as  the  axis  of  the  new  co-ordinates  j/,  y^,  and 
makmg  the  angle  aox  =:  y,  we  shall  have  the  two  following 
equations  expressing  the  values  of  the  old  co-ordinates  in  terma 
ot  the  new, 

y  =  y'  cos  y  +  JF^  sin  y 

X  zz  y'  sin  y  —  a:' cos  y, 
whence 

.  jc*  rr  y*  sin®  y  +  j/'  cos*  y-^  2x'y^  sin  y  cos  y 

opy  =;  y'^  sin  y  cos  y  •—  *'^  sin  y  cos  y  +  '^y'  (sin^  y  cos^  y), 
but  cos  AO?  =:  sm-y  —  cosV  ==  — .^-^ ,  .Ihcrefore,    put- 


sin  y  cs  ir       ■ »  ■ 

am 

A  /  m 
cosy 


=  v/2l=^ 


am 

y/m^  —  a^         h 
sinycosyz: zz    — 
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By  the  lubltitiitiob  of  iheae  tallies  we  find 

^bxy  =z  —  y^  _  -^jr'*  +  ft*y  — 

therelbre  adding  and  ftubstituting  r^  For  «^'  +  y^ 

soar  +  2bxy  =s  ar*  +  wy'* —  ma?^ 

or,  by  taking  r*  —  y'*  for  «^*, 

stfx  +  2bxy  =  —  (»i  —  a)r«  +  amy'*, 
Ifi  like  manner  we  have 

fi(^*+ a«)*  =  2y^(^«  +  a*)  sin  y  —  2;r'(p«  +  a')  coi  y 

staby        zz  2 y^  ab  cosy  +  n  X  ab  sin  y^ 
but  

&cosy ;:::  o  a/  ■',     .,,,  =:  (9^  — a)  4/  ^-^ =(991— alsipy* 

Wid 


therefore  by  substituting  and  making  the  proper  reductions* 

^{f^^^  A*)a?  +  2aby  r=  2x\am^p^)  cos  y  +  2y'(aM  +^')  tria  y. 

By  reason  of  these  equations  the  expression  for  tbe  sum  6f 
th6  Cubes  of  GH  and  gk  will  be  transformed  into  the  following 

^     •     ^  =r  fla/»'  -  ■— —  —  g^'(a»i-^j»')  cos  v/ 

—  2y'(a»i  +  p^)  sin  y  -4-  2;fiy'*.  1 

3rd*  The  equations  expressing  the  conditions  of  the  pro- 
blem will  now  be  obtained  by  making  the  terms  of  this  expres- 
sion respectively  proportional  to  those  found  in  §  a*  of  the 
analysis  of  the  preceding  Porism,  and  as  the  term  in  jry*is  again 
wanting,  the  angle  a,  as  was  the  case  before,  is  zero.  Hence 
the  four  equatiohs  of  condition  (1/ being  a  coefEcient  to  be  de- 
termined) : 

(I.)  rf  cos  B  =  a» 

(II.)  dhd  —  cos  b)  s  (jam  -^-j^*)  cos  y 

(III.)  dl(t  +  cos  b)  =  (Jw  +  p^)  sin  y 

(IV.)  dl\i  +  cos  b)  +  d(A-+ r*)  ( I  -  cos  B) = 2^/^  -  (m—  fl)r*. 

The  first  gives  cos  b  =:   -^,  whence 

d(i  — cosb)  =  rf— w,    d[t  4-  cosb)  =  d  +  •»# 
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ihctcfort  squaring  the  second  and  third  and  substkuting 

dh\  1  —  co«  b)  =   ^— :* — *--^  coi*  y, 

tfr(i  +  cod  B)  =:  * — ^>-r-  —  sm  y. 

By  restoring  the  values  of  cos*  y  and  sin'  y  the  sum  of  ihft 
terms  on  the  right  haiiid  side  of  the^e  two  la^t  equations  may  be 
expressed  as  follows, 

(P — »* 

and  by  substituting  this  value  of  (Ui^(i  — •  cos  B)+rf/*(i  +cos  b) 
in  equation  (IV.)  and  rauliplying  by  rf*—  wr  we  find 

^|a*ma  +  p*  +  say |  — tf  JawiV  +  a^m^  +  /-^^ 
4-  r V?  —  »  r'd*  —  mV*d  4-  i»»r* 

or,  bh  arranging  the  terhis,  and  reducing,  • 

(  rV»  -  a(2/  +  r*)d^  +  Ja«m*  +  fi^  +  %ap*  — m  «r*^  rf 

an  equation  which  is  divisible  by  c(  —  a»  3tnd  which  becomes 
oii  performing  the  divisibd. 

This  being  an  equatioif  of  the  second  degree  shews  that  the 
present  Porism,  like  the  former,  may  in  general  be  satisfied  in 
two  different  Vays,  and  it  may  be  remarked,  that  it  can  be  satt»^ 
fied  in  two  ways  only ;  for  although  the  cubic  equation  in  d  ta 
which  the  analysis  conducted^  maybe  satisfied  by  making,  the 
factor  which  was  separated,  viz,  d — a  equal  to  xero,  yet  the 
Supposition  of  ^  —  a  =  o  is  incohsistefit  with  the  conditions  of 
the  probkm.as  tvill  be  manifest  on  substituting  a  for  d  in  equa- 
tion (i);  The  sanie  remark  applies  to  the  factor c*  -4-  aa&  coa^in 
the  analysis  of  the  first  Porism. 

By  transposing  and  completing  the  square,  and  dbserving 

)  ,  we  have 

smd  conseqiiehtly  

r  "^  2r 

V6L,  T.   FART  II.  m 
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whence,  dividing  by  r,  and  restoring  the  value  of  />', 

a  zn  ■■  ■■'■    — ^ o • 

4th.    Let  n  be  a  quantity  fuch  that  a  =  — ^^^ — ;  this  gives 

\/a*«T-f»a»5    -~^  ,  ?n<l  by  the  lubstitution  of  theie  valuei 
that  of  (f  becoiQes 

Placing  9Xi  accent  over  d  when  the  lower  iigo  \%  taken,  an4 
also  over  the  corresponding  values  of  A,  /,  ?  in  order  to  distin- 
guish tl^e  (wo  «j|8€s»  w?  $ball  bave 

The  equation  cos  b  5;  ^  w}ll  give  the  direaioiiiiafjthes|i:^igbt 

lines  DB,  DF.    Because  b  =  2(p,  therefore  cos^ip—sin^^  =:  -j 

whence 

„n»^=  _y-,co82$5;    ^j^ 


»"»*  ^  V  t'. 


Ibcrf^o 

AI«»  d^ f  M  31  \n ■■■■I  »  »l^  4'  »r  « 5J  >'»!!!     .'. 

.  •  \  :    ■    ;  ■: 

tbwJ(9^  _ 

To  dctejmin^  the  ]foint  jp,  or  iu  co-orditates  A  and  /^  we  have 
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tktrefore 

hence 

am  —  j^  f«  —  fn)f^ 

■        n    II       ill.  ■        mSSt  1    I     't— ^Mi>**y*<    • 


and  also 


aitt  p^'  ^;|  jr^ 


m  n  '^  m 

C0iise(|uenily 

«  =    5—  cos  y,  and  A  = Cos  y. 

i»»  —  H  ;?-^»» 

In  the  same  way  we  find 

gg^  -h  ^  ^    (»  4-  i»}f^ 

and  aA^ 

tf»f  jf  ^    ^     Utty/  4*  f ^ 

rf'  +  »»     ""       «  +  »j 
consequently 

,        («  -f  »»)r2   .             J  „   W3  4-  r2   . 
/  =.    ,     o   sin  y,  and  /  =   sm  y. 

Now  it  is  evident  that  if  t\i6  leltO^fS  n,  m  and  y  are  changed 
into  a,  6,  and  /3  these  values  of  f),  >i,  /  are  identically  those  found 
in  the  former  Porism.  It  is  therefore  ofcrions  that  the  former 
construction  will  atso  apply  in  this  case.  It  is  onfy  necessary  to 
produce  the  line  op'  to  a  point  ^  taken  fuch  riNU  09^^=1  n;  or, 
which  is  the  same  thing,  till  y%  n  equal  to  the  tangent  to  the 

eircfc  fit)m  &ie  ffoUti  p,  {tc&  then  trp  sf  -^  * — -  j  t  «*  Bom 

thtf  poinctf  tf  and  A  U)  cmiscvucil  tM  ser^gbt  IMs  o^i;»  b9  Mid 
d'^e^  d^f'  exactly  in  the  same  manner  at  they'  wefe  bcsfofl^  emtf« 
structed  from  a  and  Bv 

It  is  essential  to  remark  that  this  ^drisra  is  subject  to  a  limi- 
tatioil  not  adveited  to  in  tl^e  ehunciafidyi  gWeii  iy  it€  ii\vCs:ttiDus 
author.     Supposing  r  (o  h6  less  than  a,  iht  todti  of  the  e^d^tOtt 

become  impossible ;  it  follows^  therefore,  that  a  cannot  be  less 

m  a 
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than  r»  consequently  the  position  of  the  two  ftraight  lipcs  ab, 
AC  is  not  entirely  arbitrary ;  it  must  be  such  that  on  drawing 
OP  and  AP  as  directed,  the  point  p  may  not  fall  wUhia  the  cir- 

cle.    Thp  equation  0  =: —   also  gives  imaginary  valuer 

of  n  when  r  is  less  than  (i ;  and  it  implies,  n^oreover,  that  th^ 
point  P  bisects  the  distance  between  two  conjugate  poles  a  and 
Q^9  or  two  points  in  the  straight  line  op  taken  so  that  th^  rect<^ 
angle  QQQ'  roay  be  equal  to  the  square  of  the  semidiameter. 

I  have  given  the  solutions  o(  these  two  Porisms  independently 
of  each  otner,  but,  as  is  evident  from  the  result  of  the  investi- 
gation, the  second  might  have  been  deduced  from  the  first 
without  having  recours<^  to  the  four  equation!  of  condition*     By 

«•  -4-  r* 
fubstituting ■  for  a  in  the  equmjpn  marked  B,  multiply^ 

ing  by  fit,  and  changing  n,  m,  y  into  /s,  i,  /8  respectively,  the 
resulting  expression  becomes  identical  with  the  second  member 
of  the  equation  marked  a  in  the  first  analysis ;  whence  w^  infer 
that  GH^  4-  CfK%  multiplied  by  a  constant  quantity,  is  equal  tq 
ftG*  X  Aa\ 


^ 
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ARTICLE  VII. 

An  Exiension  of  a  Theorem  in  the  doctrine  of  Central  Forces  * 

Bf  the  Rev.  Mr.  C.  Ff.  Bromhead,    Trinity  CoUege,  Canit 

bridge. 

TiiftORlBM*  If  11  be  the  velpcity  of  a  body  at  any  ppint  actej 
iipon  by  any  number  of  forces  F,  f^  &c.  in  the  same  plane, 
and  €9  Cf  &c.  be  the  chords  of  the  circle  of  curvature  drawn 
through  the  centres,  then  will 

1/2  =:  I  y^  4-  1  fV  +  &c. 

For,  take  R  the  radius  of  cu^-vati^re,  p  and  r,  p^  and  r^,  &c, 
t|ie  perpendiculars  ypon  the  tangent,  and  the  distances  of  the 
body  froip  each  of  the  centres  of  iorce,  then  we  have, 

^2  .  .  .  ,  ,  » 

'—-  =  the  force  which  reiams  the  body  in  the  circle  of  curvature 

K 

==  the  whole  quantity  of  force  perpendicular  tp  tke  tangent 
of  the  curve  described. 


(  n  ) 


=  —    +   -~f-  +  &c.  by  resolution  pf  forces 
+    ^-^  +  &c.  by  similar  triangles 


Tc  -'-' 


2R  8R 

••.   t;«  =    IfC  +  ^fV  +   &C.  Q.E.  D. 

CoRPLtARY,  If  the  body  move  m  a  resistinfr  medium  we 
shall  have  the  same  expression  for  the  square  of  the  velocity  as 
in  a  Qon-refisting  medium,  for  the  retarding  ;'orce  acts  in  the 
direction  ef  the  body's  motion,  and  in  that  case  there  is  no  chord 
4>f  curyatur^. 


^_^mC^Z-«Z 


ARTICLE  VIII. 

On  ike  Solution  of  Equation^. 

By  the  Rev.  Mr.  S.  Hawkes,  Trinity  College^  Cambridge. 

i«    Pros.  To  ascertain  the  value  of  the  expression 
ax^  +  aijrM  +   .  •  •  +  <?ii-i*  +  «»  when^  is  substituted  for  x^ 

l-et  pj  =;  a  p  +  a^ 

Pn   =    Pif_lP  +  On? 

Let  the  a-— i  qi^antitiesp^,  p,,  .•rPii_i  be  exterminatecl 
from  these  n  equations^  and  the  resulting  equation  will  be 

^„  =;  <ip»  +  aiP»-*4-  ...  +  a;,^ip  +  a» 
!•  e.  Pn  is  the  value  of  the  given  expression  when  p  is  substituted 
for  X.  £.  E.  L 

s*  Schol.  If  the  valqe  to  be  given  to  x  is  negative,  as  — p, 
then  p  may  be  substituted  after  changing  the  alternate  signs ;  and 
Pm  or  —  Pm  will  be  tue  value  required,  according  as  n  is  an  even 
or  an  odd  number. 

3.  Cor.  lipnzz  o  then  is  p  a  root  of  the  equation  ax^  4- 
&c.  =  p ;  and  conversely. 

4*  Theor.  4,  pj,  pg,  .. .  Pn-\  ^re  the  coefficients  of  the 
quotient  andp„  is  the  remainder  when  ax"*  +  ci^jc"-*  +  .*••}:  an 
IS  divided  by  ;ip  — p. 
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For 

[X^p)\  ajr»-*  +  p^X''-^  +   .  .  -  +  pn-tX  \-pn-.\  \ 

ZZ  tfjf»  +  PjX"-^  4-  - .  *  +  pH-.lX 

—  apX"-^  —  •  . p,i-9pX  —  Pn^lp 

« 

Therefore,  bjr  transposition^ 
therefore  5^i;c'»  +  a^x^^-^  •••  +  a,J  -^(x  — p) 


X  —  p 

that  is  ax"-^  -^  p^;if«-^  +  « . .  +  ;>,:_i  is  tlte  quotient  and  p«  is  the 
remainder,  2.  £•  D* 

^.     Cor    If  J9  IS  a  root  of  the  equation  ax^  +  &c.  zz  o  then  is 
the  exp>€Mk)n  ojr'^  4  &c^  divisible  hy  X'^-p  wHhovt  remairider. 
For,  in  this  case,  the  remainder  Pn  =s  o,  Q-  E»  D* 

6.  Def*  For  the  convenience  of  reference,  the  equatioa 
ax"*  +  a^^"-*  -h  &c.  =  o,  the  expression  <jJt"  +  a^x"^-^  +  &c. 
and  the  coefficients  a,  ^J^,  ^i^  &c«  may  be  called  primiiiv€;  and 
the  equation  ax"^-^  +  p^x"-^  +  Ac,  =z  o,  tie  expression  i>**-^  + 
p^x^-^  4-  &c.  and  the  coefficients  ditpi^Pj;  &c.  may  be  called 

reduced, 

7«  TheoT.  If  the  primitive  coefficients  arc  all  integral,  and 
any  one  of  the  reduced  coefficients  is  frsictiimal,  Pn  is  atso  a 

fraction. 

Let  p„i  be  the  first  <A  the  Fedtrced  coefficients^  ^hkh  is  frac- 
tional \  tihen  its  value  fPm^x  -h  a^  it  al«o  fiaciidaal  |;  and,  PmS 
and  a^  being  integers,  />  is  a  fraction,  and  its  denominator  tk 
either  the  same  with  that  of  pni%  or  is  a  multiple  of  it :  therefore 
PPmi  Js  also  fractional ;  and  so,  consequently^  is  pp,,,  *V-  ^^y  Of 
fnxjfX  that  is  the  ndx^,  and  therefore  simiJarlyy  ^t/^rjr  subseqiieni 
reduced  coefficient  is  iractional;  and  therefore  p>|  m^st  alsabtr 
a  fraction.  Q*E,D^ 

8.  Cor.  1 ,  Hence  it  appears,  that  if  the  equation  ttx^-^  a^x^-^ 
+  &Cr=io'tiave  only  integral  coefficients;  and,  during  the 
substitution  of  p  fur  x  a  fractional  reduced  coefficient  occurs^ 
then  p  will  not  be  a  root  of  the  equatioa. 
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FoTt  the  uktmate  resuk,  instead  ^(  beiog  2ero,  will  be  a  6txM 
fracdofi. 

9.  Cor.  s.  If  the  equation  te**  +  flti**^^  4-  8cc,  =  o  have  iti 
coefficients  aU  integral  it  cannot  have  a  fractional  root. 

For  in  this  case,  since  a  —  1,  p^  is  equal  top  -{■  a^  and  is 

therefore  fractional  if  p  is  a  fraction,  and  consequently  p  will  not 
then  be  a  root. 

10.  Cor,  3.  If  the  equation  ax^  +  «j-a?"~^  +  &c,  =  o,  with 
integral  coefficients,  have  a  fractional  root  p  ;  then  is  the  denomi- 
nator of  the  root  a  divisor  of  the  first  coefficient  a» 

For  otherwise  ap  would  not  be  integral,  and  therefore  p^^  which 

IS  equal  to ^p  +  a^  would  be  a  fraction,  and  p  could  not  be  a 
root. 

11.  Cor.  4.  If  p  is  a  root  of  the  equation  ax^  +  a^x*^^  -f  Sea 

:::  p  w^bich  has  all  the  coefficients  integral^  then,  if  p  is  integral, 
it  is  a  divisor  ot  the  last  term  tf„,  and  if  it  is  fractional,  its  nu"- 

liberator  if  a  divisor  of  a^. 

For  in  bpth  cases  Pft_i  is  integral ;  but  since  p^  =  O  therefore 

PPn^i  +  tf^t  =  o,  therefore  a^^^p  zz  — pn_i  an  integer* 

18»  Mule*  The  rule  of  operation  derived  from  the  preceding 
reasonings  is  this : 

To  find  th^  value  of  ax^  +  ^a*"~*  +  &c^  for  an  assigned  value 
of  jr. 

f  1.)  Set  down  the  expression  with  all  its  terms. 
(2.)  Muhiply  the  first  coefficient  by  the  value  assigned  to 
;p,.  ftiid  add  the  product  to  the  second  coefficient. 

(3.)  Multiply  the  sum  by  the  value  assigned  to  x^  and  add 
.   the  product  to  the  third  eoefficfent* 

(4.)  Continue  the  process  till  all  the  coefficients  are  em* 
•  ployed.    The  last  resaU  ib  the  required  value  of  the  ex- 
pression. 

13.  ScAoL  When  one  or  more  terms  are  wanting,  it  may 
sometimes,  instead  pt  employing  them  with  the  coefficient 
zero,  be  more  convenient  to  multiply  at  once  the  reduced  co- 
efficient prececjing  the  hiatus  by  that  power  ot  p  the  index  of 
whtchi$^che  diflfference  of  the  indices  of  x  before  and  after  the 
hiatus,  atid'tb  add  the  prodtict  to  the  primitive  coefficient  follow-* 
•fcrtg' the  bJatus,  for  the  next  redticed  coefficient. 

A^yR%AHBX,fi^  u    Requir^4  the  v^lu^  of 
^.f^^^lj/tttyt-   usn^ -h     S^Ag^-f    g;^  +     73.   ^hcn x  zz  7 


;3  ...  .' 
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tiere,  under  the  fir$t  term,  is  set  dov/n  the  first  coefHcienl  ii^ 
iinder  a  is  set  down  a  X  7  or  14  ;  under  the  second  term  is  set 
down  the  sum  of  14  and  —  13^  or  1,  and  under  that  i  x  7  or 
7;  under  the  third  term  the  sum  of  7  and  —25*  or  i8»  and 
Under  that  —  18  X  7  or  —  1.26,  &e.  till  at  last  — 5100,  which 
falls  under  the  last  term  is  attained ;  and  that  is  the  value  of  thd 
Expression  When  x  =:f. 

Example  (2)4    To  find  the  value  when  ;r  ==  — j|. 
Set  the  expression  down  with  its  alternate  signs  changed 

thus  a^f^-f  13^?*— ggx^—     Sx^-i-     87 jg—  73[ 
and  substitute  3  thus  2        tg        32  88  351       980 

6       57        96        264       1053 

The  last  result  is  980,  which^  having  its  sign  changed  because 
5  the  highest  index  of  x  is  an  odd  number,  gives  —  980  for  the 
value  required. 

tg*  Example  3.  Froin  the  first  example  and  article  4»  it 
tesults  that  ^  2x^  —  13;^*  —  25*'  +  8;^*  +  87;^  +  73^  -r-  (*  —  7) 

zz  a**  +  x»-i8x*-.ii8*-739— -^i^. 

'^^      X  —  7 

The  coefficients  of  th6  quotient  being  th^  numbers  placed  next 
under  the  terms  of  the  primitive  expression  in  Example  (1). 

Example  (4).  The  process  in  Example  (2)  suppbsed  j^ 
changed  into  -^  x,  therefore,  to  rechange  —  x  into  x,  the  signs 
of  the  alternate  ierms  in   the  quotient  must  be  changed,  which 

will  give  ^  20?*  —  1 3AC*  —  25^'  -h  9x^  +  87*  -f-  ;^3  ^  -^{x  +  3) 
=  2X*  —  19*'  +  32*«  ^  88.C  +  351 ^^^- 


^  +  3 

x6.    General  Scholium^     The  applications   of  the  method  of 
Substitution  given  in  article  12,  are 

(!•)  To  ascertain  the  value  of  an  expressiou  ax**  -f  &C« 
for  a  given  value  of  ;r* 

(2)*  To  divide  such  an  expression  by  a  given  simple  ex« 
pressipn* 

(3).    To  find  limits  between  the  roots  of  an  equatioa.  . 
(4).     To  discover^  by  trial,  the  roots  of  an  equatioi). 
The  advantage  of  the  method  io  its  first  three  applications 
will  best  become  known  by  trial.     In  its  second  application  it 
admits  easily  of  extension  to  dividing  Hf  a  pvlynofHidl-^Mre^ston. 
In  its  fotttth  application,  although  extending  to  the  investiga^ 
tion  of  incommensurable  roots,  it  is  principally  oi  useibr  finding 
commensurable  roots  whether  integral  or  not  $  lor  which  it  is 
general. 
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'the  tkcUky  wHli  which  it  mflkes  uiy  prbpbsed  subtitution  ^^r 
jc  it  such,  that  unless  the  number  of  divisors  of  the  last  term  iaf 
very  great*  it  will  be  neediest  tp  limit  the  number  ot  trials  hy 
Sir  Itaaic  Newton*t  method :  and,  even  when  it  is  found  expe- 
dient to  exclude  before  trial,  divisors  which  are  not  roots,  the 
ease  with  which  several  results  may  be  obtained,  corretponding 
Id  different  values  of  at,  will  facilitate  the  use  of  more  extended 
arithmetical  progiessions,  by  which  more  of  the  divisors  which 
are  not  roots  may  be  exctCided  thiin  when  1,0,  —  1  alone  are 
substituted. 

The  advantage  of  this  method,  besides  that  of  iht/aciliiy  of  its 
application,  are 

(1).  That  it  extehds  to  fractional  roots  with  even  greater 
ease  thari  tcr  integral,  both  because  the  numbers  occurring  in 
the  course  6f  substitiitidtt  will  be  smaller ;  and,  because 
if  the  fraction  which  ii  bein^  substituted  is  hot  a  root,  that 
fact  if^\l\  generally  toon  be  declared  by  the  occurrence  of  a 
fractional  reduced  coeflKcient. 

(a).  That  the  process  of  substitution  by  which  a  roo^  is 
discovered,  gives,  at  the  same  time,  the  coefficients  of  the 
reduced  equation  which  contains  the  other  roots. 
The  method,  and  its  advantages  will  best  be  learnt  from  ex- 
amples. 

17*    Example  5.    Propoted  for  solution  the  equation 

«•  —  mox'  4-  65a'*  —  53a:'  —  5**  +  48*  -*  84  s=  o'. 


TrMs 


—  1 

—  1 


3 


tf 


»*+    80X 

'-+-  633 

»~    19 

44 

(  i±it 

+     84 

1       •& 

to6 

{  «+  »$ 

+     46 
9« 

{  «±  «7 
«—  84 

+        IB 

«4 

1—  14 

g—  4« 

30 
~    90 

1-^  16 
7^  70 

-    58 

406 

«         4 
at       84 

96 

2016 

53**-  5**+  48J-84 


-  9 

t  «37 
«43 

t    43 

-  90 

+  '  «0 

-  42' 

-  lit 

—    58   ~  4«7 
«996 


-  »4 

+  »3« 

37* 

+  4« 
84 


84  -50 
+  84)        o 

459 
o) 


Roots 


—  1 


■tot.  T.    FA»T  II. 


n 


(   gs   ) 

.Ifhei^tpCetbe.only  tBM«a]  roots-are  —  i,  a,  t,  the  remaining 
r99t«;4^  ibose  of  thp  ^qimHon 

a?^~  ty»*  +  tttjf  —  »l  =3  o.    ■ 

(i)-  Since  nCgatrVe  as  well  as  positive  substitutions  are  requi- 
site, the  equation  is  prepared  by  writing  above  its  alternate 
signs  their  oppoiites ;  the  upp^r  set  of  signs,  bf^ng  used  for 
the  negative  substitutions,  the  lower  for  the  positive, 
(2).  When  +  1   is  being  substituted,  one  row  of  numbers  is 

sufficient  for  the  process. 
(3).  Immedia  «  is  found  ihe  row  of  reduced  coef- 

ficients i  parentheses  for  cpnvenience  of  the 

eye  in  m  ire  subtltutions  in  it  instead  of  in  the 

primitivi  4,lso  the  changed  signs  are  placed  over 

or  under  eirms,  according  a&  the  i^oot  found  was 

positive  that  the  lower  signi  may,  as  at  first, 

always  b  making  the  positive  subsUlutions,  the 

upper  al  ig  the  negative. 

(4).  Unless  the  root  fuuhd  is  not  a  <nvisor  of  the  last  term  of  the 
reduced  expression,  it  is  inade  the  first  substitution,  be- 
cause there  may  he  equal  roots,  , 
(j)>  In  this  example  no  negative  substitution  is  tried  after  the 
discov«ry  of  the  root  — '  i ;  foT  the  expression  when  pre^ 
pared  for  negative  eubtitutions  has  then  all  its  terias  posiUve 
and  consequently  the  reduced  coefficieots.  will  go  on  ea- 
creasing  to  the  end. 
Indeed,  in  every  substitntioo,   directly  that  a  reduced  coef- 
ficient is  obtained  which  has  the  same  sign  with  all  the-fojlowing 
primitive  coefficients,  that  substitution  need  be  carried  op  no 
farther;  nor  need.it,  when  the  value  being  substituted  fexceedg 
unity,  even  if  there  should  follow  some  coeificient^s  of  a.  different 
sign,  provided  that  they  do  not  together  amount  to  the  reduced 
coefficient  obtained;  for,  it  unity  were  being  substituted  the 
result  would  excee'd  ^ro,  andj  a  yorti^ri,  .it  cannot  be  ztro 
whea  a  number  greater  than  zero  is  being  suhstituied.    This 
remark  will  be  useful. 

19.    Example  6. 

Trials  «'      33y  +  334x*±362jc*— 8591«^+=33805x*— 9600«i  72O00lRMii 

1"    1—34        300    -—66    — 8653  25152        15552 —    S6448 

—  1      I      38        370        732j  —7859    —41664—  5l264—    207M 


Trials 


S 


—2 


1 

1 

2 


33 
66 


MS 
536 

816 


—3 


—4 


—  5 


-5 


6 


(i± 

3-r- 
1  — 

3  — 
1 

i  •*- 

4  — 

1 

4 

(1± 

5  — 

(li: 
5  — 

1  — 
5  — 

Ci± 

5 

1 
5 

1  — 
6.-. 


.9;2  +  .238 
9fi       fV* 
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1^4--  «Md      iraas        S^038 t-«_2il«e4 
348  — 16«86      M63«         9007^ '       "" 

11 78  —    6Sf3^'  —46275  —  1 02 1 5b  -^  1 32^00 
3356— .12470 —92550— 204^66 


Roots 


35§l—  7535  4=  UacjO  :f 
ii0^6r-r  22605     3i6qo       729PQ 

2g       i&V      805i^  5^i«0^  4We      M$W 

87        453      2415  — 15360— 124fe6 

35        343        «77—  5504-^27712—   59136 
105      |1029     20ai — 16512~83136 

302^ 


28         126    ,    956—    4111—  5244 
112        504      3424  —  1 6444  —20976 

36        382       1176—2831—22524- 
144       1528      4704—11324-^0096 

27+     103+    867—    3200  ±    4806) 
135        515    .4335^**^1600O— fe4006 

5^2—  •     7  qr    832  +      960)        0  * 
110—      35     *4l6a        4800 

17_    92—  372—    900 

85—  460-1860  4  ' 

27  +  128  ^    192)    O 
135   640  —  960 


66096 


0 


—6 


—7 


8 


32   288 
160   1440 

21     2 
126    12 

1    33    p 

6  198 

l^  20—  12 

7  —  140 —  84 

1    34    p 
7   238 

1(1  ±  19—  ?4) 
8.— 152  — 192 


1248 


204 


t  k  1- 


^  t 


t* 


104 


if.' 


i.') 


—  5 


8 
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and  ±  t,  ±  ••  ±  9  being  mme  of  them  roots  of  the  quadratic 
'x^  —  tgx  +.  t4  =:  o»  neither  can  ±  949  ±  is,  ±  8 ;  uierefore 
the  only  integral  roots  of  the  equation  are  ^9  S*  5$  —  £>  B.    The 
other  two  roots  being  those  of  the  quadratic  a:*  -^  tgv  4-  94. 

do.^  SchoL  Whe(i  a  substitution. is  terminated  abruptly,  the 
cause  is  denoted  by  a  P,  if,  according  to  the  remark  at  the  end  of 
article  18,  the  result  must  be  positive,  or  by  an  N  if  it  must  be 
negative,  apd  by  an  F  if  the  sub^titutipif  is  stopped  by  the  oc- 
currences! a  fractipq.* 


9\.     £x AMPLE  7* 


Triah 

42ar'±365JC*4-237x*q:  1 738x^4  639x±  4^5 

i 

42  —  323 

—  86    1662 

P 

—  I 

(42  ±  407 

+  644  hP  1094  — 

-  455     0) 

i 

42  —  386 

451     p 

■ 

21  ~  193 

\ 

-* 

49    429 
21    214 

1 

858  rr    665 
429 

F 

^i 


-i 


-♦ 


42—393 
14  —  131 


513 
171 


1265 


Roots 


—  I 


42 

14 


421 


42  —  400 
7 


42 

7 


414 

69 


4S  ^-  401 


-A 


4S 

6 

3 

43 
3 


413 

I    ■     - 

—  404 


410 


F 
7»« 

F 

I 

703 


F 


A I 


42  —  405 
2 


(    loi    ) 


Trials 

^^  —     # 

-^ 

*2    409    p 

8          * 

% 

■h 

42  —  40(J.   _ 
1          F 

( 

—A 

4«    408    „ 
1         * 

/ 

5 

48--  197—  341 
810—  98^  —  1705 

1—5 

49    617    p 
310   3085    *' 

* 

^ 

42 —  302  -  }I| 
105 —  755 

f 

F 

r-i 

42    518    1984 
105    1380   4810 

3716   8833 
9290 

f 

42—  337    p 
TO          ^ 

• 

—4 

42    477 
70 

F 

i 

49  —  372    334 
35—  310 

P 

-i 

42  '   448    -. 
35           ^ 

4 

42—  377    p 
30          ^ 

1 

42    437    p 
30 

s 

1                                                                                                                      « 

C 

43  —  392    504 

1274     0 

A 

15—  140    180 

455          - 

The  lower  rovr  divided  by  3  ] 
3x^  ±  28*'  +  S6x  4=  91  =  a 

gives  for  the  reduced  cqu 

Tna/x 

3«»±28a;'+36xq:91 

7 

3  —  7  --  13    0 
21  —  49  —  91 

R^ois 


-h 


Roots 


So  the  roots  are   —  1,  tx,  and  7,  the  rcmaihii^  oiie«  beiW 
^hose  of  the  quadratic  3,?'  —  jx — r  13  z=  o. 
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Trials 

I 
^  1 


22.,  Example  $« 


— 1 


i 


1 


-i 


60 

60 

60 
30 


1361  2136 
1241  —  466 
1331     ^ 


'W  .'-H 


464       3S49     P 
1206     P 


60—1271 
30 


60 
20 

do 

(20 

20 
(5 

5 
1 

5 
1 


2 


1321     p 

—  1281  348—1788       3381 
=F   427+     116  ±    596       1127 

432  224—    54P         gggi 

hF    108  +      56  ±    135  +    248  : 

109     p 

-  107     p 
118     ^ 


175t       255 
584  +    84) 

336 
84} 


0 


0 


—2 


—2 


10       , 336 


(5 
10 

5 
10 


—3 


=P      98 

—^    196 

«-      88 


140 
280 


145  —  42}     O 
290  —  84 


N 


5         100—100       105 
2  40  —    40         42  . 

Dividing  the  lower  by  2  7-:- 
(a^  q:  20a?-  —  20a?  :f.21  ::;:  O) 

1        23 
3 


f\  '  •   \ 


1- 17 


N 


1 

7 


S7 


_  I 
z 


i 


•>-» 


i 


Trials 

—  7 

SI 
—  21 


N 
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R90iS 


1  —  13 

7 

^         P 

(1  ±     1  +     i)    . 
SI        21        21 


—21 


Therefore  the  commensurable  roots  are  i,  i,  — 2^  f&nd 
—  21,  the  remaining  two  roots  being  those  of  the  quadratic 
X*  —X  ■{-  1=0.. 


ARTICLE  IX. 

Addition  ta  Article  VL 

i[y  Thomas  Galloway,  A.  M.  Royal  MiHtary  College. 

■  •  * 

Before  proceeding  with  the  demonstration  of  the  remaining 
Bonrkitts  ^rbpoled  by  Dn  Stewart,  I  shall  make  one  or  two  ob- 
servations on  what  has  been  done  in  Article  VI. 

istw  Th«.  iw^d  points  0  and  j/  (see  the  frrst  figure  in  that 
Article)  may  be  determined  in  a  manner  which  renders  their 
ceastvucttoA  Sotoewhefc  moFCi  degam  in  a  geometrical  point  oi- 
view.  On  c  a  take  c  A^^  a  third  proportional  to  ca  and  the  radius, 
and  on  cb  take  Cb^'  a  thjrd  proportional  to  CB  and  the  radius : 
join  AB^^,  A^^iB  ;  thci  intersection  of  these  tyto  lines  willgii/^e  the 
point  o,  and  the  intersection  of  the  straight  lines  passing 
through  ab  and  a?V  will  determine  the  pomt  d^.  For,  de- 
noting CA^' by  a' and  CB^^by  i',  tbe  equation  of  the  straight 
ikip  .which  passes  through  the  points  a  and  ^^,  the  ^coordinates 
of  wiiioh^are  resipeociYQly  ^  cos  j6,  o  sin^  and  ¥  cos  /3,  b^  sin  i|3 
will  b^ . 

ly  •    ^        (a  —  60  «in  |8  ,     .   , ,        ^. 
y-i^sm/5=  ;^^^.)cos/3t^.-^^^^^^> 

atfed^  siosilarly,  tbe  equation  of  a"b  will  be 


jf— »*^sin  fi  zz 


[h — y)  sin  j8. 


(x  — ^'^  cos  fi]\ 


(i -I- fl^J  cos /3 
At  tbe  point   D  these  equations  will   be.  both  true    at  the 

sam«  t^i^e ;  therefore  'ctimitiatrng  at  and'  putting 


a. 


—  instead 
0 


(  iM  i 


of  q!  and  V^  \rt  find 'for  th^  cb-ordinatetf  6f  D^, 

the  same  values  which  were  deduced  froth  the  equations  ex- 
pressing  the  conditions  of  the  problem*  The  co-ordinates  of  W 
are  found  exactly  in  the  ianie  manner*  ^       • 

It  is  easy  to  see  from  this  coh'struction  that  d  is  the  identical 
point  determined  by  Mr.  Ivory  in  his  investigation  of  another 
of  these  Porism^  (See  the  First  Volume  of  the  Repository] ;  and 
and  it  is  singular  that  Dr.  Stewart  in  enunciating  that  proposi- 
tion should  have  limited  its  position  to  thte  interior  of  the  circle, 
Mr*  Ivory's  method  of  solution  will  apply  to  botli  cases  with 
equal  facility. 

The  angle  ^,  or  the  inclination  of  the  straight  fines  de,  d^  ta 

the  axis^  being  such  thai  tang  ^  ==     *  .     ^   =    r,  ;    and 

the  tangent  of  the  aiigle  made  by  the  Tine  a  b^^  or  a^^b  with  the 

axis  being  — ^  tan  0,  we  shall  have»  on  denoting  this  last 

angle  by  a,  the  equation  tan  ^  tan  a  :=  tan  ^,  which  fuimshei.a 
very  simple  method  of  constru£ting  the  lines  dh»  x>f* 

snd.  The  reduction  of  the  second  Porism  co  the  first  may  be 
effected  in  the  following  manner :  . 

Suppose  G,  A  (fig.  and.)  to  be  joined.^  and  let  the  angle  CAA^ 
be  denoted  by  %{/ ;  we  shall  have 

GH  =  AG  sin  (60^—  ^)  =  AG  (I  t/3  cos  xj^  -^  |  siii  %|/j, 

GK  =  AG  sin  (60**  +  %!/),=:  AG  (f  i/3  coi  >J/  "f  I  «Ut  4^).' 

therefore,  on  taking  the  cubes  and  adding, 

GH*+ Gk'= AG'*|(t/3^cos'v}/+ y^cos  %J/ sin*>}/)=:|  v^SAG'cos^ji'. 

Let  us  now  suppose  a  straight  line  to  be  drawn  through  g  per- 
Ipendicular  to  AA^  or  OQ*  to  meet  OQ  in  m  ;  then  ag  cos  4"  = 
PM,  whence,  on  multiplying  the  above  equation  by  oa, 

(Gh'  +  CtK'j  .  O^  =  iy/^  AG*  .  PM  .  Oft. 

Now  since  the  rectangle  OQ,  Qq'  is  equal  to  the  square  of  the 
l-adius,  and  p  bisects  QQ^  ^^  ^^  ^  ^^1'  known  property  of  the  circle, 
isnd  has  been  demonstrated  by  Dr.'  Stewart  both  in  his  **  General 
Theorems'*  and**  Tracts/*  that  pm  .  0(J  =  qgS  coiiseqaently 

Although  this  demonstration  of  the  Porism  may  appear  very 
simple  compared  with  that  given  in  Art.  VI.  Yet  as  it  is  ob- 
viously applicable  only  in  the  case  when  p  is  without  the  circle. 


{     »05    ) 


an'Ias  ho  sulbh'limkalioflii'lkltolio^e<^ilri>r•  8tewirt\  Aiun« 
cialion,  it  was  desirable  t6  have  a  direct  investfgaiioi|^  inde- 
pendent ly  ot  the. other  proposition;  otherwise  it  might  have 
been  matter  of  doubt  whether  a  system  of  straight  lines,  satis- 
fying the  specified  conditions,  could  not  have  been  detennin^d 
in  some  other >manner,  when  the  point  p»  or  even  iw«  is  situated 
within  the  circle.     The  analytic  myestigation  ^ets  thi^  questioa 


fU  rest. 


PoRiSM  in.    (See  Fig.  3.) 


*'  Let  there  be  a  circle  given  by  position,  and  let  th^rebetwo 
straight  lines  ab;  ac  given  by  position)  and  let^,  i  be  two 
given  magnitudes:  a  point  o  may  be  found,  auch,  that  i£ 
through  the  point  d  there  be  drawn  any  right  line  me^ihg  ^the 
eircle  in  e;^  f,  and  from  the  point  e  there  be  drawn  eq«,  eh 
perpendicular  to  AB,  AC,  and  from  the  point  t  there  be  di^wa 
likewise  FK,  fl  perpendicular  to  ab,  ac^  the  square  of  eg  tp« 
gether  with  the  space  to  which  the  square  of  eh  tes  the  same 
ratio  that  a  has  to  i  will  be  to  the  square  of  pk  tocher  wit^h 
the  space  to  which  the  square  of  pL  has  the  lame'ratio  that  a  has 
to  ^,  as  the  square  of  ed  to  the  square  of  df."  ' 

-In-order  to  connect  this  Porism  With  -the  first  in  Article  VL 
it  will  be  convenient  to  premise  the  following  Leti&inar^ 

kst;  Let  ab,  ag  ()e  two. straight  lines  making  given  atigl^s 
with    th^    axis    ax*    '  -       ^ 

Through  any  point  o 
in  AX  draw  a  perpen- 
dicular to  AX  meet* 
•ing  AB  in  m  and  ag 
inn;  take  op  and  oq 
each  equal  to  a  mean 
proponional  between 
am  and  oni  through 
A,  p  and  A,  q  draw 
ad  and  AR,  and  from 
any  point  p  let  there 
be  drawn  pB,  pc,  p'd, 
PB  respectively  per- 
pendicular tOJLB^  AC, . 
AD,  A£ ;  then  pi'  ^ 

l^fi^)  where  a:  b  it  a  gtVeni  raitio. 

VOL*  V.   PART  II. 


v{      (         106;       ) 


'Thrrv  <ir^  >yAieiog  ihe;.<:«-^(lia|ttei  of  y,) 

;  •  PC  £  X  sin  JS  •+ V  COS  |ij 

*  pc^zz  **sin*/S  +  y^cog^^  +  2xy  sin'iS'cos//. 
On  multiplying  the  second  of  these  two  last  equations  %y 

-: — -r jr,  adding  them  together,  and  observing  that  sin  a  cos 

]jipy>  si^icf  Ijy .  cpWtr,i^t)LO^  p  p*  f.  ^,/»  •  ^  «»  <??^.^  «  \art«  y  = 
"ilitaiin'^   '  -'    ':    i..  '•"/'.     ."      '    i"    i     .       '    " 

•'    -  '     '  d      *    vui'tt'Co^  tr      ^, .      .       41  -^  h 

Let  US  now  put  r-  =   -r— 5 .    ^ i^is ,g;ves.  -.  ,.   >  — 

'^       o  sin  i3  cos  ^       ^  7^     >Cxr  J. 

sin  %  COS  «  +  sin  /3  cos  /3  sin  (a  +  jS)  cos  f«  — i^l     ^,       ,. ' 

sm  /S  coc  /3  ,    sin  /S  p os.g. 

l7y  the  subsritution  of  these  values  the  abovx  Equation  beooijDea 

PB»  +   I   PC«  =^-|^^  (**sin«y;+ Jf*|E:Q^«fy)> 

Now  since  dax  =  EAbc  =:  y,  we  have  f2|rth|er 

PD  .1=  ;r  sin  y  —  y  cos /y 
PE  p:  jr  sin  y  +  y  cos.y 

therefore 

pp' ^+  PE*  =:  2{jif' sin*  y +#*  Cps*  y)  ; 
and  consequently 

PB*  +   I  PC«  =   ^  (FD*^+  ?S> 

Because  s  sin  a  cos  <k  =  sin  a  «,   and  a;iip;^€Os^ :?  tin.  fljg^ 
therefore  ^  =  ^|||  " .    Tlw^ji^b  A  di^l"^  J^^  iPailki^g  ap  #»- 


(v    ««F      )) 


a 


•/  •-• 


'  t  <•. 


-T    /»       •      »  \ 


^V  liencef  ^heii  the  gMoffht -Imei:  AS|  ^  Afa|  and  ikTrntcDlbf 

^i  to  6  IS  given,  and  it  is  required  to  determii^e^p  fi^fiASisih 
is  only  necessary  to  construct  an  isosceles  ^/ia^^I^^l^^i  .na^m^ 
th^  angle  at  the  vertejf  double  of  the  giv^n  af^lg  jBj^',M<fm 
div^fddfiH^  basQ jmo  twojur^  in  ^^so  that  r,t  :  f  /  •*•  ,a^';  *^^.  {^j^. 
point  /  ^ill  deterwttrre'  the  {K>aitk>n  of  the  axls.^^^  ^iin^  f^g^p 
^ueptly  that  of  the  straight  lines  Al>  ^«4  mz*     .  .,^^  ' ,? ,.    ' .,       ^ 

2d.  jbet  AB,  AC  be  two  straoght  Uaes  9t  rigbKMgliMjM  ftftCiii 
other,  and  tet  p  be  a  given 
point.  It  is  r#r<^ii:ed  to  draw/ 
a  straight  line,through  ?,  mee^w 
ing  AB  and  4q  in  b  and  C  ip 
that  the  di(Fe|rence  between  tlie  - 
squares  of  p^  and  pc  shall  be 
'    equal  to  a  giv^  space* 

Through  p  dii^aw  VD  and  pe 
perpendicular  to"  ^b  and  ac, 
and  through  B  draw  Bsr  peipea<«' 
dicular  to  pb  meeting  pd  in  f* 

ap4  m  r*  rwwes^nt  ^  giVjpii  .,;  ,,. ,.  f^:*; 
spac€.     W^S^vctl^eii..  ^:K;;;7n    t! 

and  by  similar  triangles 


♦    »    'I 


*  *       * 


A 


r 


tnefefbre 


PC 


*  >-. 


«  *    « 


••-     r- 


ii: 


7         ■   '     . 


i:v 


¥x 


VJ^   "^^fr    .-^  ^:  /rr-'l^.TT  '-'   -Aff^K 


.»  » 


*     '  * 


whence 


r^x  —  rV  =  /;k«  — /»;r  —  h' 


and  ^-     4^1±4iif:^.|^=!^^   ^'^ 

» 
■  "J 


tit     I.*  itr%  >n     «• 


&  A  «l  *     # 


■»    »» » t  I    •     *  * 


(     io8    ) 


QR^s  r,  dramr  mk  perpendicviar  to  db^  meeting  chr  semicircie^ 
in  ft*  and  draw  kf  parallel  to  bb*  By  this  meant  the  point  r 
if, determined,  and  *the' imeiiiection  of  another- semicircle  de- 
scribed on  PF  with  the  line  ab  will  determine  the  point  B. 
:  To  proceed  J.  wUb^tltt  investi^aiion  of  the  present  Porism, 
lei  AX  be  drawn  ^s  directed  m  the  First  Lemma,  so  that 
stn '  ft  9  A  X  :  sin' 


fig  * 


BCAX  ::  ^   :  ft,  ' 

sfnd  AM  atld  AK  to 

th^t  tte  tjangent  of 

i;iAXbrNAX«hdU 

be  a  mean  propor- 

titoalbetwef^nthe. 

tangents  of  bax 

CAX ;  and  let  u^ 

suppose  P  and  ^q 

to  Jup  tb#  points 

which  correspond 

to  B  and  A  in  the 

figure  *  which  '  i$ 

given  with  the  firsi 

Porism  in'AkticId 

Vl^and  A:9itid  d 

those  whichi  cori  / 

respond  to  Df  a^d  d  in  tb^ same  figure.    'Let  m  and  n^ represent' 

perpendiculabjrom  ff  on  am  and  at«,  and  n,  fif  perpend  it  ulars 

oil  the  same  two  lines  from  r  ;  and  join  pe,  qe,  yp  awd  QfP; 

III  consequence  Not  ib^  propexty  deinonstrated  in  the  first 
Lemma»  we  have  ' 

EG*  •*-  X  ^«*  •  ^^*  "*"  h  '^*  •* •  ^*  +  ^'*  •  **•  +  »»'*• 

and  it  h^s  been  demonstrated  in  the  first  Porism ,in  Art.  VL  tha| 
m^  +  mf^ :  n*  +  n'^  ::  p««  x  aE^  :  pf*  x  qf*; 

it  has  also  been  shewn  by  Mr,  Ivory  in  the  first  vol^mepf  tbt 
Repository,  that      . 

pe' )e  es?  i  pp*  X  (iP*  :s  66*" 
therefore 

EG*  -h  :t  eh*^;:  fk*  +,  f^^t^:?  i^nV  :  dp% 

.A  -        --    -#-■-, s:  •  ' 

which  is  the  property  eliuneiated.  .   ' 

o4Di6^bl4Aus^te  Mrliae'Miir'  ahts^dy  beeti'  denifohhl^ted  that 
|he  same  .proposition  is  true  of  any .  straight  tine  di^wn  •through 

iasweHaaithroogfci).      '      !  ^^ ^ 

It  now  remuns  only  to  shew  )p  jirhat  manner  the  points  P  and 


X)t\ 


A       t 


f    «09    ) 

Q»  and  thenci  p,  may  b«  found  when  the  circle  and  the  two 
straijriit  liim  AM,  ;&«^  are^i^en  by  po3ition..  ;     :  .  I 


lig^  4j. 


i>» 


u    .. 


.'  For  this  pur]ppsfi*.kt.  us  suppose  th'e  thing  dohe;  and' ibat- 
p'  and  Q^are  points,  such,  that  fc  being  ^^.ce^ceof  thor 


given  circle,.,  atid  ^   its-  radius)  ep'  «  jT'^an..    ^ 

Let  ^  represent  jhc;  given  angle  e^m,  then  we  know  from  the 

solution  of  the  first  Porism  that  tan  0  =  . ;    whence 

...   ►    •  *         *^'  'J 

-—  ss  -T-r ^  J  consequently  the  problem  amounts  to  thjj : 

cHfc         I  -!•  tariff*  ^^        /        r  .  '•^ 

HaVihg  given  the  pbints  A  arid  c  and  the  uraight  Irnes-  as  :  and; 
CB -(the  perpendiculisir  to  ae),  it  is  required  to  find  a  quadri^.' 
l^i^ral  figure  i»(2  ^'f*  inscribable  within  a  circle,  and  MiGh>fbiS} 
(fr-,i^t^tAi'^\'i\i^c^'i^.iQXi^  iti  a  giVeA  ratio;  and  thaft  itr 
opposite  sides  shall  intersect  each  other  In  A  and  C^  lOKii^mkaT 
equal,  angles  respectively  with  ab  and  ce« 
.    Let  A£ and  am  intersect  ci^iaii. sand  M,  draw  tf  perpen* 
dicular  to  ae,  make  eh  equal  to  em,  draw  hk  parallel  to  ec 
a^d' cK  paMlel  to  ae  mt^ing  hk  iti  R,  let  o  and.L  he-  the 
pSointar  in  which  cp  meets  ae  and  €K>i  draw  Git/pandM  to  GiO,< 
and  lei"  AM-imerseet  fb  in  s> 


!.►.    i    - 


•  '       4  s^         •. 


(    ii6    )  . 

ci 
Because  £U  or  cnt  a  bm,  ibettfard  «a  tft  ,M^v-r9  b«i  jm 

^^  tan  (p 

(  6C  i:  CK  :  CLt  therefore  eg  =  -^^^-^ — \  Snd  consequently 

CI* 

AC  =  •=•  -^^ —  •    Now  it  wall  $h*wir  at  the  begin- 

tan^         ^    CL  ^ 

tan  OL 
ning  of  this  article  thai  tafi  ^  2z  -"^f  (where  a;  j3  demote  the 

angles  paf  alrA  pqf   respectively)  tbereFoTe  tan  f  =  — 9 

consequently  qf  =:  fs«     Hen^  sF  :  ga  :;  tan  ^^  1  +  tan  (p. 

«^j^-         .       ^«n<P         /•    CK    ,  ^    :GC-6k         tan  (p 

and  GF  =z  GA —  =5  —      'I  V*'  -— ^ 


1  4-  tan  ^        I  +  t^qto    .        GL  1  -f  tan  ^ 

But  GP  :  GF  ::  ci:*  ;  <kfi,  therefo^  c^  ==  gf  •   -^.    and 

therefore  by  substitutipg  the  value  of  of,  we  hav^  gf  =: 
.  (CL  —  gc  tan  ?)f     Now  gr  is  evidently  e^ual  to  gf, 

and  the  triangle  qrp^  similar  tox?PQi»  therefpr^GP^  :  GP  :: 
l*.^lap$  ;  1— Jtani^,  wbcnc,?Qp'=  ^^^^^  (qL-octanf); 
iVotathhrWeliave  -  ,    — 

1  ^  tan  ^  ^  ' 


"«  ' 


CP^=  CG— QP'  ==   — i-^- '(^-^tiJul 

»'  1  —  tan  ^  ^ 

u  '.  '       .  •         -         ---■-:".  '         *    .      •  *• 

therelore     cV  X'  c*"=  r«  =   ^-5—  (co«  --  ct'). 

'  From  this  equation  it  appears  that-  Cfie  posltian  of  cp  vTiW  Bi' 
dbtcmnned  fcy  dil^M^mg  OG  m  ^icect^  jiu;^  ;»^  Vw(»f  «Q  ^ha^ 
o*?**^  fS  li*:  ss^ir*  f^t  r-n(w^  »  asid  >he  pojn^  .^  bcii^g  d^unme^, 
tlMlreto««n4eff:of'>lb^'Cgimtfiupuon  is  obvious,,  /on^a^d^opbtofx;^ 
ariFiu .  Tht^  f0m  ».¥iihp  i^e^i^iofs^  of ri^^lyj'ocifraigh* jin^ 


■  i 


*>''*^'      *'••  •-■    "•         .      •      '    •     ..•-•*>.*■  i,.j».» 


:.^1  Ldt  thtw,  hcj|: <yijctegiy*n  by^fi^Jiipn,  laqd  lAP,  ^^  tfirft 
stcnigbt  Itikis;«}vxo  hy.^s*Wn».a3i4  le^>i^  ^i^e  »;4<cb^.  f»wJi. 
to  two  angles  of  ^n  equilateral  iimj^c¥^  H:fi(^Mr^  1^' 


i  (     Ml  )  ) 

^hu  if  through  ithe  poi&t  jp  them  be  linkWn  4ny  line.ipifeoing  tbe 
^irclftvtfi  «,  F»  and  Ax)«ii  Jdhsi  point  i;  there  te  ^.raw^  e^a,  $h 
|iafpie»dt|:iilar  to.AB^  ▲£,  afid  likewise  there  t»^4raw9  fk.«  ;ra^ 
ojerf  ettdtieular.to  ab^  ag^  <th^.sum  of  i\»  cnh^n/s^f  %q^  ^h  M^iH 
qe^o  tb^.su«B  of  the  cubcy  of  ofk,  vIi  ^at  ^he  sq/W^4>{  »»  %o 

Tfai0  B(Hrtaaei  b  m  ebvi^HA  ^nAeimeoc^  lof  fthe  second  ^bijoh 
irai  <]efn9iifilcate4  ta  Art»;le  V I*  and  !lh»t  in  tim  Fim  YiQlMie,  ^ 
a^rhtch  we  have  alfready  alluded*  For,  having  fo^nd  thie  jM^at  fQ 
^  in  the  aecond  PoHsm,  ^i^ditheflce  the  p^int  ii,  we  sjiall  have 
by  neason  /of  the  property  ^tbere  demonstrated^ 

KJfr?  +  EH?    :    JFR^  +  rL?    ::    QE?  X  A 5*  :    ftff'  X  AF^ 

biK,  as  was  demonstrated  by  Mn  Ivory, 

qn"  X  AE^  :  QF«  X  ^f^  ::  ue*  :  ©F* 
iherefore^ 

7hiis  is  the  4afft  of  the  five  Pori&ms  announced  by  Dr.  Stewart 
-at  -tfce  conda^ion  of  the  woi<k  to  which  we  referred  in  the  begin- 
ning of  Art.  VI.  They  are  all  intimaleiy -connected  witii  eadh 
«^cr,  «nd  their  inveseigatjon  discloses  some  highly  curious 
properties  of  the  circte  amt  its  inscribed  qua^driiateral  figufep. 
Elegant ckmoDStfations  olF  many  of  the  '''General  TheoremsP* 
4)ave  been  given  hy  Dr.  SmaN  and  Mr.  iGIenie  in  the  jBdinbut^ 
Ti^Rsactions ;  and  also  by  Mr.  Babbage  in  the  first  nuandMrof 
'fii^HKle'S  fotirnal  of  Science. 

T 

)«^»  £rra/f0K;-^Page  104,  line  tjf/or  .tan^  tan  at  =:  tan  0^ 


iMH 


ARTICI4  X^ 

Section  the  First.     On  the  Contacts  of  the  Spf^ere,  ^Cylindert 

Cone,^  (^nd  Wedge. 

Severalforeign  mathematicians  have  considered  andrfs^lyed 
th^  ^^ojlpnian  ^^h'epi  of  Xangencies,  i^nd  its  kindred  one  of 
xangent^spiieres.     Solutions  of, the  foriper  on  the  supposed 


iiMffioll  6f  U(^  O^OHfeier  <$f '^Pergd,  had  beeh  giinen  hf  fA^hwt 
and  Vieta,  and'  the  fkler  had  beevi  solved  by  its  proposdr» 
Fermat;  and,  except  by  Mr.  Swate{'),  I  believe  their  mc- 
tfaodft  have  been,  in  sttbnance  at  leasts'  imrariabiy  retained 
-by  EiigKsfa  'ivriters  down  to  the  present  day.  These  soiu- 
<'lionBt  whidi.  ^re  prcservedtn 'the  works  of  the  Rev.  John 
Lawsoni  proceed  on  the  system  of  gradual  reduction,  making 
the  more  gc^era^l  case  depend  upcmiome  more  simple  one:  but 
the  foreign  methods  commencewith  the  most  general  case  of  the 
probleit)^  and  consider  all  the  others  as  particular  cases  of 
'this.  This  proceedingi  independent  of  its  greater  elegance, 
has  the  advantage  of  requiring  exceedingly*  Hrtle  work  m  the 
actiialxGnstttuction;  and  at  the  same  time  of  :opemng  a  new  and 
interesting  road  for  geometrical  enquiry*  In  the  writings  ^f 
those  who; have,  attended  to  the  problem  under  this  form-« 
as  Monge(«),  riachettc(«),  Gergoftne  (*),  Durrahde  ('J,  Gaul- 
tier  (*),  and,  SteinerQ-T-will  be  found  as  beautiful  a  series  of 
speculation^  as  c^n  perhaps  be  boaSted  "by  any  branth  of  geome- 
itry  wBateii  er,  so  pufdy  elementary  :  and  even  as  left  by  tkem 
the  subject  is  far  from  being  exhausted.  May  I  beg,  therefor^^ 
•to  offer  jny  mite  to  the  common  stock  ?  .     '       . 

.  (^onceifiiing  the  methods  of  investigation  which  have  been 
^generally  empl6yed  by  the  mathematicians  of  the  Continent^  I 
'know  there  is  much  'difference  of  opinion  in  £ngland;  and  for 
rimy  bwh  part,  I  look  upon  the  Descriptive  Geometry,  or  Ge- 
}ometfy:oi  Co-ordinates  to  bemerely  the  construftion  of  e()uii« 
tions  of  three  variables,  and,  ther.eiore,  as 'scarcely  diffefingili 
principle  from  the  Analytical  Geometry.  Nevertheless,  its 
cpdwer  is  great,  its  vmethods  dfegant;  and  iits- results  Ughly^cu- 
rious  :  and  by  means  of  it  we  can  often  condensea couvae  of n«» 
dious  investigation  into. a  very  narrow  compass.  I  have,  therei 
fore,  for  the  sake  of  brevity,  generally  adhered  to  the  methods  of 


^"m 


(')  Liverpool  A poUonius,  No. -i,  .p.  £5— 56. 

(*)  G6oin6tne  Descriptive; '8e(ft.  IX.  *Art.  4ft  ad  finem, 

(*)  Supp.  G6om.  Descrip.  Art.  24  to  40.  .       , 

Corresp  sur  I'E'coleToly'cch.  vom»  i.  p.  i8-^a8,^tofn.-II.  p^^s^— 4291 
torn.  III.  p.  21,  2&. 

Journ.  dc  ?E'colc*P^!yt€ch.  -Cak.  x  VM.  'p.  1^9 — 136. 
{*)  Annates   des    Mathematiques,  torn.  iv.  p.  349—359,   torn.   vii.  p. 

,    'sto^g<JB-       *  .  *     .  !    :        .•  - 

See,  also,  the  Mathematical  Repository,  *irol.  iv.  p.  109 — 115. 

(•)  Annales  des  Math.  torn.  vi.  p.  32i5«r329»  torn.  xi.  p.  1  — 67, 

-(*)  Jouhiak  de  lit' idle -Polyie^hi^quei  CahierxVx.  124 •^' to  814. 

{^)  Annales'dcsMatH.  tome  XVII.  p.  285  —  815. 

Sec,  also,  Cauchy,  Fran9ais,  "  Un  Abonnc,"  &  PcUt,  in  the  Arinalei, 

•  *        CorrespondanCe,  and  JournvK 


*  * 


are  founded  upon  the  doctrines  of  Monge,  as  first  devistoplld 
in  i)ik  tilethod  of  drawing  tangent-^planes  to  spheres;  cones,  *  sind 
^lindcr«.'  Sofar»  iiiJeed,  a»  no  cohstructiens  are  aCtulHy  e«4 
htbked»  h  might  be  thought  that  the  prmcTples  ol  theDesjdrip* 
tive  Oeometry  ar^  ncH  essentiaily  involved ; '(kit  ai  tiiese  nia^ 
BonihjSs  appear  to  have  been  one -of  the  imtnediate  Iniits  df  i^ 
system,  and  as  they  certainly  cannot  be  by  any  iM^9  tcS^ttii 
to  the  Gedihetry  of  the  Greeks,  it  i$,  if  ncoeStory,  to  ehal^c« 
tierise '  them  at  dl,  most  natural' to 'c6Aridier:ttetti  iisabrtffidh 
of  the  I>6scrtptiv^  Ckiometiy.  Yet,  thotigh  I  helve  dnj^oyed 
ihtt  mode  of  reasdnihg*  Which  in  its  appHtiitiotl'  to  the^etubii 
jects  it  suffieienely  simple^  1  have  enipioyed  the  eottiMbn  ot» 
perspeefive  method,  bf  detineatkHiV  6h  accoil^nt  of  its  bein^  sa 
much  .more  familiar  to  the  eye  of  the  English  Geometer  tatilA 
I  tn^f  add  that  «fxe^t  where  rtlflispeniibie  to  th^  progi^s^of  4n. 
v^ti^zttion  I  have  omitted  the -figures  dto{gethel»i  the  d^inea^ 
tipns  bv  the  multiplicity  t>f  their  lines -renderih^  the*  figure  tiS|OM[ 
diffcttU  to  cdn^i^ieh^nd  than  it  woufld  be  without  ^m.  Every 
subject  of  this  kind,  though  sim)[^le  enough  when  atudied  in^ 
models,  becomes  exceedingly  complex  when  reji^resented  itif 
pr^etted  linet-  eitherpersjiectiveor  des<^riptive.    '  '  ^ 

ft  it  the  prbpeiify  df  all  isubjects  of  investigation  that  thidf  gr»*[ 
duiliy  att^uire  a  set  of  termt  ahd  nbtations  pecultafly  thel^  own : 
and  it  has  been  the  case  in  this*  I  shall,  therefore,  prefix  thede^ 
fifiitiohs'bf  those  I  shall  have  occasion' to  use  iti  each  section, 
which  have  not  yet  been  naturalited  amongk  us.  For  the  pre« 
sirtt  ttdiiqn;  the  forllbwing  w^ill  suffieei     ^     ;  ^ .  i 

I;  Circles  and  spheres  are  often  denoted  by ^tf 'tingle  letter^ 
inclosed  in  parentheses;  the  tame  is  trUe  of'otiter^tarfacet:' 
thus  (k),  or  (G).   '  '.  ■:  .".t 

,  s.  It  is  often  found  convenient  to  denote  a  cone  by  tiier/(ettet» 
'  at  Its  centre  (vertex)  and  tonle  plane  section  of  it;  or  by  the 
centre  and  «pme  figure  iJirhich  it  ehVelopes :  thus  ^"  (o). 

3|,  A  cylipdef  it  conveniently  Tepretenved  by  two  of  the  sur- 
faces whicbk  envelopes:  thus  (o)^'('0-)r  '  *  >  ;A 

4*  The  axe»r(fclicai  oi  two  circles  is  that  straight  line  from 
any  point  of 'which  tangents  beipg*  drawn  to  the  two  circles,  they 
will  be  equal  to  one  another  :  such  is  shewn  to  be  the  property 
of  tt/certoiin  line^  in  all  our  eleroeittary  weeks.' ' 

j;  The  dia)He^ait^€al  of  ttod  sf^res  \»  that  jdaae  {irom  any  ; 
point  of  wnich  iftaugems  bedr^wn  to  the  two  spheres^  %iU  be  , 
cqtial^^   Ifwecoticeive  two  etrdet  to  revolve^  about  ,thie  -liae ' 
joititfig  tli0lr<€eiiipesi  they  wilt  generate  the  ipheres^  «(id  at  the 
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^/tiiMih^  OCrridiMl  wiU  lewnrate  iht  plane  «^L(M  ^  iM 
Ipheret* 

($•  .Tht^lftnt'-fadUal^ two paraUtl  right  cylinikrs^  ua|>hii^ 
Ckhh  ttiy  jpoiot  of  wbich  tangents  to  the  cylinders  i)eing  drawa 
IB  $Ui|fs  peii^ndicuka-  to  these  axes»  their  tangenta  will  ^ 
cmiak  li  Mre  imagine  two  cirpfes  in  th^  aaoie  plane  to  iabsviej»a^ 
fawr:K>^Kef^s^yeiik  ^ir  axf^radicM  w41l  generate  ^heplane«»- 

yf^n  The  plane^aJic0l  af  Uoa  'ccnatatnc  ri^t  xjmu$:^  ia  that 
l^kioe  f roi9  any^  poittt.of  which  tai^eiiu  beifig  ^drawa  to  the 
I^MCkitf  ill  lianas  ;pei;fiieiiiiicular  to.  their  axe%  4h^^  tta^gents  wilt 
be  .equal*,  if  we  conceive ,  that  ^ypojntiiia  the  plane-iadicai 
of  tw^^-^pbereabe  ^ade  the  oentire  of  cones  each  enveloping  one 
el  tbe-i^faeraii  then  the  axe-radical  of  the  spbores  bop^naes  that 

.  -S*  Xbe -/^/aii^fizi&W.of  two'v^d^ef  pF  fioinci^  .c^^s  i^ 
the  aSWe  as  that  of  %vrQ  taagent-cpoes  whose  axes  are  4n  a  ^aae 
pecpendicotaF  to  the  edges  of  the  wedges* 

'9i» .  FAr^e  ^spheres  have  an  AXi^radic^d,  i  it  is  a  line  {rom  wbicfa. 
tahijenfa  19  the  .three  (ipheres  being  drawn*  -ar^  equal  ^  one 
anotbei!.  , 

10.  The  cenire  of  sinfilitude  oT  two  figures  is  a  point^imi* 
karly  ijc^ied-to  thdm  botb>  and  is  ^uch  tliat  any  line  or  plane' 
drawn  4^hr^i^  it  and  the  figures  ahali  cut  the  figures  into  siini^ 
lar  seghaed^* 

t'u  Tbe<oe'ni^eof  aimilitude  of  two  circles  is  the:  point  :in 
wl^h.lhe  Hfngems  interacicii^  when  the  circles  are  not  lyithin 
each  other :  and  if  they  be  wholly  without  each  other,*  there  are 
two^QKBiesrof  siinfiUt!ttde^-r-the  direc4_  which  lies  ^^eyond  the  less* 
andth^:Mt/^^<i  wbich  lies,  between  them; 

11.  In  spheres  the  same  things  take  place  and;the  fame  .napes 

'  xg*.  Jnoonel  tod  0y4iBdera«  jiiHtead  of  cnyelopii^^xrpnp^  and 
angles  weliave  ;tang^(;  planet ;  tHeir  in^rfectuun  are  lineaTTit^i^ 
are.'CaifedliaBiitof  (&iai«lMud!e»  :and.  are^enonfbaited  aa^rWx^r 
€Xternal  under  similar  circmnst^ces  to  the.focegoinj;* -  .      ;.  ^   , : 


1 


'     '"'.    .  X'^^*^  ill  .:■''."'.   • 

Let  two  pairs  of  H^Ies»-(i*iK^«X^and  (ooli^il)  (toiM^Kjone 

amAereyhuBBOncaUjQ,  ^eo  Ibe  eentfe  of  oiimUittide  %f  fitber 

pair  >wiM  Jie .on  iiie'«xe«radicat  of-l&e  o^er cpair. . :     ,    -  /  <  •.  :    : 

' Jj^t^fAs  B)^bK  tmudiod  symsnHri^ally  by  <o,  iij^ni9»ir,  O^n; 

then  o,  ki,ss»  bdiig^heicentat^^^f  Mi^Uit«uie  oll^^ii^ilk^f;  i^rib ; 


^;  .,•..-,  'i 


(     i»5     )^ 

0iie  «l|Rf^gb|  line :  9^4  r,  ^^  s»  bei^g  tl^^wilrtl'i^  filBi4iw4«;fl 


.  ^^'1' 


j^T^i^ftw: 


Join  D£»  CF,  IK  ;  and  draw  the  tangents  sv,  sz  from  s  to  the 
dircle$  (©j  aui4  (a).  Th^j?^  hec^^use  3  i^  i;be  ceiUrp  q|  utoUaiide 
of  CGi  «)» .i|C  is  pscaUel  to  pk;  ^ad^  therefore,  the  angle  zm  ;;; 
Z  Kis  zz  z.  CFS,  ^.nd  4.  3  cpaifuon  tp  the  two  tri^rjgjes  »fip, 
sCF*  Hepce  se  :  sd  ::  sc  :  aF|  or  ds  •  so  =  fs  •  se.  But 
JDS  •  sc  ==  svS  and  fs  •  S{}  =;  s^^  Hence^  SV  =  sz^  and  s  is 
a  point  in  the  axe-radical  of  (a,  b)« 

.  I9  the  s^rni?  di^nii^r  it  rq^  b^  j^wn  ^hil  )^  Q»Ure  of  j^miti- 
<Im4i?  pf  iAi  bJ  is  .9^19  the  93(^^i4r9d^9%l  .<»f  (Qt^ 

"'  At  tlft¥e  aire, -generalfy,  two  centres  of  simHitudQ  of  two  fcir- 
dlee,  it  iS  necessary  before  we  proceed  fijirther,  to  ascertain  t(i 
Whkhd(  them  the  preceding  theorem  applies.  However  to  avdici 
giving  a  tedious  investigation  I  shall  merely ,spt  down  the  re|ult» 
th^  ttuth  df  which  might  b^  immediately  verified  by  goj^g 
tfifotfgh  the  partitHilar  case^. 

*  t.  Let'(Af,(«)  be  directly  symmetrical:  that  iB  both  intcjr- 
changeabie  and  similarly  related  to  eacli  other.  This  is  the  case 
when  one  of  them  does  not  fall  t^hMy  wHhin  the  other. 

Then  if  (6)»  (h)  touch  (a)  ii^  the  same  manner,  to  preserve 
the  symmetry  they  roust  toyph  \^)  i^iih^  ^g^mc m^»i?er.  (^>,9nd 
(,ti^  %ay 'in  this  case  b^  .said  tp  be  dirtUly  ,symm<iUriciJr; 
aAd/t|je  centre  of  sir^iilHiid^  iind  h  (^  j^gjwnpi  ip.the  pro- 
position;  .     . 

If,  on  the  other  hand,  (g),  (h)  touch  fA)  in  a  different  man- 
oexi  the  symmetry  pan  only  be  preserved  by  their  touching  (b) 

P  « 


,      (     n6     ) 

M9)^4fif  a  ^it^nf  mannef :  ii^  thi»  casein)  and  f H>are  inmr-stt^ 
aymmetricaf,  and  the  centre  of  ^miiitude  inverse  it  that  meant 
in  pr.  1. 

2.  If  (a)  and  (b)  be  inversely  symmetrical,  that  is,  capable  of 
iffterchangfe,  but  not  similarly  related  to  one  another,— ^r,  in 
other  worast  if  one  be  wholly  within  the  other,— then  the  centre 
of  (imllitude  ^oken  of  is  always  directs 


(  ni. ) 


V 


>  An  immediate  inference  froih  (I.),  Orrartier»  a  particular  case 
of  it^  is,  that  if  any  number  of  variable  circles,  (o,  h^  .  •  •)  be 
described  to  touch  two  permanent  circles  (a,  b),  the  mutual 
tangents  to  fo,  Hj  •••)  taken  two  2|nd  two,  will  always  in- 
tersect in  the  same  straight  line.  It  was^ihis  form  of  the 
general  property  that  first  suggested  itself  to  my  attention*  and 
which  J  still  think  the  most  elegant  case  of  it«   ' . 

(IV.) 

Whatever  circles  be  drawn  to  touch  two  circles  (a,  b),  or 
to  cut  them  in  points  c,  D  which  are  upon  an  axis  of  siidilitud^i 
rbe  tangents  to  them  from  s  Svrll  be  of  tbe  same  length. 

*'  '  rv.  ^ 

' ilf  ihe  whole  syW»i  of  ci^3ie9  1*a;  ^,  o,  tr)  arid  the '  thke^ 
radical  rs  be  supj^sed  td  m^ve  parattet  to  ItMK,  tU^'  df cli^  wiH 
generate  a  series  of  cylinders,, similar  and  similarly  situated, 
whilst  the  linear  tangents  T8^  'W^  will  generate  tangent  planes 
IP' the.;  cylinders  (6,:  |i)  an4  ^e  a^e-raii^al  will  jenierate  the 
plaue-radical  of  the  cylinders  (a,  b),  and  it  is  in  this  pl?ine  that 
the  intersection  of  the  iriufudl  tangent  planes  to  (o,  ii)  if  ill 
always  meet.  .        ;     • 

Hence^  if  yari^ble  cylin4er§  touf h  two  per^iauenf  cylinders,         « 
^11  being  similar  and  similarly  situated,  the^angent  planes  to  the, 
yaxia^le  cylinders  will  always  intersect  ip.the  same  plane,  and  in 
a. line  parallel tp  the  ax^s  oftbg  cylinders. 

iVh  ) 

If  instead  of  circle?  in  (III.)*  or  indeed  in  (L),  wp  substitute 
ellipses  similar  and  similarly  placed,  'the  same  prpppsition  wifl 
httid  true  respecting  theiift ;'  for  such  would  fee  the  result  of  anjr 
section  made  in  the  cylinders  of  (V.)/     ' 


i      .      I 


«        I. 


l»7    ) 


(  VII.  ) 

If  inttead  of  cyU))4ers  as  ^n  j[y»).  ^^  J^A  supposed  cones  Ae» 
scribed  from  any  point^  j?%.  in  space;,  and  haying  for  iheir  bases 
the  circles  (4,  b,  g^  H)r  then  the  tangents  TS?^,  ^ip^  would 
determine  the  tangent  ^Mes  6f  the  cones  F^Cd),  v(k)  and  P^Ri 
^ould  be  the  plane  m. which  they  intei«eiict. 
.  .Wh^nce«.  iT  two  concentric  pehnan^At^ '  C6tiei  upon  eircmtsr 
i>ases  he  touched  by  iwo.oth^  coMt  whose  bases  aire  atsocii^ 
ciilar^  and  their  ce^es  .  in  the  ^me  point  as  thtf  first,,  th^  the 
laiige^tiplanesrtQthes^  latter  cones  will*  always  intersect  in  the 
same  plane. 

(  VIIL  j 

Any  syftem  of  sections  of  thp  cbnes  of  (VIL)  will  bavjp  the 
same  property  as  tl^e  circles  in  (IIL)  or  the  cylinders  in  (V}: 
aiid  for  a  reasoA  liihihr  to  that  of  (V •! 

>  (IX.)' 

If  upon  any  such  systehi  as  that  in  (V|II.)  a  system  of  conef 
or  cylinders  with  their  corresponding  planes  be  raised  like  those 
of  (V.)  sind  (VII.),  these  will  have  likewise  those  saud  proper- 
lies :  and^any  seiiiions^  of  these  wi]l  iko  have  the  propesn^i  of 
(Ij  VI,  yut) ;  and  $o,<^  infinitely. 

J,  To  these  eieiiii^slot  cones,  some  curiouf  properties  belong  (i  bo 
to  insert  them  here  would  be  to  depart  from  thecourse  masked  iout! 

(  «•-  )  .  ■ 

If  two  variable  spheres  touch  two  permanent  spheres;  the 

variable  eohcs  Which  cifcumscMbe  these'  will  liave  their  vertices 

(<ir  eenftr^s)  iiiihe  same  plane! 

|^t(A.B)beth^ 
perm^net^t  spheres 
(c,  HJ  the  variable^ 
ones*  Join  ha, 
AG,  gb.bh:  these 
pass  through  thc^ 
foiif  poinis  of  con- 

toCt    C,    D,    B^  f^, 

Frodtice     ef    to 
nieetHci  ins  an^  /^ 
BO  to  meet  it  in  s' 
ipj^g^nedjor  tbe 

;'  pcment  ^o  be  difv 
erent  fron»  s. 

Because    ^af, 
l>s^tare'  isoseelei' 
triangles  we  have 


'^■i  • . ».  I 


<  w« 


'(     "8    ) 

US    :  so  iz  nit  i.tc,  and 
Hs'  :  s'^  :r  tibi  cor  fettt 

But  since  hs  :  cs.ii  UB  t  pa,;  il  it  tlie.ctnttQ  of : fimilitifite 
^.^  syh^fiea  j(a^  H)t  and  tibo  oeacsr  ^f^nmilkude  ^f  two 
jphoTilt^,  U  ^»«ei|tFe  {0r  vanex)  of . their  «iivdo]fcnig  ooAe^ 

A#iMfi,/(tt  ibiQ  UnM  sf^  Dc^  fiH  i€uc  tiir  apbnret  aipja^m 
41*  A 1^^  >W<i  «»d^  J^  Than  ii  may  beialMMia^  «s^  i»  (LX  tiu^ 
£S  •  SF'=  se  .  s/=  8&-.  sd  1=  sc  «  sd« 

But  SE  •  8F  and  ac  «  sd  are  the  8(|uare8  of  the  tangents  From 
s  ,to  the  spheres  Xa»  ^  ^  >^<^t  ther^fo^^j  s  is  in  the  plane-r^idu 
tii  pfihe  two  jiphe/jst  (a,  b|,  Heiit^  s  is  the  centre  of  the  en- 
ve)o|>}hg  cone,  and  2hthe  p1^i|ieiffadi(;a1  pt  j^A^  a),  whiefi  j^coves 
the  proposition. 

NoUi  Precisely  the  same/m^li^d  of  investigating  the  particu* 
]|ar  ceojtre  of  similitude  i^cred  to, .  app to  hoi^  ^inJj,  Uf ^      : 

.  Ii««l«ar  ibifie  e» ^  and  o^  e  mod  Jo  a  fhat  the  four  pdinttf 
of  contact  of  four  spheres  awkloM^plant^y  M  waS  #eikiark€d  by 
M«  Ilaehdtt^ :  andqt  iqay  mopoover  4edaduoad4rit4i  dijual  readi- 


(  XI*.  ) 

If  variabifi  sphor^s^  tQUch.4Arj<^  .pwmai?ent  ^^♦f'^h?  '<5ffl*lf1» 
pf  the  variable  enveloping  cones,  will  jal  way «  be  ip  QW  H^^S^ 
line. 

Let  (a,  B,  c)  be  the  tb^^e  pewanent  sphered,  and  {6,  H)  two 
of  the  variable  opes-  Then  because  (G,  h)  f;auch  (A,  e^  the 
vertex  of  the  cone  enA^eloping  (&«  ^)  will  be  in  the  plan^-r^dicaF 
of  (▲,  b).^  For  |inii)^r  re^f|p(is,  it  will  be  in  theplaiie«nidi(^1  pt 
(a,  c)  and  in  that  of  J|[b,  c).  Henjpe  it  is  in  the  coQihioft.  inteir- 
section  of  these  planfs,  v|z*  ij}  the  axsk-radkal  o^  the  three 
spheres  (a,  b,  c),  Tifts  property  ig  meiniioned  'by'M.  Diipin,. 
and  by  him jittri^ed  ;(^9  -Mfell  s^s  another  beautffut  ptbj^irtj 
JSb^  idfigantly  d^mO^ratfjl   by  jtfachette,  A^t  34^  Supp,  to 

*  It  is  v<^  obvious  that  19  ^XK^f  yo,  ^  enveloped  by  iaxone,  the  splieies 
([G,  H>in(;^£iK>th  envelope  (4,  b,  6)^  Qt  ))ptb  louch  tbem  'Mxt»ttMy.  ^  W 
instead  of  the  vertex  of  the  cohe  t]|(Q  cseotrjc  9T  9ipiilitude  be  put^  ikm .  the  nto 
-where  one  of  them  as  g  includes  the  ii^roe,  ?nd  H  touches  tbem  exic^rm}!^  i^ay 
be  included  in  the  Theorem.  Ncnc^  theie  9fc,  only  three  f  aiiy;  gT  py ypniC^  P0<l^ 
iible— two  (^i'r^ c/,  ana  one  m'^rf^*  "  *  ^^ 


A   ,"9    J 
Mon£c^  Geotn.  Pf ic.^.j  to  M.  D»puii.    S<e  Conu  Poljft,  torn.  1U 

(  XIII.  )  ' 

Let  two  {lertnanem  rigtir  gW^  be  touched  by  two  variable 
right  eonei,  at)  issuing  from  the^atqe  centre;  (hen  ihe.t^n- 
^g«m'fA«M!stdtli^'V»MU'i£OnUVin  illways  Iftteriect  ihtlteiii)ic 
^iilhe.  --■<■■■-'■ 

Let  the  common  centre  t"  ef  the  fouf  con^lie'  ibadi;  1^  tientK 
irfU  »i»heS!%,  6ca&  let  thik-lq>lieiii'thtcr«ett  the  fburi::one«'in the'fi>ur 
i^n^U  (a;big,'ji/).-  'ii  'fte*  sTfteres  fee  described  (a,  b,  G,  xi) 
wboie  contacts  with  the  four  cones  are  the  circles -(atfty^,  *;)  ii 
may  be  shewn  as  in  (X.)  that  tbe^V^riable  intersections  of  the 
cone  enveloping  (g,  M}  is  inth^  plarte-radical  of  (a,  b)  ;  that  is 
ID  U)e^planB4adt«al«f  '^t!hsetKtfri^\,.i"(ei.  ^F4h«^tan^nt 
plane*  «f  the  (:onfl^.a^'(«iJ,y(a}  iWW:  upo»  the  v^riaUeorall 
s (o,  H )  and  alto  pass  ihroughs":  that  ii,  they  inteFtoct  in'ttn 
\iuts'%viiicbisaiv^tw  ibc  y]piic-ra(yG4l«f-B",(A)t  »"^)t 
since  4»^«f.4ti^iiHt  s'''«Rd«.v«'a'thatfltuiet    .     :  > 

,;"  v.;  :\;.i3ciy.i    '  '  .   .. ;,'  ■  ' 

The  variable  cone  enveloping  two  VafiablC  trpHem  neb  i^ 
which  touches  two  concei)trit:,^i^t  conei.  or  two  parallel  right 
cylinders,  will  have  Us  veWek'ih'thfc  same  plane. 

Far  envelope  the  two  iph^res  in  two  ri^ht  conCi 
or  jpacallel  right  cylinders  (p,  g],.(h,  b)  as  theca 
then  the.  tangent  jiianes  to  these  variable  .cones  oi 
witltouc?!  (Jiecone  ip  fjbestion  s(e,  a);  and,  tl 
iex  willbtjiin  their  line  oT  intersection,  that  ii, 
Ae^plane-iadical  ot  t^^ermanent  cones  or  cyMnam.  ^ 

;;     ■,',';  c^v.)  ■■,■■■ 

i  iifthetwa>oaiicitfi(AOand'«".(s)'bave  thet^agcetwlibertuni:; 
[flane  3tith«<eentlwro£>llie 

pfams  I  ht riaiadB::«o  ipMU 

tion  would  give  a  figure 
like  the  annexed.  Hence 
we  learn  that  if  from  any 
point  ^'f;  two  apgles  'are 
d^wn   and  any    circles 


(tt)j;i^  he  descf^bqd  to  . 
taii^>aie,sidiEE  of  bhe^wu . 
gtcs ;  tMti  the  intersection 


X    »»    > 


kof'tUtnn^ctiit  6  (d,  ti)  wiHaMays  be  ink  iti^ai|;h^t  ttne^  h'^. 
A  properly  which  admits  of  a  neat  demonstration  by"  pt^anb 
Geometry. 

If  two  variable  rigkt  cylinders  be  inj^cri|>e4  in  two ^wc^g^^  whose 
.   edges  are  coincident^  the  tangent  planes  oJF  these  cylinder^  will 

for  if  the  .6gure<  19  (XV..)  ms^m  Mral|4;(^9i  4^A  if>  w'^ 
Uenei;atp  such  a  systeip  ^  <hat  w,e  ^^k, of ;.  hjep^e. t}i^  vm^ 
attion  iao^vious*    .  •  . ,    ^  .    .  •      •»•    »  .  .:•       .♦  -^  -,  •■•,  t  -     .:  » 

^.  •■/•■•■•    •  .c'jivii.),: ,';;'. r  •■;:" 

tf  two  T^Hable  spherea  be  insevtb^  (vi  two  Werfj^of  tbiiici-^ 
defvC  edges,  the  virkble  entel^pb^'^orte^  will  ha^e  its  Vertex  in  this 
aahie plane*  -•"  '        '/   ••. 

c.  Sor  if  the  Spheres  fo.Tt)  be  eadi  ihivek^(>ecf"iti  a  cylinder  the 
common  tangent  pXvtt^H  to  these' cylito^eri  iV^ttrdSsI  Apotrthe  ridM 
of  the  variable  cone,  and  the  v^rtQ^  of  this  will  be,  therefore*  in 
the  intersection  of  tholse  tahgefit  {riailiest  that  is,  by  (XVI.),  in 
ifie  plane<«iadtcal  of  the  K)r<^f^s., 


'  •  t 


'  Let  two  Concentric  Variable  c^bnesiM^hosei  bortitiioh  C6htre  Is  iit 
the  common  edge  of  two  Wefdgei,  be  touched  by  tangent-planes; 
these  tangent-planes  shall  interikict  altArays  in  the  dame  plane. 

For  in  these  two  vafiablfe  cbiies  $''(6),  s'<(h)  let  any^two 
spheres  (c,  h)  be  insci'ibecl/  and  let  thetn  be  eny^Ibped  ^y  a 
third  cone,  8(6,  hK  The  tangent  planes  to'  the' two  former- va^^' 
liable  cones,  s'^(c),  s^^(h)»  ,will  rest  upon  this  cone  also.  The 
.  intersection  of  the  two  tangent  planes  will,  therefore,  be  a  line 
passing  thrbttghtbe  common  centre  9ff  of  ihe  two  first/conte  adid 
the  centre,  s,  of  the  third  cone.  Butithecmtterof  the  third 
cone  It  in  the  plane-radical  of  the  wedges  {KVilU)  :whtch  plaiie 
also  passes  through  the  origin  of  the  two;  first  09nel'(  jsnd«i  there^ 
fore,  the  line  of  section  gs^  of  the  tangent  fuanbsis  in  (he  plane* 
radical  of  the^edges(4),  (a).  ::♦.;:.  j 

.  (  XIX.  ) 

It  abpeats  almost  unnecessary  to  remark,  that,  in  all  cases,' 
insteaci  of  vertices  of  the  envefoping  cones  W6  niigbt  have^id 
centres  01;  axes  of  similitude,  and  thereby  ^  have  given  gre^tet 
generality  to  the  propositions.    The  method  6f  reasot)ing  would 


t2%      1 

io  some  cases  have  underg^e  slif^t  modi&rattdns*  aiid  tlit  ttatei* 
ments  would  have  required  more  expansion;  on  whicb.accouni 
I  have  satisfied  myself,  generally,  with  the  enunciation  and  de* 
moostration  of  the  most  prominent  and  most  elegant  cases.  The 
same  may  be  said  of  the  following  propositionSt— the  concluding 
ones  of  the  present  section. 

(  XX.  ) 

If  upon  the  surface  of  a  sphere,  there  be  two  permanent  cir* 
cles  (a,  b)  and  these  be  touched  by  two  variable  ones  (gf  h) :  then, 
^reat-circle  tangents  to  these  two  variables  will  always  intersect 
in  the  same  great  circle  of  the  sphere. 

For,  to  the  centre  of  the  sphere  8^^  draw  conef  resting  upon 
the  circles  a,  b^  gfh:  then  the  tangent  planes  of  sf^  (g),  $  (A) 
cut  the  sphere  (8^0  in  j^at-circle  tangents  to  the  circles  {gfk) 
and  the  plane-radical  of  the  two  cones  S^^{a),  B^^{b)  in  which 
the  tangent  planes  intersect  being  a  plane  through  s'^  cuts  the 
sphere  in  a  great  circle,,  the  locus  of  the  intersection  of  the 
great-circle  tangents  to  {g,  k). 

{  XXI.  ) 

It  may  readily  be  perceived  by  comparing  (XL)  with  (XX.) 
that  it  two  circles  upon  the  sphere  touch  two  others  symmetrt* 
cally,  the  four  points  of  contact  are  ujiion  another  circle  of  the 
sphere.  The  same  which  takes  place  when  the  four  circles  are 
on  a  plane. 


As  a  good  deal  of  preliminary  mattet  will  be  necessary  ere 
we  shew  how  far  and  under  what  circumstances^  properties  ana* 
logous  to  these  are  true  of  lines 'and  surfaces  of  the  second  order 
situated  in  space,  I  shall  make  these  the  subject  of  another 
section. 

fT*  be  continued*) 


ARTICLE  XL 

Dynamical  Proposition  and  Problem* 
,  By  Mr.  Masok. 

I.    On  the  Progressive  and  Rotatory  Motion  of  a  Body  in  fret 

space. 

The  followinfl[  proposition  respecting  the  progressive  and  ro- 
tatory motion  of  a  body,  when  impelled  at  any  point  by  any 
Vol.  v.  Part  li.  q 


T 


f  t«t  ) 

jmpuiie,  nay.iie  of  ttrviee ;  ai  has  been  proved^y  oiasy  writers 
^  M eehamcB ;  but  io  application  docs  not  seem  to  be  gcaerelJy 
understood*  The  proof  following  is  taken  irbm  Francoeuf's 
Treatise  of  Mechaniea. 

Let  AB  be  the  body  supposed  >on  an  horizomal  plane,  G  its 
centre  of  gravity,  c  the  point  at 
which  an  impulse  in  direction 
5C  perpendicular  to  AB  is  ap-     jf— 
piled  ^  Let  F  be  the  impuise. 

Take^^  r=  GO,  and  suppose 
twoforccs each  =  fp  to  be  ap^ 
plied  at  D  in  opposite  directioiis,  and  psraHel  to  £<;,  aitd  also 
conceive  p  to  be  composed  of  two  parts  each  c=  f  p.  There  are 
then  fonr  forces  each  c=  f  p  acting  on  the  body,  but  since  ^p  at 
D  in  dhrectioyi  /b  and  f P  also  at  D  in  direction  e-D  opposite  tofiy 
must  counteract  each  other*s  effect :  the  four  forces  produce  the 
effect  of  P  alone  acting  at  c. 

We  will  first  consider  the  force  (p  at  t>  in  diiteetion  ^d  and 
.  |.p  at  c ;  and  here  since  g  is  situated  with  respect  to  d  exactly 
the  same  as  it  is  with  respect  <to  c,  what  effect  soever  ^p  at  c 
would  produce  on  g  the  equal  force  f  p  at  d  in  direct iop  eD 
would  prodoce  on  o  exactly  an  eguat  ani  opposite  effect :  con- 
sequently |p  at  c  in  direction  EC  and  |p  at  d  in  direction  eb 
destroy  eacm  t>ther*s  efiect  on  the  centre  of  gravity  o  of  the  whole 
mass,  it  wtH  therefore  be  undisturbed  by  these  two  forces :  but 
since  they  are  equal  and  at  equal  distances  from  c  and  tend  to 
turn  the  Dody  round  g  in  the  same  direction,  their  effect  to  turn 
,ike  body  jpound  G  is  the  sajpse  as  p  alose  woiUd  be  at  -c  if  ^  there 
<!itfere  at  G  a  fixed  axis  in  the  plane  xco,  and  this  is  the  only  eftoet 
cf  |P  at  0  apd  f  p  at  9  in  direction  tfo. 

Agaitty  the  remaiaiBg  |p  at  c  ai^d  tl»e  ^p  ajb  » in  the  direction 
jfD,  being  equal  and  at  equal  distances  on  opposite  sides  ok  g 
balance  each  other  about  g;  or  do  not  turn  it  round  a  at  all; 
but  since  they  press  the  body  in  the  same  direction  with  forces 
each  =  ^p -their  efedt  on  g  is  the  same  as  if  they  acted  at  any 
other  equal  distances  on  contrary  sides  of  g  in  the  same  direc- 
tionSy  or  if  they  were  united  at  c  and  in  the  same  direction,  that 
is,  their  effects  on  G  is  the  same  exactly  as  if  the  single  force  p 
alone  acted  immediately  on  G  in  the  direction  EC. 

It  appears  therefore  that  the  force  p  at  c  produces  a  two- fold 
effect,  it  translates  g  in  the  same  line  and  with  the  same  velo- 
city asif  itaeted  on  the  whole  mass  collected  at  G;  and  h  pro- 
duces a  rotatory  motion  round  g  exactly  the  sanie  as  p  would 
do  if  there  were  a  fixed  axis  at  G  perpendiculmr  %q  the  plane 
scg. 

We  may  therefore  calculate  these  two  effects  on  the  body 


separately  aa  if  the  other  did  not  exists  Thus  if.m  t:  mass  of 
the  body,  p  =  momentum  of  the  impulse  and  A  —  radius  of 
gyration  of  the  body  with  respect  to  a  aod  cSC  =3  A,  titcfl  th^ 

velocity  of  o  =  —  in  direction  of  p's  actipa  and  the  angular  vc- 

velocity  round  6  =  — ^ .    We  have  supposed  the  force  p  aa 

impulsive  force,  but  if  ire  cotistder  a  Succession  of  impulses 
at  intervals  ultimately  vanishing,  we  shall  have  a  continuous? 
force,  of  a  force  acting  incessantly,  and'lhe  effects  of  aw  pres- 
sures on  G  are  the  same  at  whatever  point  in  the  body  tney  are 
applied,  andlhe  effects  of  rotation  are  the  same  as  if  a  fixed  axis 
passed  through  g.  ,       \     . 

From  the  considerations  above  it  appears  that  Mr.  Low^y  has 
fallen  iiko  an- error  in  his  solution  to  the  ingenioos  problem 
iAff>)  by  Mechanicus,  in  the  Repository.  Fpr  .'the ;  pressure 
of  the  prop  on  the  rod  produces  the  same  effect  on  G  as  if  It 
apted  immediately  oa  g  in  direeti6n  pfrpendicular  to  the  ro4r 
and  this  being  sesolved  perpendicular  and  parallel  to  the  hori- 
zon the  vertical  pressure  takes  so  much  from  the  weight  of  the 
body  and  6  thereioie  descends  more  slowly  than  if  there  were 
no  pressure ;  and  the  Ixuizontal  pressure  of  the  prop '  diive*  6 
from  a  vertical,  line,  the  same  as  if  it  pressed  at  g,  while  the 
whole  pressure  of  t^e  prop  turns  the  rod  round  G  as  murfi  as 
if  a  fixed  axis  passed  through  g. 

IL  A  sphere  whose  -mass  is  p  is  placed  on  t}ie  slatit  side 
of  a  smooth  prism  whose  mass 
isQ;  the  prism  is  at  libei'ty  to 
slide  alon^  a  smooth  horisontal 
plane,  it  IS  required  to  find  the 
palfi-Of  the  point  of  contact  of 
the  prism  and  sphere,  and  the 
pressure  of  ttbc  sphere  upon  the 
same :  the  sphere  oeing  supposed 
to  move  from  rest. 

.  I^et  o  be  the  place  of  a  at  the  kisiant  the  pohit  of  contact 
wl^  at  B,  AB  ;;=  c^  ao  =,6,  and  bc  =zay  it  the  point  of  contact 
at  any  timeV;  on  =  j:,  np  =  y,  and  OA  =  x^,^  p  =  pressure 
on  the  prism.     Therefore 

IdF  "^  ""  pic  ••••(^)^''eaccelerative  force  on  p  indirection  Gc 


d*y  pi  .'    .. 

«od    -T^  zz'-'g  +  - — r  . . ,  ^3)  , , , ,   ...  pin  direction  np. 


q  2 
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'    Multiply  (t)  hj  f  Mod  (a)  by  q  3»<I  *<!()*  >i^  ^'^  bare 

«•.  p  « «^  +  e  •  «nr^  ^  c  =:  o  •%  p  and  q  b^n  to  move  from 
rest. 

AgaioHprs  AH.  JJ2  ory  =:(x  — jpj  ..  g^ (5) 

•*•  X|  =:  X  -^  «•  •  y  s  putting  this  value  of  :p,  in  equation  f^) 

•••  r  •  6— p*jf--o»  +  o  •  -  •y=:o'|Ory=  — -—  .t  •  «— — 

_a  Q4  ft 

the  equatipn  to  tlie  locus  of  p  which  i^  therefore  a  straight  line 
cutting  DC  at  9  point  whose  distance  from  o  =  -^  •  0,  and  in- 

dined  to  40  at  an  angle  whose  tangent  is  ■ ,.  jr. 

Again  subtracting  (a)  from  (t)  we  have 

.      d«4r       d?5.  _  ft     d«y    .  *•      /  . 

a     P  +  Q  _       *      ^  .    P      *• 

.-.j.^r-P  ^;  •  -7^  +  STTpS-'^"' — ac , F. Q — ^ 

•'•'  ^  a^.O^^Q^V^  *^  ''''^""''''  required,  which  is 
therefore  constant. 

Secondly.  ^  Suppose  the  body  p  to  be  projected  down  the  plane 
with  a  velocity  it  would  acquire  in  falling  through  a  height  =r  A, 

.••t>  =  v/?p* 

Kowdi before  ^  •  ^  +  ft  •  -jf  =  ^ 

and  here  ?%/w3l .  -  +  o    =  c 

M-'^^-r     b  dx  dx. 


■fr 


(   tn  ) 

6 


.•.  F%/i^  .  j-U— F.x  — Q.  «^    ntj 


o— p  .  J  — o 


=  c 


I 


a/i51. -.*+P.(ft-«)--(i*i  =o (6) 


Aho,«before^-.-3j^  =  -.2^ 


9nd  conieqaently  p  =  a'.lf+gj+^.g  ^"^  ?'««««; 


7  .(p  +  «).^.<« 


'••*-»=  77(iT5rnre  -  ^"^  •  c  • ' 

tf*  f  ft 

—  .(F+e)*^    \(p+Q).«-a.2.y-p.ft 

^  (p  + q).*— ft.  -  .y  — P.* 

— va^^  •  J. ■    r 

p  . V agS .  — 
a*  r  }  la 

7  •  (p  +  ij)  •  ^     J(p+ft)*-ft  •  2  •  y— '  •  *{ 

^'^"-''=  a-.(P  +  ft)+^«.ft ,...^4.5; 


(p  +  ft)  •  X  +  ft  .  —  .  y— p .  ft 


^ 
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plane  of  the  horizgn  at  in  angle  whoi^  taogeiit  h  **  r  1*  «  ^  • 

We  will  now  considkr  the  ca^<f  of 'a  sphere  rolling  down  the 
prism.  Conceive  a  fine '  thread  fixed  to  tke  prism  at  b  and 
eoiled  round  the  sphere  in  the  plane  of  She  great  circle  passing 
through  the  point  of  contact,  this  will  prevent  sliding,  aim  may 
be  cotisidered  as  producing  the  effect  ot  perfect  friction,  without 
which  the  body  must  slide* 

Let  T  =  the  tension  of  the  striiiffi  (he  other  thiftgi  beidg  the 
same  as  in  the  first  case. 


^,      d*M  _       pa    .    f  ri       (acceleratinir  force  on  p  ill  a 
dr  p .  e       ^  .t       /horizontal  direction 

-xr*  ^  ^ -^  si  .t'*.** 4».». 

^fir-v+  ^+  ?'^  =  J- ..--.-P.pcrp- 

itt*  ^      P .  c        P  .  c       f  to  the  horizon 

and  BP  being  =:  thespace  through  Which  a  pduit  i$  th^3ur&ce  of 
the  sphere  has  revolved  and  whi^h  is  =:  —  •  (a  —  y) 

.••-*—-*  .  -3^=  ~  ^  the  accckftting  Corce  genef-ating  r<SI»- 

tion  round  the  centre  of  the  sphere^ 

a      5T  pk         T.a  2P»c./t       s6 

c      ap      ^       P .  ^        p  .  c  7a  7« 

tf  PQ 

^    2a  P  4-  Q  2P  .  irC"        «6       ^ 

Hence  »  =        ^  >  ^  >^  ^  ^  >  (up -f  jft)  ^  «  ^^on^f^nt 

^       7^*.(p  +  Q)+i^.(2P  +  7Q)*    <     quantity 

and  hence  t  =  :^^^f  '  ^  '  ^  '7A^^"^ '^L-  s-^  the  tension, 

or  the  for^e  ^necessary  to  prevent  sliding. 

If  we  nreitipty  the  first  equation  by  p  and  the  second  by  (2 

and  add  them  we  thave  p  «  ---2  |-  o  •  -^-I  =0   as  in  the 

dr  dt^ 

first  case,  the  eqnarion  therefore  to  the  path  described  by  p  is 
Aerefoi*  y  tit  'i±^  .  %\x-  ?^. 

TJiB  puint  tkerefdfe  dewrfbes  the  sam^  straight  line  whether 


(     "7    ) 

it  slide  ddwo  the  prjsm  or  rolls  dowQ,  sliding  being  entirely 
prerented^ 

This  problem  has  not  been  furnished  for  the  Repository  as 
an  OTigiiol  oiie,  bnt  because  it  was  propiMed  ia  the  Gentlenan's 
Diary  for  the  year  1827,  and  two  solutions  are  given  in  the  Diary 
for  1828,  both  of  vrhich  it  appears  are  incorrect,  the. one  making 
it  a  transcendental  (lurve ;  and  the  other  a  straiight  line';  bm  not 
the  right  straight  line. 

The  probkm  according  to  the  firAt  luid  second  cafifes  in  in 
Bernouilli's  Works,  but  the  method  pursued  in  the  spliUiens 
above  differ  widely  I  believe  from  Bemouilli's  method,  but  I. have 
no  means  of  comparing  them. 


ARTICLE  XII. 

Suppose  a  wedge  of  a  given  weight  to  be  laid  on  a  horizoiali^l 
.plape,  oa  which  it  may  move  without  iriction,  tben»  if  a 
sphere  pf  a  given  weight  were  laid  on  the  slant  side  of  the  wedge 
.md  tb^QL  suffe^red  to  roll  down»  it  would  by  its  p/essui^e  cduse 
the  wedge  tp  slide  on  the  iiorizontai  pjane.  find  the  path 
df^scribed  oa  a  vertical  plane  by  tbe  poiiu  of  contact  in  its 
4^ce9t» 

^  T^  the  Editor  of  the  ReposUary. 
S|iR,-«-*Perbaps  i^obi^  of  your  readers  may  recolflect  that  I  pro- 
posed the  above  question  in  the  Gentleman's  Di<u:y  lor  the  year 
i8&7.  and  to  SMb  I  wish  to  observe  that  my  accompanying 
sol^tK>a  in  the  siicceading  Diary  is  incorrect^  inasmuch  as  that 
I  have  thefein  made  the  motive  forces  of  the  sphere  and  wedge 
equal  instead  of  their  momenta ;  also  by  assuming  the  differential 
of  the  ordinate  constant,  it  thereby  became  assimilated  with  a 
function  of  the  time.  On  the  hypothesis  that  the  pressure  on 
the  wedge  is  constant,  the  solution  might  be  as  follows. 

Let  ABC  ka  a  tactical  iseciion  of 

the  wedge,  c  the  point  whence  the 

inotion  of  contact  commences,  c  oi 

its  path,  and  cd  the  part  of  it  de- 

'scnbed  in  the  time  t;    draw  the 

verticstl  line  ceh,  and  through  o 

draw  the  horizontal  one  fde;  put 

'  Z.  CAB  =  fl-;  CE  —  ar ;  e^  ~  y ;  a;  =  weight  of  the  sphere;  W 

'  i=z  that  of  the  wedge ;% then,  la f  rz  x  .  cot.  a,  and  df  z:  jr  .  cot. 

a-^y;  and,  nnce  the  motion  commences  at  c^  the  horizontal 

space  dcscrfted  by  the  sphere  by  the  tijme  it  has  arrived  at  p 

is  =  y;  also,  the  space  described  by  the  wedge  in  the  same 

"timfeis  nx=zx  .  cot.  a—y;  whence  the  velocity  of  tjie  sphere 

J. 

at  9  in  the  direction  ed  is  ^  ;  and  its  momentum,  supposing 


(    ««8    J 

the  whole  mass  of  the  sphere  id  act  in  that  directional^  dht    ^  ^* 

m  like  manner  toe  velocity  of  the  wedge  at  d  is : — ,  '    9 

and    therefore   its  momentum   in   th^t  direaion    is 

d  .(x  .  cot.  a  — -  v)  1   .  f   1.  «     *t.^ 

— ^ -ji ^  X  w  ;  and  smce  one  ef  these  generates  the 

other  they  are  evidently  equal,  therefore,  multiplying  both  by 
dt  we  have 

dy  X  wzz  d  .{x  .  cot,  tf  —  y)  X  w, 
integrating  gives 

y  X  wzz  {x .  cot.  a  —  y)  X  w ; 
that  is  ED  :  FD  : :  w  :  ti;,  whence  the  path  is  a  right  line. 

Were  the  pressure  on  the  wedge  constant  the  preceding  so- 
lution would  be  correct,  but  I  have  some  doubt  respecting  that, 
for  it  appears  to  me  that  it  is  a  weight  equivalent  to  only  a  part 
of  the  sphere's  weight  which  acting  horizontally  puts  the  wedge 
in  motion,  and  if  this  part  be  variable  the  pressure  must  be  van* 
able  also-  The  most  rational  method  of  obtaining  a  correct  solu- 
tion to  this  question,  appears  to  me,  to  be  from  the  resolution  of 
forces.  Had  you  room  in  the  next  number  of  the  Repository^ 
perhaps  the  insertion  of  the  above  might  induce  some  gentleman 
to  give  it  a  solution  from  that  principle,  which,  Sir,  would  be  a 
gratification  to 

Your  most  respectful, 

Liverpool,  1828.  S.Jones. 


ARTICLE  XIII. 

jt  Dynamical  Problem* 

By  Mr.  W.  S.  B.  Woolhouse,  North  Shields. 

A  heavy,  slender  and  uniform  rod  of  a  given  length,  (say  36 
inches)  is  placed  so  as  to  balance  itself  over  an  extremely  small 
pulley  placed  vertically,  and  an  indefinitely  small  impulse  is 
communicated  at  one  end  in  direction  of  the  rod^  which  caused 
the  other  end  to  descend  while  the  pulley  turns  round  on  account 
of  the  increasing  inclination  of  the  roa  to  the  horizon.  It  is 
required  to  investigate  the  nature  of  the  curve  described  by  its 
centre  of  gravity  when  it  rolls  upon  the  pulley ;  its  lineal  and 
angular  motion  when  in  any  position ;  its  position  at  the  instant 
it  quits  the  pulley  and  from  thence  the  time  of  its  uniform  re- 
volutions, and  the  magnitude  and  position  of  the  parabola  de- 
scribed by  the  centre  of  gravity  after  leaving  the  pu|ley. 

So LU  TICK. 


(     ia9    ) 

SOLUTIOif. 

Let  AB  represent  a  position  ^of  the  red  at  any  instant ;  g  its 
centre  oS.  gravity  and  p  the  pulley ; 
PD  parallel  to  the  horizon  and  gd 
perp.  to  it :  also  let  ag  =  gb  =  o^; 
PG  =  *  ;  Z.  »PG  =:  ^ ;  the  pres- 
sure at  P  which  acts  perp.  to  the 
rod  =:  p ;  the  accelcr^tive  force  of 
gravity  ==  2g ;  the  weight  of  the 
rod  =  w  J  and  the  time  elapsed  =:  t. 

Were  we  to  suppose  the  time  to  increase  uniformly  as  usual, 
it  would  be  impossible  from  thence  to  ascertain  the  nature  of 
the  curve  described  by  G,  for  the  resulting  equation  combining 
second  differentials  would  not  be  integraSle;  in  fact  it  would 
be  inconsistent  to  attempt  the  integration  of  such  an  equation, 
for  when  the  differentials  of  both  quantities  are  variable,  there 
must  be  some  other  equation  to  regulate  those  differentials.  We 
sh^U  therefore  have  d  to  increase  uniformly,  so  that  dQ  =:  con- 
sent. . 

The  effect  of  the  pressure  in  direction  pd  =  p  sin  0  and  in 
direction  gd  iz  p  cos  B ;  the  velocity  of  G  in  direction  P0  = 

.^u    ^     ..fi"  and  m  dufction  i>g  tz  ~- ,  consequently 

^1             I       .         f         •       •      t-       •                  d^  •  (x  cos  d) 
the  acceleration  of  motion  m  directjion  pd  =  rs '-  •— 

4ft.d.(xco%e)       ,.     ..       .  i*.(;rsind)     drtJ.(xi\nd) 

T3 and  in  direction  dg  = ^-rr ^j  . 

dv  di>  dt^ 

and  8i];ailarly.the  acceleration  m  angular  motion  '-^  —  — A  3-^  • 
Therefore  l^y  the  mature  of  forces  we  have  the  three  following 
equations:^  .  «n  fl  =  jM^rcosfl)  _  d»<.^.(.rcosfl) 

J  P  a*      do  .  d*i 

'""^w  =-  z^'-w- ••••(3). 

By  substituting  the  value  ot  —  given  by  the  3d  in  the  first 
and  second  and  transposing,  we  have 
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t  no  ) 

d*,(xco»e)       d't.dCxcote)   .    a'de     d'l     .   .  ,  » 
2? d? +  -gF-  2j3-«°«  =  o-"-(4) 

,iP.{xsine)      trt.d.(x sine)      aHQ  iH      -„  ,n 

To  the  fomer  of  these  multiplied  by  21/  •  (a?  cos  0)  add  the 
latter  multiplied  by  %d  •  {x  sin  dj  and  we  have 

fld  . {x  cos 6)  .  J^ .  (a? cos  g)   giV,(i,;g  cos^p 


fld.ftsine).d*.(xsine)  _  2d^i.(d.xsind)*  _  gg^ , ^      c?'/ 

.  I  cos  0  •d*[x  sin  0)  —  sin  0  •  1/  •  (a:  cos  6)  |  zz  /^g ,  d .  (x  sin  6) 
or  (since  cos  0  •  (2  •  (a?  sin  d)  —  sine  .  d  .(x  cos  0)  =  a? .  d^.^ 
grf  .  (Jf  cos  6).  d^ .  (j  cos  g)  gdV  •  (d  ^  X  cos  0)^ 


gd.  (JT sin 0)tfr,Cr sing)       gcP^.  (i.xsing)'  aa^.dS^   d*f 

dt^                                   di"  I         di^^\ 
j^gd  .  (x  sin  d)  which  integrated  we  have 
(d .  X cos  0)2    .    (//.^in^)«   ,    a""     dd*  .     ^      , 
"3?^ •*■           (/^«   '     +  "^  •  5r«    =  4g^  sin  0;    but 

(d  .  xcosly  +  {d  .  X  sin (9)*  z=  da?«  +  a*d6^ 

•'•■^  "^  Vl"^     J  •  5?  =4^xsin0 , (6). 

By  equations  4  and  5  we  have 
d'.(xcose)        «  ,    .  ^.       tfVO.sine)      d*/ 

Multiplying  the  latter  of  these  by 

c  7  /         nx      aVd.sinfl?  ,  ^     /a'        ^,  .^     . 

a?,  ^d.(a?cos0) >  zzx.dx.cosO^l^  i'X^)de.un6i 

i  3^      )  \3 

the  former  by 

c  f'         .    .,      d^dd.cosS}  -       .  n  .  /^^   .      «\f. 

a- J^/.(a?smd)H ^  =a:»dj?,sm0  +  (  -  +  o^^j^d.cosd 

and  subtracting  the  two  products,  we  get : 

dt*  i  V3  /  i       •     df^' 


(     t3«     ) 

.  \x  .Jx  .  cose—  [  —  -^  x^jde  •sinOl. 

Orsince  by  expansion  cosd.^/2.(a?sin6)  —  siii0.d'.(xcos0)=2dap,tfd 
and  sin  e.d\(x  sin  0) + cos  6.  (P.  {x  cos  6)  =  d*x—  a?flf6%  we  have 

.  \x  .dx.cosO —  (—  +  x^j  .dd.sind^ (j)* 

Multiplying  this  equation  by  2dfi  .  ;if  sin  6  and  equation  6  by 
dt^ .  Ixdx .  cos  e—  f^  +ar*j  .  dd  .  sin  0  ^  the  right  hand  mem- 
bers become  identical,  therefore  equating  those  on  the  left,  we 
have 

ndx  .  dfl  •  sin 0  .  52a? .  dx^  -  (—  +  ^'^)  (^*^— ^  •  ^^^)  C    = 

5dx2+  {—  f  a?*)^d* J  .  5a?.  dx .  cosO  ^(-^^-x'^^de.ninei. .  .(8). 

Which  is  the  equation  to  the  curve  described  by  G,  dd  being 
constant. 

In  order  to  express  it  by  integral  values,  instead  of  a?  substi- 
tute the  indeterminate  series  aO  +  bQ*  +  cS'  +  dO'  -f  &c,  and 
for  dx  substitute  dd  .  (a  +  gBfl*  +  508*  +  706*  +  &cOf  &c. 
&c.  throwing  every  part  into  functions  of  0  and  equate  the  co- 
efficients of  the  several  powers,  and  we  obtain 

t/8      c         3  72  21  ^       . 

Or  since  the  terms  are  nearly  in   geometrical  progression 

a?  =  «l.  .  Jfl  +  La.a3+  ^.,?-  say  =  ~r  .  s. 

1/8      t  8         ^400  — 1960*^  ,    \/3 

To  determine  the  velocities  when  in  any  position  we  have 

"-■ 7i :  ■»  •  t ' + -3  «•  +  5;^.  +  n^^.| 

say  =  -f-  ,  R  .  dfl,  then  by  substitution  in  equation  6,  we  have 
the  angular  velocity. 


r  % 


(     I9«    ) 


but 


rf/        ^3  A  K    a  (a*  + 1)  +  3«« 

locity  along  the  puUey. 

At  the  instant  the  rod  quits  the  pulley,  tht  pressure  P  ^ill 

vanish;   and  since  —  the  angular  velocity  becomes  constant, 

we  have  dt  =  constant  and  d-t  =  o*  Therefore  by  equations 
1  and  2,  we  have  d^  •  (x  cos  d)  =  o  and  d^  •  (x  sin  0)  zz2g  •  d^. 
From  the  latter  multiplied  by  Cos  d  deduct  the  former  multiplied 
sin  d  and  cos  d  •  d^  •  (^sind)— sin  d.cP.(;r  cos  0)  =  2^  •(//'•  cos  d  : 
but  as  before  cos  d .  rf^  .  (jt  sin  d)  —  sin  d  •  ^  •  (or  cosd)  =  7,dx  •  M 

.\  dx  .  dd  =  2g  .  di^  .  cos  d ..............  4  4 ..  ^m ... .  (g). 

Multiply  by  j^x  tan  6  and  j^x  .dx.dB  •  tan 6  =  j^x •  di^ •  sin  d  ; 

by  equation  6,  dx*  -hi  —  +  ar*J   d&*  =  4^0?  .  dt*  .  sin  0, 

.-.  da^«  +  T-  +  oA  d9*  =  Ax.dx.de.i2Ln  6.    Divide  by  —  rfS* 
V3  ^  3 

and  I  +   <^  4-  -#— rj  =  ^  •  -;: •  tan  6.     Or  1  -I-  r« 

V'S     ^3       , 
4-  s^  =:  411s  •  tan  0,  from  which  together  with  the  values  of  r 
and  8  in  terms  of  d,  we  find  6  =  *686682 ;  a  =  1*940943  and 

Hence  it  appears  that  the  instant  the  rod  qulfsthe  p^lI^y»  its 
inclination  to  the  horizon  will  be  39°  ao^  38''^  and  the  distance 

of  the   centre  of  gravity  from  the  pulley  tz  ^  zz  -—  ,  t  = 

-y-  .  •867198  =  •500677  .  a,  about  half  the  semi-rod»  in  the 

present  case  being  about  9*61218  inches. 

-,  .  dx     dQ  .     ,      dx         a  dO 

By  equation  9.  5^  -  ^  =^  gcosO;  hm  j^  =  ^  .  ^  .  _^ 

a  dd«  A       3  d&         ^  /a  cos  0  ►  i/Q 

.*.  —  .  R  .  -7-;  =  ^  cos  d  and  -7-   =:  4/  2- i.-.  r  o   ^^    . 

•3  dt*       ^  dt  V  aK  — 

'830736  \/-f   (or  sitice  g  rz  193  and  a—  18   inches)  = 

2720229  the  angular  velocity  per  second ;  sind  the  time  of  each 

revolution  =  -^^  =  :^^^  .  ^Z  ^  ,  m  (he  present  cmc 

•     .  2T  6-1*832 

being  =;  or  ^2 —  —  s'^^'oooS. 

•       2*720229        2*720229  d^y"« 


(   «3a  ) 

To  determine  the  parabola  described^  wc  have  rr  =  -y- 

rfd  a 

•  »^  j7  and  X  =:  -—  •  s,  •••  the  velocity  of  G*  in  the  directioit 

„^  _  rf.(xcosO)  ,,     dx  .    ^    dB  a       dd 

»/  (f^  dt        ^Q     dt 

\k  coft  fl  —  sin  fl^   =  26*891514.    This  being  equal  to  that  ac- 
quired in  descending  freely  down  one-fourth  of  the  parameter, 

we  have  the  parameter  =  £^91514!  ^  T^^IS^  ^  g.^^g^ 

inches.     Also  the  velocity  of  descent .  that  is  in  direction  dg  z: 
d^fxsin^)        '   a  dx  _^  .    dO  a      dO     -      •/!««> 

__ =sm«.j^+*cosa.^.=  ~.-.{Rsin«+scosfi} 

=  53*744S8t  which  being  equal  to  that  acquired  in  descending 
freely  down  the  abscissa,  we  have  the  abscissa  x  =  ^^  ^^^ —  =: 

45 —  —  8*7416  inches.     Consequently  the  ordinate  Y  =: 


\/ } 374*9  X  374*6  }  =  3744«5- 


Hence  the  distance  of  the  axis  from  the  pulley  towards  the 
same  side  as  the  motion  =  x  cos  9—  Y  =  3*22536  and  the  dis- 
tance of  the  vertex  below  the  pulley  =:  or  sin  0  —  x  =:  1*9718 
inches.  Consequently  the  magnitude  and  position  of  the  para- 
bola are  completely  determined. 


«( 


ARTICLE  XIV. 
BytheRev.Mr.fiAU.VE,LUA.VfKzs. 

I 

From  Diveloppemensy  i^c.*'  by  Reynaud  &  Duhamsl. 

Theorem. 

Whatever  may  be  the  values  of  the  coefficients  and  of  tbe 
index  iii  the  equation  ar*  +  «i  x""~*  +  •  • .  •  +  Oft  =  o;  there  al- 
ways exists  an  expression  of  the  form  p  +  ^  V^ —  1  which  be- 
ing substituted  for  x^  will  satisfy  it ;  p  and  q  being  neither  of 
them  infinite,  but  either  or  both  of  them  finite  or  equal  to  zero. 


(     i34     ) 

(i.)  To  avoid  ihe  concealed  existence  of  imaginary  quantities* 
puttt+t/v/'-ifora:,ancti£+/^\/~i,ij— /'gV/— i,.J„+/„V^+i 

for  the  coefficients  In  their  order.  Let  these  substitutions  be 
effected  ;  and  let  u  denote  that  function  of  u  and  u  which  forms 
the  real  part  of  the  resulting  expression,  and  v  that  which  forms 

Its  imaginary  part,  so  that  a^^  +  a^  x^^^  +  . . .  •  +fl„=: u  +  vv/—  i. 
Now  will  a?'*  +  flj  x"^^  +....+  a„  =:  o,  whenever  u  i=  o  and 
V  z=  o  together ;  and  this  will  be  whenever  u*4-  v^  zr  o  since 
neither  u*  nor  v*  can  be  negative, 

(a.)     Next,    for  x,    ^j^,    a^,    ••..  a«  .respectively    put 

r  (cos  (p  +  v/  —  I  sin  9},  c^  (cos  Q^-t-  \/—  i  sin  0^), 

c^  (cos  djj  +  \/ —  I  sin  ^2), . . .  .c„  (cos  6„  +  \/ —  i  sin  9,^). 
The  substitutions  being  effected  there  will  result   • 

u   =  r»  .  cos  n<p  +  c^  r»~^  cos  {n — i  <p  +  9^)  +  .  .-i-c^  cos  0^ 
Whence 

u*  =  r^».  cos*  wip+2rir«»-i .  cos  ;r<p .  cos(« — Kp+^i) 

+r»«~»{c/cos^(«-i(p+6j  +  2C2Cos«(f).cos[»Z2(p+ft3)} 

and  v'  =  r»»  sin*  «(p  +  2c jr^^-i  .  sin  «(p ,  sin  {n—i  (p  +  9J 

+  r'^'«-2{Ci*sin*(w^(p+ej  +  2f^sinw(p.sin(«^f)+9^j} 
+   ..  ..-Hc„'sin*d„- 
.-.  U*  +  v«=r*»  -f  2rir«»-'  cos((p-9  J +r^-«{Cj2+  2^^ .  cas(2?)-ej )} 

"T"     •  •  •  •    "T   C^    • 

From  this  equation  it  appears  that  u*-4-  v«  becomes  c„«  when 
r  =  o,  and  that  when  r  is  continually  increased,  it  approximates 
to  t^  in  value,  and  accordingly  is  infinite  wheu  r  is  so. 

But  r«  =  r«  cos'(p  +  r«sin*ip  =«»  +  »*;  so  that  when  a  =  o 
and  »  =  o  together,  then  also  r  zr  o,  and  u«  -1-  v«  =  f„*,  a  finite 
value  ;  also  when  r»  i,  e.  u*-\-  »»  is  increased  indefiftitely,  i.  e. 
when  «  or  v  or  both  are  increased  indefinitely,  so  also  will 
u«  +  V*  be.  ' 

It  is  now  ascertained  that  u«+  v«  admits  of  a  finite  value, 
which  may  be  indefinitely  increased;  and  from  its  form  it  is  in- 
capable of  a  negative  value.  Put  a  for  the  least  value  it  can 
have :  let  «„,  o„  be  the  corresponding  values  of  a,  t>.  Also  put 
in  general  a  =  a^  +  z  cos  *,  o  =  t»„  -f-  ^  sin  *.  So  that  * 
ar  =  a<,  +  zcos*-h  (»<,  j-^sin*)  v/n=  a^  +  v^^ZIi  + 
t  (cos  *  +  vZ—i .  sin  *  1. 


(  m  ) 

Sutstitute  this   value  for  op  in  a?"  +  a^x^-^A-  ....  +««» 
and  order    the  result  by  ascending  powers  of    2,    putting 

*o(cos/3o  +  l/^sin/3j,  6^  (cos /S^  +V^^^sinj8i)  for  the 
coefficients  in  their  order :  then  will 

u  =*ocos^^+i^zcos(*^/3j  +  622*cos(2*  +  ^j  +  &c. 
Whence 

u«=Vcos2^o+«*oCos/SJ^,2Cos(*+/SJ+igZ*cos(2*+^,)+&c} 

+{6,2  cos  (*+/3i)+  b^z"  cos  (2*+^J+  &c.}2 
and 

v«=3oSin«^o  +  23oSin^J^iz(si(i*+/Sj+^,2*sin(2*+/Sj+&c.} 
+  {6iZsin(*+|SJ  +  ij22sin(2*+/32)  +  &c.}* 

.•.u«+v*=V+2^o{*i^cos(*+/3,-/3J+^g2*cos(2*+/32-i3^H&c-} 
+  *!  V  +  &c. 

Of  the  coefficients  ft,,  ft^,  &c.  every  one  cannot  be  zero,  as  in 
that  case  u^  +  v*  would  be  reduced  to  the  constant  value  ft^', 
contrary  to  what  has  been  shewn.  Some  one  of  them,  therefore, 
at  least  must  have  value :  let  the  first  which  has  value  be  b^^. 
The  equation  is  then  reduced  to 

u^  +  V^  =  h^^  +  260  {^,„2'»cos(;«*  +  (^m  —  Po)  +  &<^-} 

+  {ftiw*  +  &C.}  2^   +  &C. 

Taking  the  values  Uq^v^oIu^vi  i.  e.  making  u*  +  v*  =  a* 
this  equation  is  reduced  to  a  =  ft^,',  •'.  b^  zz  A^. 

Transposing  ft^'  and  replacing  6^  by  its  value  a*,  there  results 

i  u*  +  V*  -  a  =:  2 A»  {ft^.z'"  cos  (m*  +  Pm—Po)  +  &c.}? 

I  +{*«•*+  &c.}  z^  +  &c.  S 

Now  A  being  the  least  value  that  u^  +  V*  can  have,  the  first 
member  of  the  equation  does  not  admit  of  a  negative  value, 
therefore  the  second  member  must  also  be  such  as  not  to  admit 
of  a  negative  value.  Thus  necessity  requires  that  A  :z  o,  for 
otherwise  the  term  which  contains  the  lowest  power  of  z  will  be 

fiA*  ftmZ**  cos(7»^' +/3»,  — /3^j),  and  as  2  may  be  so  assumed 
that  this  term  shall  be  numerically  greater  than  all  the  others 
taken  together,  the  sign  of  the  second  member  of  the  equation 
may  be  made  to  be  the  same  with  that  of  this  term,    which, 

from  the  double  value  of  a*  can  be  made '  negative.  Hence 
A  =  o  i.  e.  u'  +  v-  =  o  when  x  zz  Uq  -{-  Vq  v/ — i. 

Therefore,  if  a?  be  assumed  =z  Uq  -{-  Vq  \/ — i  then  will  (by 
part  I)  x^  +  a^x"^^  +  . . . .  +  ii;»  =  9  as  required  ;  u^  and  r^ 
being  finite  (by  part  2).  Q.  £.  Z). 


(  ^<»6     ) 

RfiCAPiTULATipN.  »*  +  fl^  «*•""*  +  .^  . .+  a»  ^Of  when 
u'  +  V*  :::  o.  u*  +  v*  admits  of  a  imKumum  finitie  value,  l*ct 
this  value  be  A« 

The  correspanding  values  of  «  an4  v  are  finite.  LiCt  xht^  hfi 
Uf^  and  Vq. 

On  investigatton  It  appears  that  A  =:  o.  Where&HPC  -tb* 
values  Uq  and  Vq  being  taken  for  u  and  »,  give  u^  +  V*  =  o: 
that  IS  to  say  x  zz  Hq  +  v^  s/^^\  satisfies  the  equation 
^n  +  «ji  a?«-*  +  . . » .  +a„  =  o. 


ARTICLE  XV. 

On  ihe  Frtnciple  of  least  Aciion. 

By  the  Rev.  Eomunb  Sibson,  of  Ashton  in  Makerfield^  neof 

Warrington* 

Proposition. 

If  any  number  of  bodies,  «i,  mf^  &c.  connected  together  in 
any  manner  whatever,  and  urged  by  aay  forces,  f,  f'',  &c,  de- 
scribe the  spaces,  ds^  dsf^  &c.  ia  the  direction  of  the  respetfivc 
forces,  in  the  indefinitely  small  tirae<i?/,  andaf  d^rdz\  8ic.  be 
the  spaces  actually  described  by  the  bodies,  with  the  velocities 
V9  t/t  &c.  it  is  required  to  find  the  relation  between  the  foroes, 
spaces,  and  velocities,  all  the  bodies  being  supposed  to  move  in 
the  same,  plane. 

The  bodies  being  at  liberty  to  move  freely,  they  will  obey 
ihat  Law  of 'Nature,  by  which  she  always  performs  her  opcw^ 
tions  in  (he  easiest  ahd  shortest  way.  But,  that  a  body  may 
move  in  the  easiest  way,  the  path  that  it  describes  must  be 
such,  that  the  body  shall  require  the  least  motive  force  to  cany  it 
in  that  path;  and,' that  a  body  may  move  in  the  shortest,  way,  the 
path  tlwt  it-describes  must  be  the  shortest  possible.  Therefore, 
that  a  body  may  move  in  the  easiest  and  shortest  way,  the  sum 
of  the  products  of  its  motive  force,  and  the  space  it  describees 
uniformly,  must  be  a  minimum. 

Let/ be  the  sign  of  integration,  and  S  thatof  variation. 

Then,  by  the  principle  of  least  action, 
Jmvdz  ^Jm'v'dz'  +  &c.  =  minimum ;  and  tajcipg  the  vaiiatiop 


(  tp  ) 

Cor,  1.  Because  vdv  ==  Fcfi,  by  integration  v*  =  2/f^  +  ft 
Qifty  in  the  equ^tiofi  pdu  s;  jds,  t\\i^  v^riabl^  fprpe  S*,  is  pQflM? 
dere4  constant,  cluring  thp  time  ip  whifh  ^1  |s  desc^ib^d. 
Hence,  in  taking  the  variatipi),  i*  ni^y  be  copfidereci  cqn^tgnt, 
during  the  time  of  describing  //^.  fi\it  ihe  |imc  qf  flescnbjpg 
c/j  e<juals  the  time  in  which  the  variation  ^s  i^  made  ;  therefore 
W  may  Ij^  cor)«Td«'e4  cpnstaj^fc,  4i*ripg  ih^  ftpje  i{^  which  the  wskf 
nation  Ss  is  made.    Hence,  taking  the  variation  ot  v*zi2fvaS'\-c, 

v^  zz/vdh  zzjd  (rjJj)  in  wis. 

Bu^  V  =  ^;  hepipe,  .by  sub^M/utipi^  ^  Ja/    5?    f^/,    ai>4 

/hidzhv  zzfindt  ^els. 

AhOfJmvdBs^  =  — fn^dvlvi^  by  n^glectipg  the  definite  part, 
Therefore  by  substitution  in  equation  [t) 

fmdt  F^s  — fmdvlz  -^fwfdt  f^^j ---fmdif/^zf  -f  &c.  =  o (2) 

Cor.  2.  If  »i,  ;»^  &c,  mpve  in  given  eurves,  ^s  zz  ds^  ^sf  =:  ds* 
^c.  and  H  zz  dz^  /5a'  =  dz'^  &c.  Hence,  by  difii^rcptiating 
equation  (%) 

mdi^^ds-\-7nfdtf^ds'-\-  &c.zimdvdz+rn!dx/dz^ •\-icc.zzmdvdtv-^ 
mfdv'diw'  +  &c.  or 

m^ds-^-mfT^ds'  -f  &c.  =  mt;^!?  +•  m*v'4v^  \-  ^c (3) ; 

where  the  sign  of  ds^  &c.'is  + ,  when  ds  and  f  increase  together, 
and  tbue  ^Ififi  \^  -^,  )yhen  tjli^  piue  ii)icre9s;e9  9$  the  other  decr^^$es. 
This  is  the  mechanical  tbeofem,  on  whiph  .there  is  an  abje  Paper, 
fiepository,  Vol.  HI.  Part  «,  pag^  15,  hy  Mr.  Lowry, 

Cor*  3.  IT  X  and  y  be  the  abscissa  and  ordinate,  at  right  a^x* 
g1e«  to  each  other,  belonging  t.o  the  curve  z,  and  x^  and  y^  be 
ikotte  beioriging  to  2' ;  if  that  part  of  the  force  f,  which  acts  in 
the  direction  of  a,  be  represented  by  x,  and  that  part  of  f, 
which  acts  in  the  direction  of  y,  be  represented  by  Y ;  and  if  f^ 
be  resolved  in  the  same  manner  into  x'  and  y',  &c*  Then, 
because  x  and  y  are  at  right  angles  to  each  other,  the  force  x  is 
independent  of  ihe  force  y,  &c. 

dV  -  d'y 

^x=x.aivi^=  V,&c. 

A«4,  multiplying  by  dxand  dy^  ^"^r-  =  ^^^t  ^^^'^^  ^  ^^V* 
0ni,  ^  addition 
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»•  =  B/^(xd[ap+Ydy)+c.    And,  taking  the  variation  ai  in  Cor,  i. 

v^v  =  xSa?  +  Y^y ;  hence    fmdzlv  zzjmdt(x^x  +  YJy). 

Also,   dz*  zz  dx*  +  dy^ ;  and,  taking  the  variation,  dzdlz  •=. 
dxdlx  -1-  dydly ;  or,  by  substituting  for  dz^ 

fmvdlz  zz  ±fm  ^  dlx  ±fmSdlyzz  +Jm-^lxzs^f7n  -^^Vf 

by  rejecting  the  definite  parts,  and  making  dt  constant,  and 
using  the  negative  sign  to  dx^  &c.  when  dx  increases,  as  x  &c. 
increases,  and  the  positive  sign,  when  dx  &c.  decreases,  as 
X,  &c.  incieases.     Hence,  by  substituting  in  equation  (i) 

fmdi[xU  +  Y*y)  =Fy  ^  ^x  T/~^  iv  \fm'dt  {^'Ix'  +  Y'^yO 


or 


^y'  4-  &c.  =  0 (j^). 

From  this  is  derived  the  equation  used  by  Mr.  Francais,  Re- 
pository, No.  XVIII.  page  77. 

Cor»  4.  When  ^jr,  ^y,  ^op',  ^y^  &c.  are  independent  of  each  other 
xT^  =  o,Y  +  3j|^o,x^  +  .^  =  o,Y'4:^  =  o,&c. 

Hence,  in  a  system  of  bodies  connected  together  in  any  manner, 
there  are  as  many  equations  as  there  are  independent  quantities, 

X,  y,  x\  y\  &c. 

Example  1. 

Prize  Question  from  the  Ladies*  Diary ^  1898. 

Suppose  two  given  balls,  p,  q,  to  be  fastened  to  the  end  of  a 
string,  PTQ,  of  a  given  length,  but  void  of  thickness  and  weight, 
a  given  part  of  the  string  tb,  being  wound  round  the  circum- 
ference, at  the  bottom,  trb,  of  a  given  cylinder,  fixed  on  an 
indefinite  smooth  horizontal  plane.  Suppose  the  ball,  p,  to  be 
impelled  with  a  given  velocity,  in  the  direction  tp  of  a  tangent 
to  the  cylinder's  base,  at  t  ;  it  is  required  to  determine  the  cir* 
cumstances  of  the  motion  of  p  and  q,  and  the  position  of  the 
latter,  at  any  time  ^  before  the  string  has  ceased  to  be  in  con- 
tact  with  the  cylinder. 
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Let  TB  be  the  first  position  of  chat  part  of  the  strings  ivhieh 
is  in  contact  with  the  cylinder, 
then  if  p  receive  an  impulse  in 
the  direction  tp,  the  body,  at  b 
will  begin  to  move  in  the  same 
manner,  as  if  it  had  received  an 
impulse,  in  the  direction  of  a 
tangent,  at  b  ;  and  Q  will  be  con- 
tinually drawn  from  that  tangent 
by  the  action  of  p,  in  the  direc- 
tion of  the  string  qr.  Also,  Q, 
by  its  circular  motion,  will  ac* 
quire  a  centrifugal  force,  which 
will  act  upon  it,  in  the  direction 

Let  BQjT  be  the  curve,  which 
Q  will  describe ;  and  let  ptrq  be 
the  position  of  the  bodies,  and 
the  string,  at  the  time  / ;  and  let  prrq  be  the  position  of  the 
bodies  and  the  string  at  the  time  /  -f  dt. 

Let  c  be  the  centre  of  the  base  of  the  cylinder.  Join  cb, 
CR,  and  cr,  and  draw  qu  perpendicniar  to  rq,  and  meeting  rq 
produced  in  u ;  then  because  the  angle  Qrq  is  very  small,  ruQ 
may  be  considered  a  right  angle.  Also,  because  qr  and  ur 
touch  the  circle  at  r,  and  r,  CRf,  and  cru  are  right  angles; 
and,  therefore  the  angle  Qra  =  Rcr. 

Product  TC  both  ways,  to  meet  the  circumference  in  a,  and 
to  meet  qr  produced,  in  e;  and  draw  qi>,  and  rf  perpendi- 
cular to  TA.     Join  CQ,  and  draw  rg  perpendicular  to  qd. 

Let  RC  =  1,  arc  tb  =  a,  tr  =:  f ,  and  consequently  Rf  = 
—  d(p.  Let  the  length  of  the  string  =  /,  rq  =  r,  tp  =  ^,  then 
TP  =  /  —  (p  —  r^dpzz  Tpz=z  —  quz=: — (dtp  +  dr).  Let  CB  =3 
a:,  and  an  =  y.  And,  let  b  ^  the  velocity  with  which  p  begins 
to  move,  and  therefore,  the  velocity  with  which  q  begins  to 
move,  in  the  curve  B2«  at  b  :  tz;=the  velocity  of  Q,  at  q,  in  the 
direction  qzi. 

Then,  because  the  triangles  RCr,  Q^ru,  are  similar*  CR  :  Rr 
: :  rq  :  Q^u;  or  x  :  —  df  : :  r  +  df  :  —  rd(p,  nearly  =  Qi^ ;  and 

therefore,  Qq  =  v/qm*  +  uq^  zz  s/r^dd^  +  (dp  -|-  rfr)*.  Also 
because  QRC,  QDC,  are  right  angled  triangles,  qd^  +  dc^  = 
CR«  4-  RQ*;  or  y«  +  jf*  z:  r*  +  i.  And  rq«  =  RG*  +  QG*=: 
3FD*+(qd— rf)*;  or  r*=(a?+cosp)^+(y— sin  $)•;  from  which 

And,  by  substituting  for  a^',  xtk  the  cquatioB 


_  y  sin  (p  —  I 


coip 


ft  % 
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jf«  +  i«  ri  7*4^  i,  it  ii  fobhd,  thtt  p  '±  ytdi^  +  iift ?^;  ail4|  in 
the  same  manner,  x=z  r&in(p  -*-  tt>s  <Pi  Hencfe,  also  it  is  fotitid» 
that  sin  (pdx  +  cos  (pdy  :=  (f r  -f*  ^^» 

Also,  the  centrifugal  force  of  o  2=   •**■  2=  *-r^    =  **     And 

°  r  a/*  I 

EQ  :  ED  : :  b{i  :  ef  : :  rc  :  rf  c  :  1  :  sin  rt  ::  f  :  f  sin ^  = 
X  =:  accelerating  force  on  q,  in  the  direction  CD  ;  and  eq  :  QD 
: :  £k  :  RF  : :  RC  :  bi^  ::  1  :  cos  rt  : :  f  :  cos  ^  =2  y  3=  ac- 
celibrating  force  on  q^  ih  the  direction  dq. 

Tberelorfe,  in  Equation  (4),  x=  F  sin  <p,  Y  =  fcos^,  x'  =  o, 
it^  =  6,  3*r^  and  3'y,  ^re  hegalive,  because  X  and  y  increase  as 
X,  and  Y,  increase,  dj/zii  o,  dy^  zzz  dpzc  — {dip  +  dr)^  aiid 
^y/  cr  —  (^^  +  ^r)  zz  —  sin  (p^x  —  cos  (pdy,  dy''  being  negative, 
becaa«e  the  impulsive  iForce,  at  the  beginning  of  the  motion, 
tended  lo  increase  y\  w  =  q,  and  m^z=:  P  ;  hence, 

BAt,  da?  is  independent  of  ^y  |  tberefo^'e^ 

^^^  ''W  ^"^^""  -g^  =  o,andftY+  -^cosip^  ^i^  zz  o  ; 
dr,  ty  SubstltUlirig  for  x,  and  Y,  iihi  t^^p 

and  -  ^  =  [^  —^^ g^;  COS?  1=  >I.co*^  ..  .v<i) 

Multiply  equatipn{a)  by  y,  and  (b)  "by  ;r,  and  subtract  them  $  aad 
'y^^y  ^  e  ^'t^  ^inlp  "-  »^t)s  (pj  r=  >J/i  aft'd  by  infegration. 
Si  Kt*ng  ^onstl^m, 

'     d^  ^      ;s^/xl/  -t-  ^v  ^  betng  tbe  corfectioo. 

But,d(angleQCD)=:i/tan"'  |  =:  ^;|^^  = -^  ^C^^'^^^*^)— 
—  (/$ -^ d tang*^  r  =:  — d^—         „^4  therefore, 

x%-y'i;.  =  ^(r^+i)4^dr,  Hence  <!^Li^^f +^^  ^ 
-^f^  -^  t  ^  and  %y  sub^Utirfg  lor  ^, 


xti 
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At  the  beginning  of  the  notioD*  H  b,  r  is  infinitely  small, 
and,  therefore,  the  centrifugal  force  *   ^     is   infinitely  small  ; 

hence     ^_,^-  •  la ^     i^   ^^>     —  f .    But  at  the  beginning 

ciF  the  taotiort,  -  ^  't  -  ^  —  6 ;  therefore  c  =  —  ^itl  +  _  * 
Hence^ ^^—  =  /-#-  -^  -^F^  +  V  ^  ^i^ 

*(ft-+-p)  *  M<i  +  ^) 

Again,  multiply  equation  (o)  by  tfar,  and  (J)  by  tfy,  atid  add 
them,  and 

-^  g  ^    ^  =  — 4^  (sin  (pda?  +  cosfrfy)=:  ^-\|/(dp  +  c?r): 

and,  by  integration,  -j-^  =±5  -^  /4'  {<lp  +  rfr)  +  c^ ;    bat 

dx^  +  rfy«  =i  ft  9*  =  r«rf(p«  4-  (d(p  +  dry ;  therefore. 
rV(p' +  (d(f>  +  rfr)2        .rd(pVd(p  +  dfr)        p    (rf(f)  +  rfr)*  ,     , 
2rf^2  ^^  dt^  ft        arfi^      ^ 

At  the  origin,  at  B^  for  the  reasons  before  given, 

\,^^ —  = ^  ^^j,.      -I-  r ;  from  which  ^  =  ^^-I—  X  K 

ftw*  ft  Sd^*  2ft 

Hence 

/^d^«+(d(|)4-(fr)^  _  ^rd(p^(rf^4-tfr)       P  (d^+rfr)^      ft  +  p 

«^*  ""^  5^5  ft        2^»  2ft"  ^^ ' 

from  which 

and  from  this  4Mid  (c)  the  equHtUMi  <^  nolutidn  k  derived* 

C^r.  If  the  centrifugal  force  s=  b,  -«*  =£<>;  ^ente 

i;ir^d(p  +  (p  +  ft)  (rf<p  +  dr)  =  —  ftcd/* 

and  ft  fr*dr(p*4-(d(pH-dr)*)  4-P  (d(f)  +  dr)*=:  fifte'cft*,  which  are 
the  equations  used  in  the  solution  of  this  Probkm«  in  the  Ladies' 
I)^bry,  by  Petrarch. 
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Example  2. 

Landens  Memoirs  J  Vol.1.  Mem./.  Art  7.  Ex.2. 

Leybourns  Repository,  Vol.  I.  Quest.  105. 

Wrigbt^s  Solutions  of  the  Cambridge  Problems;  Vol.  II.  Prop.  572. 

Two  bodies,  whose  weights  are  known,  lying  on  a  smooth 
horizontal  plane,  are  connected  by  a  flexible  line,  passing  through 
a  small  ring  fixed  at  a. given  point  between  them  ;  in  this  posi- 
tion a  given  velocity  is  communicated  to  one  of  them,  in  a  di- 
rection perpendicular  to  the  line,  that  joins  their  centres,  and  the 
other  body  is  made  to  move  directly  towards  the  ring:  investi- 
gate the  motion  of  the  projected  body,  and  find  the  angle 
described  when  the  other  body  arrives  at  the  ring. 

Let  R  be  the  ring,  qrp  the  position  of  the  string  and  the 
bodies,  p  and  q,  at  the  time  / : 
A  the  point  in  the  straight  line 
ARQ,.  from  which  p  begins  to 
move  at  right  angles  to  ar,  with 
a  velocity  A,   in  the  curve  APp, 

Let  air  —  ^zz  arc  of.  a  circle, 
whose  radius  rtt  cr  1 ;  and 
draw  P.B  perpendicular  to  ar. 
Let  PR  =  r,  /=  length  of  the 
string,  then  rq  •=:  *'=  /  —  r; 
and  let  rb  zz  x  and  bp  =  y. 

Then,  the  body  p,  by  its  circular  motion  about  r,  acquires  a 
centrifugal  force,  by  which  it  is  continually  urged  in  the  di- 
rection RP.     And^   1  :  df  : :  r  :  rd<f  =  circular  arc  described 

by  p,  in  dt,  and  -—-  =  velocity  of  p  in  that  circular  arc ;  there- 
fore,  --7^  =  F  =  centrifugal  force  of  p.     And,  by  resolving 

FT 

the  force  f,  —  =  x  =  force  on  p,  in  the  direction  rb,  and 


FV 

— ^  =z  Y  =  force  on  p,  in  the  direction  bp. 
r 


r 


Therefore,  in  equation  (4)  x  =  — .  Y  = 

IB  z:  p,  m'  zr  Q,  d^x  and  rf^y  are  both  negative,  because  x  and  y 
increase,  as  x  and  Y  increase,  y^  zz  o,  and  d^s/  zz  dPr  is  posi- 
tive, because  the  impulsive  force  at  A^  tends  to  diminish  rq,  and 


(     MS    ) 


i*' = -ir  =- av/:?-?!?.  =  _  ^  _  y^;  hence. 


'^^--^h^H^-'^h-^^r  =  o; 


t    r      ai^~  at'  ' 


And,  because  ^jf  and  ^y,  are  independent  of  each  other. 
Cor.  If  the  centrifugal  force  =  o,  ^^   =  o  and  ^L^  =  o; 

and^  +  sy?[5:  =  o, 

which  are  Mr.  Ivory's  equations,  in  his  solution,  in  Leyboum*j 
Repository, 


mmm 


ARTICLE  XVI. 

On   the  Stereographic  Projection* 

By  Mr.  T.  S.  Davies. 

(In  a  Letter  to  the  Editor.) 

My  Dear  Sir,  Bath^  October^  1829* 

In  my  *'  Geometry  of  three  dimensions"  will  be  found  a 
Theorem  allied  to  this  subject  much  more  general  than  any 
that  has  yet  been  published;  and  which  includes  the  projection 
of  surfaces  of  the  second  order,  as  well  as  the  more  limited 
case  of  the  sphere,  as  very  particular  examples.  Yet  since  the 
subject  is  a  very  important  one^  and  I  have  a  few  remarks  to 
make  both  upon  the  history  and  demonstrations  of  the  proper- 
ties of  this  projection,  which  would  be  too  episodai   for  that 
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place,  I  thai]  trouble  you  with  a  short  separate  paper  on  the 
subject,  the  insertion  of  which  in  your  forthcoming  number 
will  greatly  obli^e^ 

My  cUutr  Sir, 

Your's  very  faithfully, 

T.  S.  Davies* 


I.    (HtSTO&scAi:*.) 

The  three  principal  properties  of  this  projection  of  the  sphere 
are :- — 

1.  That  all  circles  are  projected  into  circles: — 

s.  That  the  tangent  of  any  arc^    and  its  projection  are 

equal  :•*- 
3.  That  the  angle  contained  by  any  two  circles  is  equal  to 
its  project  io;j. 
The  first  of  these  properties  was  partially  known  (that  is  in 
some  of  its  cases)  to  Uipparch^s,  who  flourished  in  the  second 
century  before  our  era:  though  Ptolejjiy,  who  lived  nearly 
three  centuries  later^  is  commonly  represented  as  the  inventor 
of  this  method  of  projection.*  This  mistake,  no  doubt,  aroi^ 
from  the  loss  of  the  writings  of  Hipparchus  and  the  preserva- 
tion of  those  of  Ptolemy  on  the  subject,  by  means  of  the  Arabic 
version  of  Maslem.  It  is  certain,  however,  that  even  to  Ptole- 
my it  was  only  known  as  a  property  of  great  circles  and  of  less 
circles  parallel  to  the  plane  of  projection  :  and  it  is  fair  to  con- 
clude that  this  was  the  utmost  generality  to  which  the  antients 
ever  attained.  As  a  universal  ^tr4Uk  it  was  first  given  in  the 
••  Planispharium  Jordani^'^\    published  at  Toulouse,  in  1544, 

*  See  Delambre,  Histoire  (VAstron.  Aneien.  torn.  II.  p.  433—57 :  and 
Mkmoires  de  C  Institute  tcm.  V*"»«.  p.  R93*  "  JPtolemee,"  says  he  in  the 
last  quoted  place  '*  dont  le  TraiU  est  de  plus  ancien  que  nous  ayons  su*^  le 
sujet,  n'avoit  sans  doute  q<j*une  id^e  imparfajte  de  cettc  prQpr!6t6  fonda- 
mentale,  qu'il  paroit  suppos^e  d'abord  sans  la  d^montrer  ni  m^me  i'en- 
oncer  expressenient/*  In  the  History  of  Anticnt  Astronomy,  he  has  dis- 
eiissecl  this  quevtion  <w$<h  ^eat  acuteness;  but  be  has  been  less  IbrttmaAe  in 
liisattenpl  to<elficidate.«oine  plants ifi«f«oth$r  jprof^  of  ftolen^y  ^the  ana- 
J«M»nM^  lesp^^iog  ihe  antique  ho^r  Uqi;s,  as  I  #b41  ^ew  ,9p  aiH^oB^^i^qft- 
^louvand  iD  ap^thfir  place.. 

f  SphtBrtB  at^ue  astroi^pm  cceUstiuip,  ratio ^  tiatur4i  fCmotusi  ad  totius 
iRuncft  fabritttttonis  eogntkonem  Jkmdantenitiy  ^M.O.XKaVI.  Vmld^rtu/' 
As  this  QoUection  of  T«;acl8  is  tbeoome  Y^ipry  acaaoe,  9^4  of  OMirse  eypcn- 
«iv^  U  m^  be  wpcth  Wiiij^  to  flit  domu  Uue  <(4^nts,  40  ,ei»ai4e  ib/c  iv^ 
tUematicai  antiquso-ian  to  formspme  jiotioo  l>efoi|s  h^d,  whetb^r  ih^^t^pp): 
contains  an^  ^hiiig  likely  to  be  of  interesjL  with  respect  to  tJhe  eciquiiies  he 
may  happen  to  be.  engaged  ki. 
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or  SQonafter.  It  is  reiiaarkaWe  in  this  production,  as  ^bas  also 
been  noticed  by  Ddambre,  ,tbat  he  does,  not  project  upon  ^ 
diamedral  plane  conjugate  to  the  place  of  the. eye,  but  upon  3 
plane  touching  the  spherC'.at  the  opiposite  .p^le. .,  This,  practice 
has  not  been  followed,  I  believe,, iby  any  other  writer,  tl^ough 
from  its  jsiinplicity,  I  am  ^cof^yipced,  it  .suggested.^  as  well  as 
{urnisbed,  a  ready  deniqnstration  of  the  general  property.  .Xbcre 
have  been  i^any  other  geomet^ricaL  4emQp^trations  giyen,  but, 
a^  must  be  the  case  in, am  enquiry  sorej^nigntary,  they  greatly 
resemble  one  another,  being  almost  invariably  founded  upon 
the  circular  subcontrary  section^  of  the  qpne.  The  chijef  objecr 
tionto  this  method  is,  that  it  is  incapable  of  extension,  to.;Surr 
faces  of  the  second  order  generally;,  at,  th&  same  time  that  it  is 
much  less  simple  in  principle  than  the  ipore;  powerful  method 
of  Jordan.  A  very  complete  trigonometrical  investigatioi?  of 
all  the  three  properties,  and  their  application  to  the  construc- 
iion  ot  the  planisphere  is  given, by  Del^^mfere  in  the  tAim^res 
dt  I' Institute  tome  g.  p*  893'^4i6  »  which  sqfar  as.  that  method 
is  concerned  leaves  nothing  jrnore  ;to,  he  jdonq  ;  and  M.  Ger- 
gonne  has  given  an  analytical  investigation  of  thq  same  proper- 
ties, as  simple  as,  perhaps,  can  be  obtained  by  the  method  of 
co-prdinares,  in  the  eleventh,  yojume  of  his  Annates  dfsMatke^ 
maiiqaes fipp*  1^3—164.  The  method  olF  Jpi dan  I  will  insert 
fartheron,  not  irom  its  rarity  alone,-  but  because  I  have  made 
iise  of  his  method^  slightly  modified,  in  the  demgnstration  of  the 
mtore  general  property. 

This  property  of   circular  projections  has  been  staled  by 
Legendie  to  hold  in  the  ellipsoid  of  revolution,  provided  we 


T*he  bo,ok  is  in  rea  ity  aaold  quarto,  ithpiigh  it  bears  much  the  appear- 
ance of  a  modern  royal,  or  large  paper  octavo.     Its  contents  aie  :— 
].'  Jjcobus  Zieglerus  Landauiis  de  Solids^  Spliaers  constructlone 
«.  IVoclus  Diodachus  Lycius  de  ^plisera  sive  giobo  coeU&ti,  scb'oliis 

ejiisdera  Ziegleri  explicatus. 
Ss  ^^^  canonica  per  Spseram  cperatione. 
4.  Heniit  >'cln»m  Berosi. 

^.  Aratu«  Solensis  de  siderium  natura  et  motu,   simiil    in  eundem 
'  own  comirtentarire  Theonis  A  excindriui  Philosoplii. 
?  r. ,  6«  Planisphaeriun^  Claudii  Ptpleaei. 
7,  Piaiusphaermiii  Jordani. 
Though  it  may  seem  somewhat  irrelevant,  it  mav  not  be  improper  to 
remark  with  ifespect  to  the  fourth  Tract  in  this  list,  that  Berosus    the  Chal- 
denn  Ast  onomtT,  is  to  be  distinguished  from  the  Berosus  who  is  put  down 
ia  the  commoii  Classical  dictionaries,  having  probabiy  lived  as  much  as 
eleven  or  twelve  centuries  earlier.    Tiiis  is  the  only  way   by  v;hich  "the 
inconsistencies  can  be  lemovetj  ivjn  theiiistory  of  lieroeus.    See  Wcidler 
Historia  Astronomia,  p.   36,  fcud   after    him,    Bailly  Astron,  Ancicn.  p. 
386. 
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take  the  equator  and  its  pole  for  the  plane  of  projection  and  place 
of  the  eye.*  For  the  prolate  ellipsoid  a  demonstration,  rather 
complex  for  the  subject,  was  given  by  M.  Fresnel,  and  which 
with  a  little  address  he  might  have  extended  to  the  oblate.f 
M.  Hachette  extended  the  theorem  to  all  cases  of  surfaces  of  the 
second  order  where  the  plane  of  projection  was  a  circular  dia- 
medral  section,  and  the  place  of  the  eye  the  extremity  of  the 
diameter  conjugate  to  that  section.  The  demonstration  of  M. 
Daviel  is  analytical  and  tolerably  concise,  when  we  consider 
the  method  he  adopted.  J  This  is  the  most  general  case  of  cir- 
cular sections  by  the  stereographic  projections  of  surfaces  o(  the 
second  order. 

The  property  then  passed  through  the  hands  of  Mongc,  and, 
as  was  the  case  with  every  thing  he  touched,  it  came  out  im- 
proved* It  was  elegantly  demonstrated  in  all  its  generality  by 
M.  Chasles.S  I  shall  annex  his  demonstration  to  my  own;  and 
have  only  to  remark  concerning  it  that  the  method  of  limits 
which  he  has  employed  to  find  the  plane  ot  projection,  though 
perfectly  accurate,  has  not  been  tairly  treated  by  any  author 
whose  works  I  have  met  with*  This,  it  may  also  be  noticed,  is 
less  elementary  than  either  of  those  given  for  the  sphere  already 
referred  to.  The  same  author  has  also  given  a  very  perfect 
analytical  solution  in  the  notes  of  Hachette's  **  G^ometre  a 
Trois  demensions,"  p.  270,  ad  fin.:  and  again  in  tome  XVIII. 
of  the  Annates  des  Math^matiqueSj  p.  305,  he  has  resumed  the 
subject,  and  treated  it  by  the  method  of  poles,  which  at  the 
same  time  that  it  is  more  complicated  offers  nothing  new  in 
result  which  might  not  be  readily  obtained  by  simpler  means. 
I  ought  also  to  mention  an  extract  contained  In  torn.  XVI.  of 
the  Annates i  from  a  memoire  of  M.  Dandelin,  of  Liege,  in 
which  there  is  a  slight  approximation  towards  the  method  of 
Jordan ;  though  he  almost  immediately  forsakes  it  for  the  sys- 
tem of  cones* 

My  own  attention  was  called  to  this  enquiry  some  time  ago, 
when  studying  a  collateral  subject  (the  temporary  hour  lines 
upon  the  antique  dials,)  which  was  before  I  had  noticed  any 
modern  works  where  the  planisphere  was  treated  except  those 
of  Emerson  and  Bishop  Horsley  :  and  the  principal  object 
of  this  historical  introduction  is  to  save  other  enquirers  the 
trouble  of  searching  through  volupinousi  works,  otteo  to  ?ip 


•    Cosresp.  sur  TE'c,  Polut,  tome  ler.  p  76. 

+  lb.  p.  78. 

J  lb.  p.  80—2. 

^  lb.  tome  Illume,  p.  15,  16. 
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purpose,  and  always  at  great  cost  of  lime,  should  they  feel 
disposed  to  pursue  any  such  enquiry  as  this.  I  have  not  al- 
luded to  the  common  elementary  wriiers  on  this  subject:  who 
are,  in  general  but  copyists  of  one  another,  or  at  best  of  Clavius* 
Stoflerinus,  Bion,  Aguillon,  and  other  early  mathematicians.  • 

With  respect  to  the  second  property,  as  well  as  the  third, 
they  follow  at  once  from  the  method  of  Jordan  :  and  we  rea- 
dily perceive  by  it  that  they  belong  exclusively  to  the  sphere  • 
These  were  altogether  unknown  to  the  ancients ;  and  were, 
like  the  generalization  of  the  first  property,  the  immediate 
consequence  of  this  elegant  method.  The  third  has,  indeed, 
strangely  enough  been  attributed  by  M.  Gergonne  to  M.  Puis- 
sant  (Ann.  tom.  XL  p.  i6i.)  and  afterwards  to  Ptolemy  him- 
self,  (Ann.  tom.  XVI.  p.  322.).  The  researches  of  a  hip[her 
authority,  that  of  Delambre,  have  shewn,  however,  that  it  is 
due  to  neither  of  these  names.  There  is  not  the  slightest  trace 
of  it,  nor  any  thing  which  can  warrant  the  belief  that  he  had 
the  slightest  knowledge  of  it  to  be  found  in  the  **  Planispaehrium 
Ptolenicei"  as  I  can  affirm  from  a  very  careful  examination  of 
that  work ;  and  Delambre  could  not  find  in  the  writings  of  Sy- 
nesius  or  Theon  or  any  of  the  antient  writers  the  slightest  indi- 
cation of  the  suspicion  of  such  a  property.  *'  It  is  announced  for 
the  first  time,"  says  he,  **  in  the  Dictionary  of  Saverien,  from 
which  the  article  Stereographic  Projection  has  been  copied,  word 
for  word/intothQ  Encyclopidie.*'  Mem  derinst.ub.  sup.  p.  393, 
The  passage  referred  to  runs  thus : — ••  Dans  la  Projection  St6- 
r^ographique,  les  angles  que  font  les  cercles  sur  la  surface  de  la 
sphere  sont  ^gaux  aux  angles  que  les  lignes  de  leurs  projections 
respective,  font  entr*  elles  sur  la  plane  de  projection.  Encycl. 
Ed.  Neufch.  1765,  hxt  Projection  Stirtographique. 

With  respect  to  the  remaining  property,  it  is  so  intimately 
connected  with  that  just  quoted,  that  a  knowledge  of  one  could 
scarcely  subsist  without  the  other ;  and  I  should  think  this 
would  result  immediately  to  him  who  first  demonstrated  the 
theorem  whose  history  we  have  considered  so  much  at  length. 


II.    (Geometrical.) 

(  1-  ) 

The  Solution  of  Jordan. 

After  proving  the  particular  cases  of  great  circles  and  paral- 
lel less  circles,  he  proceeds  to  shew  that  every  circle  is  projected 
into  a  circle, 

t  % 
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Let  th^less  circle  not  be  parallel  to  the  equifloxial,*  and  let 
HR-be  itsdiameter.  Draw  the  parallel  circle  whose  diameter  b 
zc  cutting  it  any  manner,  and  let  the  common  intersection  of 
the  cii-clts  be  denoted  by  the  line  i*vp  ;  and  azbk  be  any  cir-. 
clc  passing  by  the  poles  and  cutting  the  fore-named  circles* 

Draw  the   lines   akn,ahm> 
and  KB.    Proiong  zc  to  f*  Then 

•  draw  ALT,  APM,  Av^.  to-nieet 
the  plane  oi'  projection  in  i^,  b, 

•  Q«  which  (since  these  lines  is-' 
suing  from  A  to  points. in  the 
same  line  kpv,  are  in  the  same 
plane)  will  be  in  the  same  straight 

.line.  ,    .  .         ,.: 

Thed  because  knB  and 'irr a 
are  right  angles,  and  FY  A  cormtfion  . 
to  tfa^  two  triangles,  the  angJes* 
AFY,K.BAai^eeiqual.  •Bdi?(fi<>;IIIi<>  > 
£u<.}  K.BA  s  Kha;  amdi^there-.. 
fore,  the  triangles'  &fP)  ohr  are-  - 
'  similar^  o  being  the ihtersectioir  of  =  ah,  yp.  :   Hence 

KP  :  OP  ::  FP  :  ph;  and  therefore 
KP  .  PH  =:  OP  .  PF 

—  LP  .  pv,  by  the  circle  avlr. 
Hence,  obviously  by  similar  triangles  nr,  rm  =  tr  .-rq: 
,  and  the  points  t,  q  are  in  the  circle  upon  the  diameter  mn« 

g:  £.  D. 

iTie  above  being  in  sdme  respects,  according  to  my  view, 
.  an  improvement  upon  the  actual  details  of  Jordan's  demonstra- 
tion, I  annex  as  literal  a  trstrislation  of  his  text  as  his  barbarous 
Latinity  would  permit.     See  page  284,  5.      Fig.  upon  p.  283, 

"  Also,  let  there  be  one  of  the  lesser  circles  not  parallel  to 
the  equinoxial,  oF  which  nK  is  the  diameter,  cutting  the  for- 
mer in  any  manner  whatever:  let  their  common  section  [dif- 
ferentia] be  denoted  by  the  Hne  lpv,  which  shall  cut  the  super- 
ficies ot  the  circle  azbr  passing  through  the  poles,  at  right 
angles;  and  being  equally  inclined  .to  each  side,  vp  will  be 
equal  to  LP.     Then  let  the  lines  akn,  ahm  and  kb  be  drawn, 


and  the  Hne  zc  be  extended  to  f.     Also  from  the  point  t 
TCi  be  drawn  parallel  to  LrPV  and  representing  it  in  the  pi 


let 
ane 


*  Jordan,  like  Ftolenfjr/pro^ins^olfc^tte.pGOlO  of  tllil^  Ms 

planispiicre. 
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Ypf  projectioflj  ;  and  the  line«  alt,  ahr,  av^.  Since,  ttiete- 
fore  the  angles  akb,  and  fya  are  right 
angles,  and  the  angle  fay  is  common 
to  both  the  triangles,  the  angle  afy  will 
be  equal  to  the  angle  kba  ;  but  the  an- 
gle KBA,  by  Euc.  III.  20.,  is  equal,  to 
the  angle  kha,  and  therefore  the  two 
triangles  kfp,  ohp  will  be  similar,,  o 
being  the  intersection  of  a  h  ,  yp.  There- 
fore as  KP  is  to  OP  so  is  FP  to  PH* 
Wherefore,  the  rectangle  under  kp 
and  pu  is  ecpial  to  that  under  pp  and 
PO  .  but  the  rectangle  under  kp  and  ph 
is  equal  (because  they  cut  each  other  in 
the  same  circle)  to  that  under  lp  and 
^y*  Hence  the  rectangle  under  nr 
Cand  rm]  is  equal  to  that  under  tr  and 
RQ  by  reason  of  the  parallelism  of  the 
lines.      Therefore,    the    circumference 

whose  diameter  is  kh,  if  represented  on  a  plane  [touching  the 
sphere  at  b]  will  pass  through  the  points  m,  x,  N »  Q. 

I  have  little  to  say  concerning  the  variation  I  have  made 
from  his  demonstration.  It  is  comprised  in  the  position  of  the 
circle  azbk,  and  in  the  manner  ot  deterinining  the  line  tr^^. 
The  circle  when 'drawn  orthogonally  gives,  as  he  determines  it, 
the  line<MN  for  a  diameter  of  the  projections  which  is  an  un- 
necessary restriction  in  demonstrating  that  the  projection  is  a 
circle.  The  like  remark  may  be  made  respecting  the  method 
of  drawing  the  diamedral  plane  azbk  in  the  general  solution 
following:  if  that  plane  be  conjugate  to  the  two  planes  Hic, 
zc,  then  the  line  hn  will  be  ^  diameter  of  the  projection. 
Those  who  require  such  a  restricted  method  of  demonstration  can 
'thus  alter  it  to  their  own  taste. 

In  the  translation  there  are  four  bracketted  phrases  :  the  se- 
cond and  fourth  are  explicatory^  and  added  to  prevent  ambi- 
guity: the  first  is  merely  the  word  in  the  text  ^*  difftrentia^'' 
which  is  evidently  should  be  **'  inter seciio :"  and  the  third  is 
the  supply  of  .a  typographical  omission*  L  have  been  com- 
pelled  to  depart  very  widely  from  the  punctuation:  ^nd  indeed 
the  whole  tract  has  .much  the  appe^ance  of  never  having  been 
read  in  proof  by  the  author^  or  indeed^  by  any  competent 
I^tinist. 


The  ii^re  to  Joridanis  half  the  linesir  size  of  the  original. 
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My  demonstration  of  the  property  in  reference  to  surfaces  oj  the 

second  order. 

Note.  The  plane  of  projection  is  conjugate  to  the  diameter 
in  the  extremity  oF  which  the  eye  is  placed. 

The  following  demonstration  may  be  conveniently  divided 
Jnto  two  parts,  for  the  purpose  of  distinctly  enunciating  the 
former,  which  is  capable  of  very  important  uses  in  investi- 
gating the  properties  of  conies,  and  surfaces  of  the  second 
order. 

(a).  Let  any  transversal 
zc  be  drawn  conjugate  to  one 
of  the  angles  a  of  a  triangle 
ABC  inscribed  in  any  conic 
section  to  cut  tl>e  sides  and 
curve  in  z,  o,  p,  c,  f  as  in 
ihe  figure :  then  will 

ZP  .  PC  =  OP  .  PF. 

Draw  the  tangent  ad  and 
prolong  H  K  to  meet  it. 


Then  by  parallels  5"^  ;  ^ 


::  AD  : 
: :  AD  : 

HP  •  PK 


OP,; 

PF    \ 


.   a 


AD 


and  therefore^ 

ZP  .  PC. 
OP  ^PF. 

Q.  E.  D. 


p 

KP 

HD : DK  : 
But  by  the  figure,  hd  .  dk  :  hp  .  PK  ::  ad^ 
Hence  ex.  eq.  op  •  pf  =  cp  •  pz. 

(b.)  Let  abhk  be  any  section  in  a  surface  of  the  second 
order  cutting  the  given  section  in  hk,  and  passing  through  the 
poles  a,  b.  Let  any  other  section  conjugate  to  ab,  viz.  zvci*, 
be  drawn  cutting  the  given  section  in  VL,  and  let  it  cut  hk  in 
p.  Draw  ahm,  avq,  apii,  alt,  and  akn  to  meet  the  plane 
of  projection  in  m,  q,  r,  t,  n.  As  in  my  version  of  Jordan,  q, 
R,  T  are  in  one  line  parallel  to  vpl  ;  and  mn  is  parallel  to  zc. 
Then  zp  .  pc  :  vp  .  PL  : :  op  •  pf  :  vp  .  pl,  by  (a),  and 

s:  MR  .RN  :qr  .RT, by  sim. triangles* 

Hence  the  ordinates  VL,  qt  having  the  same  inclination  to 
the  axes  zc,  mn,  and  the  rectangles  of  their  segments  having  in 
both  figures  the  same  ratio,  the  figures  zvcL  and  mqnt  are 
similar.  (I*  E.  D. 

Cor.  The  theorems  of  Legendre  and  Hachette  are  evidently 
comprised  in  this. 
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The  Demonstration  oj  M.  CkasUs^  Corresp.Polyt.  torn.  3.  p.  16. 

This  demonstration  presupposes  that  we  can  describe  a  cone 
to  envelope  any  two  sections  of  a  surface  of  the  second  order : 
for  the  truth  of  which  the  English  reader  may  consult  my 
•'  Elementary  Demonstrations/'  in  the  present  Number  of  the 
Repository,  this  admitted,  M.  Chasles  proceeds ; — 

**  Any  plane  curve  being  traced  upon  a  surface  of  the  second 
degree,  and  projected  upon  a  plane  by  a  cone  having  its  sum- 
mit in  a  point  of  the  surface  for  which  the  tangent  plane  is 
parallel  to  the  plane  ot  projection  ;  then  the  projection  of  this 
curve  will  be  a  curve  similar  to  that  which  we  obtain  by 
cutting  the  surface  by  a  plane  parallel  to  that  of  projection. 

**  In  fact,  let  c,  c'  be  the  two  curves  obtained  by  cutting 
the  surface  by  two  planes  parallel  to  that  of  projection*  By 
the  curve  c^  and  the  plane  curve  A  traced  upon  the  surface, 
describe  a  cone,  it  will  meet  the  plane  of  projection  in  a  curve 
B  similar  to  c\  and  therefore  to  c.  But  the  cutting  plane 
which  gives  the  curve  c/  being  moved  parallel  to  itselt  in  ap- 
proaching indefinitely  near  to  the  tangent  plane  will  vary  the 
curve,  which  is  nevertheless  always  similar  to  c.  Then,  at 
the  limit,  that  is,  when  the  secant  plane  c'  becomes  confounded 
with  the  tangent,  the  curve  fi  is  still  similar  to  the  curve  c«'* 

(  4-  ) 

The  Analytical  Demonstration  of  the  general  property,  by  Jf. 

Chasles.     (Supp,  Hachelte^  p.  271.) 

Theorem.  If  by  the  plane  curves  s,  s^ » •  •  .traced  upon  a  sur- 
face of  the  second  degree,  we  describe  cones  which  have  their 
summits  in  the  same  point  p,  and  then  cut  them  all  by  a  plane 
parallel  to  that  which  touches  the  surface  in  P,  the  sections  are 
curves  similar  to  one  another  and  similarly  situated.  They  will 
also  have  their  centre  upon  the  straight  lines  which  join  the 
point  p  and  the  summits  of  the  cones  which  respectively  cir- 
cumscribe the  surface  in  the  given  curves  s,  S^ 

Demonstration.     Let  AX^'h  A^  -I-  A^V —  K  =:  o  •  •  •  .(i)« 
both  equation  of  the  surface  of  the  second  degree  referred  to 
conjugate  diametiers. 

^^  f*  S*  ^  ^^  '^^  co-ordinates  ot  the  summit  of  the  cone 
which  touches  the  surface  in  the  curve  s  ;  the  equation  of  the 
plane  of  this  curve  of  contact  is 

x/x  +  A^gy  -f  A^'hz  —  K  =  o. •  • . •  .(2). 
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Let  us  consider  the  same  curve  s  as  the  base  of  a  second  cone 
(s,  p)  which,  has \  its  summit  at  the  extremity  p  of  the  diame- 
ter of  the  surface  directed  along  the  axis  2,  then  we  shall  have 
for  the  co*ordinates  of  the  summit  p, 

x  zz,  o,  j^  =  o,  zzz    \/  —^  ,  or  for  brevity  z  zz  c. 

The  et{uation  of  the  tangent  plane  to  the  surface  of  the.second 
degreein  the  same  point  p  will  be 

arid  the  equation  of  the  diamedral  section  parallel  to  this  plane 
will  be 

AX*  +  Ay  —  K  =  O (3). 

We  proceed  now  to  shew  that  the  cone  (s,  p)  being  cut  by 
the  diamedral  plane  parallel  to  ihe  tangent  plane  at  the  point 
p,  the  curve  which  results  and  the'  diamedral  section  of  the 
given  surface  situated  in  the  same  plane,  are  curves  similar  and 
similarly  situated. 

Let  us  seek  in  the  first  place  the  equation  of  the  conic  surface 
(,»,  p).     The  equations  of  the  generating  straight  lines  are 

^  =  L  (z  —  c),  ,•....,....,.... , (4) 

y  =  M(z  —  c), ^ ,,....(5) 

Substitute  these  values  of  x  and^  in  the  equations  (1)  and  (3), 

and  recollect  that   a'^c* — k  =r  o,  because  c*  =:  — 7^,wehave, 

ilividing  by  2  -^  c, 

(z  —  c)  (AiJ  +  A^M*  +  A'O    +  ^^''c  zz  o,  and 
(z  —  c)  (al/  +  a'm^  4-  a'''*)  +  A^Uh  —  K  =  o  ; 

and-  eliminating  z  —  c  between  these  two  equations^  we  shall 

have 

(R-—  A^'ck)  (AL*  +'  a'm»  +  A-'O  + 

+  2  a'V  (a  L/+  A'Mg  +  A 'A)  =0 .(6). 

This  equation  je^ presses,  the  relation  .  that  exists  between  the 
4U9ntities  L  and  m,  and  shews  that  if  one  of  them  take  all  the 
values  which  correspond  to  the  divers  position  of  the  rectir 
linear  generatrix  of  the  cone,  then  the  values  of  the  other  for  the 
«ame}  positions  will  be  determined* 

It  hence  follows  that  the  system  of  the  three  equations  (4)» 
is)*  ^^)  represents  the  conic  surface  ($,  p). 
:  Eliminatijig  l  and  m  by  means  of  these  equations^  or  sub- 

X  V 

•tituting  in  equation  (6)  the  values ,   — ^ —  of  l  and  M 

-  •  Z  "■■"  C   '■  Z  ■""  c 


I 
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deduced  from  (4)  and  (5)  we  shall  have  for  the  equation  of  the 
conic  surface  (s,  p) : 

^        (K  — A'CA)(  AX^  +  a'/  +  A>~c)«)  + 

(+fiA^'c(A/a:  +  A'^/  +  A'A(2  — <:))  (z  — c)  =  o  ......  (7). 

We  perceive  that  in  itiaking  2=0,  the  diamedral  plane 
which  contains  the  curve  of  the  surface  of  the  second  degree 
which  is  represented  by  the  equation  (3)  cuts  the  cone  (s,  P)in 
the  line  whose  equation  is : 

which  may  be  put  under  the  form : 

A  (a?  —  ^— ^)   +  a'(>  —  J^Zr^    +  ^^"*^'  =  ^ (80. 

Since  this  does  not  differ  from  equation  C3)  except  by  linear 
terms  and  constants,  it  follows  that  these  two  sections  are  simi- 
lar and  similarly  situated. 

The  centre  of  the  section  represented  by  equation  (8)  is  upon 
the  straight  line  which  joins  the  point  p  to  the  summit  (/,  g^  h) 
of  the  cone  circumscribing  the  surface  of  the  second  degree  in 
the  curve  s,  andoi  which  the  equations  are 

f(c  —  z)  £(c  —  z) 

*=  T=rr '>  =  Tin-  •••• (9). 

In  fact,  if  we  cut  the  cone  (s,  p)  by  the  plane  whose  equa- 
tion is  2  z:  A,  which  passes  by  the  summit  (/,  gy  A)  we  have 
the  equation  of  this  section  ;  and  by  putting  in  equation  (j)  for 
2  its  value  A,  it  becomes, 

A(*-/)'  +  A^fjy-  gy  —  (a/s  +  a V  f  A'^A*—  K)  =  o. 

The  centre  of  this  section  is  the  summit  (f^  g^  A)  of  the  cir- 
cumscribing cone.  But  all  the  parallel  sections  of  a  cone  have 
their  centres  upon  the  same  straight  line  which. passes  by  the 
summit;  and,  therefore,  the  centre  of  the  section  (8)  is  the 
point  of  intersection  of  the  diamedral  plane  z  =0,  and  of  the 
straight  line  (9)  which  joins  the  point  p  and  the  summit  of  the 
circumscribing  cone :  a  proposition  which  is  again  demon- 
strated by  equation  (8)  in  which  the  quantities   -3-v,  — ^ 

are  the  co-ordinates  of  the  point  where  the  straight  line  re- 
presented by  equation  (9)  cuts  the  plane  of  xy.  The  theorem, 
then,  is  proved. 

VOL.  V.    PART  II.  U 
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(5) 

The  beautiful  property  annexed  by  M.  Chaale^  to  the  Ptole- 
maic  one,  deserves  a  geometrical  consideration,  and  is  found 
thereby  to  admit  of  an  elegant  proof,  thus : 

Let  any  plane  be  drawn  through  G  the  summit  of  the  cone 
and  the  place  of  the  eye. 
catting  the  tangent  plane 
in  BD,  the  plane  ot  con- 
tact in  Ffiy  and  the  sides 
of  tJiJJ.Qone  in  gf,  gb. 
Also  let  it  cut  one  of  the 
planes  conjugate  to  a  in 

Then  it  is  a  well  known 

firoperty  of    the  figure 
hat 

KH  :  KF  .:  BC  :  cf, 
and  .\  by  Leslies*  Elem.  Geom.  VL  Pn  6.  we  learn  that  gh  is 

bisected  in  k. 

In  like  manner  all  the  other  lines  produced  in  the  same 

manner  as  gh  such  as  Im  are  bisected  by  ga  in  A.  Hence  k  is 

the  centre  of  the  section  glhm.  Q^E*  D. 

(  6.  ) 

With  respect  to  the  demowtration  of  the  sei^nd  and  third 
properties,  i  propose  the  following  method. 

Draw  the  tangent  planes  at  a,  b,  p,  intersecting  in  OQ,  tn. 
Let  the  traces  of  the  planes  of  the 
•two  ifitersectii^  sections  of  the 
^ven  surface  upon  the  tangent 
plane  at  f  be  oq,  tn  :  and  draw 
APB*  TB#  (^R,  Ao,  AN.  Then 
T«Q  ^  OA<i  n  prelection  of  the 
Angle  made  by  the  tangents  to 
the  two  sections  at  the  point  of 
cootkct. 

Now«  in  Uie  sphere,  because 
0PN9  OAK  are  talent  planes  at 
F  and  A,  we  have 

N  A  =  NP  and  OA  =  gp  :  and  hence  by  similar  figures 

RT  =  TP  and  RQ  =  QP.    Which  is  the  second  property. 
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Also  because  tp  and  fq  are  equal  to  rtt  and  aQ^  and  i*q 
common,  we  have  the  angles  tpq^  Tzq  equal*  Which  is  the 
third  projjerty. 

But  U>  ascertain  whether  these  properties  are  peculiar  to  the 
sphere,  we  remark  that  by  parallels, 

PCt :  QR  ::  PC  :  oa,  andPT  :  rt  ::  pk  :  ka. 

Hence  it  depends  upon  the  linear  tangents  of  the  several 
sections  of  the  surface  of  the  second  order.  But,  geneially, 
the  properties  do  not  inhere  in  other  than  spherical  bodies. 
However  there  are  in  all  the  surfaces  specific  points  for  which 
they  take  place. 

Let  A  be  the  projecting  point  i  then  if  a  tangent  plane  be 
described  at  a,  it  is  evident  that  if  in  the  diamedral  section 
through  A«  we  draw  lines  parallel  to  the  principal  axes,  we 
shall  have  an  inscribed  rectangle,  from  either  of  the  three  remain- 
ing angles  of  which  tangents  being  drawn  to  meet  that  at  a,  the 
parts  mutually  intercepted  shall,  in  pairs,  be  equal  to  one  another. 
If  moreover,  we  draw  tangent  planes  to  the  surface  at  these 
points,  these  tangent  planes  will  be  related  to  one  another  as 
the  tangent  planes  of  the  sphere  already  investigated.  In  short, 
that  for  any  projecting  point,  a  certain  number  of  other  points 
may  be  found,  and  that  any  sections  having  those  points  for 
their  conjugates  shall  have  their  tangents,  and  the  angles  con- 
tained by  the  tangents  projected  into  equal  tangents  and  equal 
angles. 

Should  the  surface,  however,  be  one  of  revolution,  then 
there  are  not  only  four,  but  an  infinite  number  of  points  which 
have  this  property :  viz.  all  those  contained  in  the  >sections  ver- 
tical to  the  axis  and  passing  through  the  four  points. 

The  point  opposite  to  the  projecting  point  has  for  ^  tangent 
plane,  a  fhme  para/lel  to  that  at  a  :  and,  therefore,  they  lUnit 
each  other  only  at  an  infinite  distance.  In  tbi»  case  the  tan- 
gents and  their  projections  coincide,  and  on  that  account  are 
equal.    The  same  may  be  said  of  the  angles. 

In  the  other  cases  it  is  evident  that  the  points  of  contact  of 
the  two  tangent  planes  with  the  general  surface  may  be  made 
the  points  erf-' contact  with  a  sphere :  and  hence  we  have  another 
consideration  from  which  the  truth  of  the.  proposition  may  be 
derived. 

It  i^ay  not  be  altogether  unnecessiary  to  remark  that  a  little. 
inacc%iracy  of  expression  has  occasionally  been  employed  on 
this  subject,  whi^h  has  given  rise  to  some  misconception.  The 
inclination^  of  the  circles  on  the  sphere  is  the  same  as  the  incli- 
nation of  the  planes ;  but  this  is  not  the  case  with  less  circles » 
but  regardless  of  this  difference,  the  inclination  of  the  tangents 

u  8 
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ta  the  r.»rcles  has  sometimes  been  expressed  as  that  of  the  in- 
clined planes,  and  the  dihedral  angle  has  been  said  be  projected 
into  one  equal  to  itself.  The  supposition  itself  is  absurd,  and 
therefore  the  operation  is  impossible.  If  we  understand,  as  is 
done  by  all  good  writers,  by  the  phrase  *^  inclination  of  two 
circles,'*  or  ••  inclinatiou  of  two  sections"  of  any  given  sur- 
face, the  angle  contained  by  (he  tangents  at  the  point  of  inter' 
section,  all  ambiguity  will  be  avoided.  In  great  circles  this 
becomes  the  same  as  the  spherical  angle  of  our  common  tri- 
gonometry. On  a  plane,  the  angle  of  the  tangents  is  the  same 
as  the  angle  of  the  curves  themselves :  and,  in  short,  in  all  cases 
the  angle  made  by  any  two  sections  of  a  surface  is  the  same  as 
that  made  by  the  traces  of  the  sectional  planes  upon  the  tangent 

plane  at  the  point  of  intersection. 

T.S.D, 


mm 


ARTICLE  XVII. 

Researches  in  the  Geometry  of  Three  Dimensions. 

By  Mr.  T.  S.  Davies,  Bath. 

(Continued  from  page  121.) 

The  surfaces  of  the  second  order,  whether  considered  in  re- 
ference to  their  own  curious  and  diversified  properties,  or  as  a 
key  to  the  ultimate  structure  of  surfaces  in  general,  are  the  most 
interesting  as  well  as  the  most  important  in  the  whole  range 
of  Solid  Geometry.  The  properties,  indeed,  of  most  other 
bodies  become  so  complicated,  that  whether  investigated  by 
means  of  lines  actually  traced  in  them,  or  by  means  of  their 
representative  equations,  they  alike  defy  the  scrutiny  of  the 
most  ardent  and  the  most  sagacious  geometer:  but  the  proper- 
ties of  surfaces  of  the  secpndorder  are  so  completely  under  the 
control  of  both  methods  that  they  offer  scarcely  greater  difiicui- 
ties  than  the  lines  of  the  same  order ;  whilst  in  many  instances 
they  have  furnished  properties  of  the  plane  sections,  which  be- 
fore that  circumstance  might  have  lain  concealed  for  ages  yet  to 
come.  When,  however,  we  reflect  that  the  curvature  at  each 
point  ot  a  surface  being  known ;  and  moreover  that  the  curva- 
ture  of  ariy  surface  at  any  point  is  the  same  with  that  of  a  sur- 
face of  the  second  order,  which  we  can  generally  determine. 
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OS  cilia  ring- it  at  the  point  in  question  :* — we  shall  see  at  once  the 
great  value  of  these  surfaces  in  all  enquiries  of  a  more  recondite 
character  in  solid  geometry,  and  a  reason  why  they  have  been 
so  assiduously  investigated  4:>y  the  mathematicians  of  the  con* 
tinent. 

The  majority  of  the  properties  of  lines  of  the  second  order 
depends  upon  the  conjugate  diameters:  and  the  next  in  point 
of  number  and  importance  upon  the  doctrine  of  transversals, 
modified  to  suit  the  case.  So  likewise,  in  surfaces  oi  the  se- 
cond order,  the  same  circumstances  will  be  found  to  hold  good* 
It  may,  indeed,  be  said  that  in  both  cases,  the  doctrine  of  con- 
jugates  might  be  easily  derived  from  that  of  transversals,  and 
therefore  it  would  be  more  systematic  to  profess  to  derive  the 
whole  course  of  the  investigation  at  once  from  the  transversals : 
and  this,  in  truth  is,  what  the  illustrious  Pascal  seems  to  have 
done,~f-  and  in  imitation  of  whom  several  distinguished  Foreign 
Geometers  have  more  recently  adopted  as  the  fundamental  prin- 
ciple of  their  enquiries.  Yet  the  most  systematic  is  not  always 
the  most  simple  or  the  most  intelligible  process ;  and  it  has, 
therefore,  by  many  been  deemed  better  to  sacrifice  the  doubt- 
ful advantages  of  such  systems  to  the  paramount  considerations 
of  brevity  and  perspicuity.  Such  is  the  plan  I  adopt  in 
these  miscellaneous  speculations :  viz.  to  employ  in  all  cases 
the  method  which  most  readily  brings  me  to  the  object  before 
me,  and  rest  fully  satisfied  by  establishing  the  properties  I  bring 
forward  without  adhering  exclusively  to  one  or  other  method 
of  effecting  it. 

One  difficulty  presses  on  me  in  the  outset — that  of  writing  in 
a  language  which  does  not  boast  a  single  work  containing  the 
leading  propositions  which  I  am  obliged  to  employ.  I  am, 
therefore,  unable  to  quote  specific  authorities,  so  as  to  render 
the  propositions  whch  I  may  give,  dependant  upon  any  course 
of  reading  in  which  the  mere  English  Geometer  may  be  sup- 
posed to  have  indulged.  I  shall,  in  consequence,  be  obliged 
to  quote  the  properties  I  may  need  at  length,  but  shall  generally 
do  it  without  demonstration.  I  had,  indeed,  originally  in- 
tended to  trace  the  progress  of  this  branch  of  mathematical 
science  from  its  first  buddings;  and  to  examine  at  length  the 


•  This  remarkBble  property  was  discovered  by  M.  Ic  Baron  Dupin, 
and  is  made  by  him  the  basis  of  the  most  profound  and  systematic 
investigations  into  the  doctrine  of  sarfaces  which  has  yet  appeared. 
Soc  his  DSveloppemeiits  de  GSomSirie,  pp.  is,  13. 

t  Vide  the  letter  of  Leibnitz  to  M.  Pcrrier;  OuvragesPire  Pascal; 
lorn.  Verne,  fin. 
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relative  advantages  of  the  different  methods  of  discussicm :  but 
I  find  the  plan  will  lead  me  into  details  inconsistent  with  the 
limits  necessarily  prescribed  for  such  subjects  in  a  work  like 
the  Repository ;  I,  therefore^  abandon  that  project  and  pliall 
reserve  the  notes  I  had  made  for  some  other  purpose — probably 
as  an  appendix  to  a  separate  work  specially  devoted  to  Solids  and 
Descriptive  Geometry. 

Section  1L 

The  conjugates  (diameters  and  diamedral  planes)  of  the  second 

order. 

I. 

Definitions,  i.  Lines  given  in  position  are  conveniently 
represented  by  single  letters  taken  as  their  symbols^  such  as  x» 
y,  z.  If  specific  lengths 

measured  from  specified  x 

points  he  mentioned  they 
are  denoted  by  x',  T^, 
z^  and  x'\  H\  il\  &c. 

2.  A  plane  is  denoted 
by  conjoining  the  sym- 
bolsof  two  lines  situated 
in  that  plane»  as  xY,  yz>^ 
zx,  &c.  which  denote 
the  plane  in  which  are 
situated  the  lines  x  and 
y ,  Y  and  z,  x  and.  z» 
&c. 

3.  The  intersection 
k^  two  planes  is  repre-^ 
sented  by  a  vertical  line 
between  their  symboh, 
as  XY  I  vs,  indicates  the  line  in  which  the  plane  xY  cuts  tb. 

4.  The  intersection  of  a  line  and  plane  being  a  point,  the 
symbol  of  that  point  is  a  dot  between  their  respective  sym- 
bols, situated  at  the  iq^^pe?  part  the  line  (in  the  manner  that  Dr. 
Hutton  places  his  decimal  point,  and  nearly  for  the  sane 
reason,  to  distinguish  it  from  the  sign  of  multiplication)  :  thus 

X  •  ZY 

signifies  the  point  in  which  the  line  x  meets  the  plane  ZY. 

5.  On  the  same  principle  the  intersection  ot  ihe  two  line* 
X  and  Y  is  demued  by 

X  •  Y. 
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6.  The  intefBeciton  of  two  lines  each  of  which  is  the  inter- 
section of  two  planes  will  have  for  its  symbol 

(ST  I  QP)  '(XT  I  vz). 
or  more  simply 

ST  I  PQ  'XY  I  vz. 

7.  Three  intersections  of  three  several  pairs  of  planes  may 
be  thus  represented 

ST  I  QP  •  XY  I  vz  ^  OV  I  RN 

but  if  we  wish  to  express  that  the  three  points  of  intersection  are 
coincident  we  should  enclose  them  in  parenthesis^  thus : — > 

{ST|. }. 

8.  The  same  with  respect  to  planes,  the  symbol ' 

I  ST  I  QP  I  VR  I  NZ  I 
will  signify  that  four  planes  mutually  intersect  one  another,  but 
enveloped  in  parentheses  they  will  meet  in  the  same  line,  and 
if  in  double  parentheses  that  they  meet  in  a  point. 

Thus  {( I  ST  I  QP  j  VR  I  NZ  I  )}• 
This  system  of  symbols  might  obviously  be  carried  to  any 
desired  extent  and  is  remarkably  simple  and  systematic.  Though 
the  same  in  principle  with  that  employed  in  the  GeonUtrie  de- 
position, it  has  the  advantage  of  being  less  liable  to  mistakes, 
from  drawing  a  line  a  little  too  long  or  too  short — a  fault  to 
%yhich  that  of  Carnot  is  very  liablet  as  my  own  experience  has 
often  shewn  me. 

II. 

Prikciples.  1.  Conjugate  diamedral  planes^  or  simply 
conjugate  diamsdralSy  are  in  systems  of  threes :  their  symbols 

are 

XY,  xz,  YZ. 

2.  Conjugate  diamedral  lines,  or  simply,  conjugate  diame- 
ters, are  also  in  systems  of  threes :  their  symbols  are 

X,  Y,  z ;  or  XY  |  yz,  xy  I  xz,  xr  I  zx 
according  as  we  consider  them  to  be  the  original   lines  upon 
which  we  found  our  considerations,  or  the  intersection  of  the 
diamedral  planes  mentioned  in  the  last  ])aragraph. 

3.  When  one  diamedral  as  XT,  is  given ;  the  intersec- 
tion of  the  other  two  is  given  also  viz.  xz  |  zy,  or  z  is  given 
also. 

4.  When  one  diameter  as  z,  is  given,  the  plane  of  the  other 

two,  XY  is  given  also. 

5.  The  diameter  and  diamedral  so  related  are  said  to  be  con- 
jugate to  one  another,  or  simply  to  be  conjugates. 
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6.  When  two  diameters  are  given,  the  diamedral  is  also 
given,  and  hence  the  third  diamUer  is  also  given. 

/•  When  two  diamedrals  are  given,  their  mtersection  is 
given,  and  hence  the  third  diamedral  is  given  also. 

III. 

Principles  continued  i.  Any  diameter  z  being  drawn 
in  a  surface  (s^  of  the  second  order,  and  a  plane,  parallel  to  its  con- 
jugate diamedral,  this  plane  is  said  to  he  conjugate  to  z,  and  is 
denoted  by  x^y,  to  distinguish  from  xy  the  conjugate  diame- 
dral. The  two  z,  x^Y/  are  called  conjugates,  and  their  symbol 
is  z,  X/Y^. 

2.  Measuring  upon  z  the  distanee  z,  and  z„,  and  putting  z' 
the  value  of  the  line  z  intercepted  by  the  surface,  if  we  make 
this  relation  amongst  the  three  quantities 

Z,  .  Z^/  =  z 

then  z,  and  z^/  are  the  reciprocals  of  each  other :  and  the  cor« 
responding  conjugates  x^Y^  and  X^^Y^^  (parallel  to  xy)  are  called 
reciprocal  conjugates. 

3.  The  points  were  the  reciprocal  plants  meet  z  in  z^  and  z  ,^ 
are  called  the  reciprocal  poles  z^  and  z,;  and  the  reciprocal 
planes  themselves  are  called  reciprocal  polar  planes.  The  lines 
x^  and  Y//  or  x,,  and  y^  are  denominated  reciprocal  polars. 
Sometimes,  indeed,  the  pole  ^nd  its  reciprocal  polar  plane  are 
also  collectively  termed  reciprocal  polars^  also.  This  nomen- 
clature of  pules,  polars,  and  polar  planes  are  good  in  respect  to 
the  important  properties  of  these  surfaces  discovered  by  Monge, 
and  presently  to  be  more  particularly  referred  to :  but  as  \ye  lose 
sight  of  either  the  conjugation  or  the  reciprocity  of  these  planes 
by  that  system  of  terms,  I  have  preferred,  for  the  present  at  all 
events,  to  adopt  the  terms  reciprocal  conjugates^  when  men- 
tioning either  X/,  Y/^.  or  z^,  x^,Y/^.  The  course,  of  my  en- 
quiries is  more  dependant  upon  reciprocal  conjugates  than  upon 
polars. 

4.  When  we  wish  to  distinguish  between  the  pairs  of  recipro- 
cal conjugates,  we  may  call  x^,  y,,  or  x^ ,  Y,  the  mean  recipro- 
cal conjugates,  and  z^ ,  x^/Y^/  or  z^,  x^Y^  the  extreme  reci- 
procul  conjugates » 

5.  The  planes  x^Y^  and  x^^Y/,  being  so  related  that  one  al- 
ways cuts  the  surface  and  the  other  never,  they  are  conveni- 
ently distiguished  into  inferior  and  exterior  reciprocal  conjU'^ 
gate  planes. 
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MoNG^'sTuftOREM^   Geom.  DescupL scctton  IL  art.  2l^ — 41. 

If  a  cone  (c)  having  its  centre  c  in  one  of  the  reciprocal  conju- 
gates, envelope  a  surface  (s),  then  the  plane  of  contact  (p)  shall 
envelope  the  other  reciprocal  conjugate  of  ^s). 
'  Conv^ersely.  If  a  plane  (p)  envelope  one  of  the  reciprocal 
conjugates  of  the  surface  (^),  the  centre  of  c  of  the  cone  shall  be 
enveloped  by  the  other  reciprocal  conjugate. 

Thus,  in  leference  to  our  notation,  if  a  cone  have  itg  cen- 
tre in  Y/  its  plane  of  contact  shall  pass  through  x^^ ;  and  if  a 
cone  have  its  centre  in  x^^y,,  then  its  plane  of  contact  will  always 
pass  through  z^. 

The  same  will,  conversely,  take  place  by  interchanging  x^, 
Y/,   z^and  x,^,  Y,,,  z,,. 

If,  however,  we  denominate  in  the  cone,  the  centre  and 
plane  of  contact,  reciprocal  conjugates,  we  shall  have  the  theorem 
in  this  form  : — 

If  one  pair  of  reciprocal  conjugates  of  the  cone  and  surface 
coalesce,  then  the  other  pair  will  also  coalesce. 

Without  doubt  this  beautiful  theorem  is  due  to  Monge, 
though  the  corresponding  plane  one  had  been  known  long  be- 
fore. There  are  some  traces  of  it  to  be  found  in  the  writings 
of  Desarguis  and  of  Gregory  St.  Vincent :  and  it  is  very  com- 
pletely stated  and  proved  by  Lahire,  in  his  Sectiones  Conicos 
(1685),  as  well  as  several  other  theorems  which  are  in  this 
country  referred  to  a  very  recent  period.  The  first  traces  that 
I  have  been  able  to  find  of  any  English  writer  having  attended 
to  this  property,  is  in  the  writings  of  Dr.  Matthew  Stewart, 
who  had  examined  the  circle  and  determined  many  of  the  more 
obvious  and  more  elegant  properties  of  these  reciprocal  conju- 
gates. They  have  been  variously  treated  by  piecemeal  in  oUr 
periodical  works ;  but  as  no  specific  series  of  results  has  been 
drawn  from  them,  further  notice  of  the  works  in  which  they 
occur  is  needless  on  the  present  occasion. 

There  is,  however,  a  very  compl.ete  series  oi  these  properties 
to  be  found  in  a  paper  by  Dr.  Hey,  in  the  Philosophical  Trans- 
actions for  1814,  where  they  are  used  as  preliminary  to  the 
solution  of  some  problems  concerning  the  perspective  repre« 
sentation  of  circles.  As  this  paper  will  come  before  us  again 
in  another  shape,  I  shall  forbear  any  remark  upon  it  here. 

It  is  to  foreign  mathematicians,  however,  that  we  must  look 
for  the  most  simple  demonstrations  of  ^  this  series  of  propositions 
and  the  kindred  ones  in  surfaces  of  the  second  order  :  and  it  is 
to  their  discussions  of  these  that  we  owe  the  developement  of 
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that  beautiful  system  of  polei  which  enters  more  or  lesf  into 
almost  everjr  geometrical  enquiry  concerning  these  surfaces,  and 
winch  has  led  to  many  of  the  improvements  in  their  system  of 
trapsver^^s. 

V. 

Haying  slated  th?  theorem  of  Monge  in  term*  as  brief  and 
comprehensive  as  the  subject  seems  to  adirift,  let  us  eitquire 
w)^j^l\ej(  th<^  envelope  siurface.is  necessarily  a  cone,  or  whether 
any  o^hcr  concentric  surface  might  not  be  endowed  with  the 
s^e  properties.  We  shall  thus  find  that  no  other  surface  than 
the  cone  has  that  quality :  and  the  consideration  by  which  we 
arriv^  at  thjat  conclusion  is  extremely  simple. 

1.  Let  (a)  be  a  fixed  conic  section,  and  «l  the  centre  of  a 
series  of  conic  sections  each  of  which  is  to  touch  (a)  ia  two 
points,  a>6,ii.  Then  because  the  section  (b)  touches  ( a)  at 
G,  H,  they  will  have  common  tangents^  hf,  of  at  these  points. 
Join  GH,^  FA,  FB,    Then  because 

FA  is  drawn  from  the  intersection  w 

of  the  tangents  to  (a)  to  the  cen- 
tric, it  bisjects  QU  the  chord  of 
contact :  a^d,  m  the  same  way  we 

find  that  FB  bjsects  QH.     Hence       /Y         jJ^  Hi^    tXi 
VfC  ipfer  that  i.  is  alv^ays  in  a  g^^ve^ 
line  AB,  and  that  HO  is  alwa\rsr 
parsill^l  to  itself. 

Sv  It  is, easy  to  see  ^Iso  iha^  if 
any  surface  of,  the  s^^cond  order 
whp&e  centre  ijs.  ^,  have   a  plafie 

contact  witjii  A.  given  surface  (4.%  the  c;oqes  of  contact  will 
have  their  <;e^t;Fi^.»  ii>the  line  /^ ;  and  tb?^t  tihe;  planes  of  contact 
arc  parallel  to  opp^  another.  For  the  several  di^medral  sections 
oi  ibe  cQse  af^d  sifrfa^e  i^iW  prpduqe  t|^  C2^se  yre.  have  already 
considered  to  p/d/^o. 

N.pii^ft  as  tl^ese  s^ctjpns  are  parallel  they  do  not  pass  through 
suivspecrfip  point  or  line  reciprocally  cpnjtigatetp.that  in  which 
3  IS.  Mtuated  t  apd  there  is  not,  con&eqpently,  aj^y  such  a  pro- 
perty he;lon^in§  tp  the  secpnd^order  in  geqcraU.  as  that  which 
Mong^  has  given  with,  respect  to  the  cone.  There  are>  how- 
ever, some  curiQus  pr.Qp^rt|ps  bcipa^ipgtp.the  figjiife  wJuf{i  y(€ 

VI, 
Lef  xvGm  two  pbnes(p>,  (B<)'b&  d«awn  tbrini|^  x>/ cutting 
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the  suffacei  in  (s),  (^) :  then  if  in  U),  (iO  diameter«  be  drawn 
parallel  to  x^^,  these  shall  fee  conjugates  to 

(p)  1  YZ   and  (pO  I  yz. 
For  draw  the  diamedrals  parallel  to  (s\  {s')  and  these  Will 
intersect  in  x  :  but  x  is  parallel  to  x^,  and  therefore  ys  is  conja- 
gate  to  the  diameters,  in  ^s\  {s).    Hisnce  these  4*a^ters  are 
conjugate  to 

(p)  I  Yz  and(p')  I  Yz. 

Ilence  we  derive  a  test  of  the  tapability  of  two  lines  of  the 
second  order  {s\  is')  situated  in  different  planes  to  be  inscribed 
in  the  same  surtace  oJF  tfee  second  order »j 

t'roduce  the  planes  to  meet  in  x„ :  draw  diameters  in  <4)^  {s) 
parallel  to  "s.,,  and  in  the  same  secttons^  conjugates  lo  thesfe  di- 
ameters :  if  these  intersect  x^/  in  the  same  point,  ^he  sections 
are  inscriptible,  otherwise  they  are  jiot« 

VII. 

These  conditions  are  necessary,  and  they  are  also  sufficient* 
But  they  do  not  determine  the  individual  surface  in  which  these 
sections  are  restricted  to  cohere :  nor  is  there  such  a  surface 
datermkiabie  till  we  have  fixed  upon  womt  ahtt  condition. 
The  centre  nusc  be  somewhere  id  ifae  plane  vz  to  fulfil  the 
fioreaaaed  conditions  ;  but  it  imay  Ailfii  theim  wherever  in  that 
plane  it  be  posked.  There  will  faence  be  innomerable  positions 
KMT  tlial  centre,  and  therefoi^e  innumerable  surfaces  in  which 
the  two  sections  may  cohere.     We  learn  from  this,  that 

If  two  lines  ef  the  second  wrder  be  inscriptible  in  one  sur- 
face  of  the  second  order^  ihey  are  capable  of  innumerable 
insofiftiofiu. 

viii. 

If  two  planes  be  itikWitio  rest  upon  two  msich  secrions,  their 
line  of  intersection  will  cutthediamedral  yz  tn  a  point,  which 
will  be  the  centre  of  their  enveloping  cone  :  and  this  cone  wii) 
hiirt  its  vieisteK  inward  or  onCward  as  the  ptanes  meet  between 
0be  given  oo^ic  section's  or  beyond  the  less.  Hence  a  very  par- 
tieokr  case  of  tliis  proposition^  but  a  useful  one  is,  that^  if  tw& 
Ums  of  the  second  order  ure  inscriptible  one  way  in  a  cone^ 
they  are  capable  of  the  other  inscription. 

IX. 

From  the  same  principles  it  will  be  easy  to  demonstrate  the 
two  following  beautiful  propositions,  the  first  of  which  is  due 
to  Brianchon  and  the  sg^ond  to  Monge. 

X  a 
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If  a  cone  pierce  a  surface  of  the  second  order  making  two 
isolated  branches ^  one  of  which  is  plane y  then  the  other  also 
is  plane.    Journ.  de  Tec.  Polyt,  Cah.  XIII.  p.  304, 

If  two  surfaces  of  the  second  order  are  tangential  fin  a 
plane  curve  J  to  a  third  surface^  then  these  two  surfaces  will 
have  a  plane  intersection.  Corresp.  de  Tec.  Polyt.  torn.  II. 
p.3«i. 

Nor  will  it  be  difficult  to  prove  the  following  more  general 
ones  :— 

If  two  surfaces  of  the  second  order  intersect  one  another  in 
two  isolated  branches^  and  the  one  be  plane,  then  the  other  also 
is  plane. 

If  each  of  two  surf  aces  of  the  second  order  intersects  a  third 
surf  ace  of  the  second  order  in  a  plane  curve  they  will  f  if  they 
intersect  at  all  J  intersect  one  another  in  a  plane  curve. 

These  propositions  will  again  appear  as  corollaries  to  some 
of  our  subsequent  speculations^  on  which  account  I  shall  dismiss 
them  at  present  with  a  bare  enunciation. 

X. 

It  has  been  ascertained  in  VI.  and  VII.  that  when  any  two 
plane  sections  are  inscriptible,  they  are  inscriptible,  in  innu- 
merable surfaces  of  the  second  order :  the  only  condition  to 
which  they  arc  subject  being  that  their  centres  are  in  the 
diamedral  conjugate  to  both  the  sections.  In  like  manner  if  we 
conceive  a  third  section  (s'^^)  which  is  inscriptible  separately 
with  each  of  the  others  (/),  (j'O  there  arc  innumerable  surfaces 
which  may  envelope  (5^^'),  (*0  and  innumerable  others  which, 
may  envelope  (/^'),  (^0  $  the  only  conditions  to  which  the^e  are 
subject  being  that  they  shall  have  their  centres  in-  the  two  cor- 
responding conjugate  diamedrals. 

Moreover,  if  any  (c'),  (c^')  be  the  cofljugates  respectively  of 

(^0,  U'^O  and  U0»  (^^''0  ^1^^"  2i^y  po^"t  i"  (^'^»  (^^0  may  be  the 
centre  of  tv;o  surfaces  which  will  envelope  (^")»(^^^0  and  (^),  (s^^^) : 
and  this  property  belongs  to  no  point  out  of  the  line  (c^)  \  (c^^). 
The  statement  being  made  concerning  each  of  the  other  pairs 
of  planes,  we  are  led  ultimately  to  remark  that  the  common  in-^ 
tersection  of  the  three  planes  is  a  point  from  which  a  surface 
may  be  described  to  envelope  all  three  of  the  sections. 

Hence,  if  three  sections  taken  two  and  two  are  inscriptible 
they  are  all  three  inscriptible  iti  the  same  surfaces  of  the  *e- 
cond  order. 

It  is,  moreover,  plain  that  they  admit  of  inscription,  gene- 
rally, in  only  one  such  surface. 

Other  tests  of  inscriptibility  will  hereafter  be  laid  down  :  hy^ 
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it  will  in  the  sequel  appear  that  they  are  but  modifications  ol  this, 
or  at  most  very  proximate  consequences  ofcit. 

XL 

ITie  property  in  (x)  is  perhaps  one  of  the  most  fecund  in 
this  method  of  enquiry  that  can  be  proposed  ;  and  we  shall  in 
future  parts  of  this  olla  podrida,  have  frequent  occasion  to 
employ  it.  I  shall  therefore  only  deduce  from  it  one  single 
proposition^  and  that  solely  on  account  of  its  vast  importance  in 
the  doctrine  of  curvatures. 

If  any  three  sections  of  the  second  order  be  about  the  same 
diameter^  they  ean  be  inscribed  in  a  surface  of  the  second  order. 
Dupin,  developp.  de  G^om*  p.  6o. 

For  from  the  middle  of  the  line  draw  diameters  conjugate  to 
that  line  in  each  section  :  these  are  in  the  diamedral  conjugate 
to  those  two  sections,  and  those  two  diameters  meet  the  given 
line  in  the  same  point:  and  therefore  the  two  sections  are  in- 
scriptible.  In  like  manner  each  pair  is  inscriptible,  and  there- 
fore all  three  are  inscriptible. 

XII.      . 

Let  two  surfaces  (a)^  (b)  be  given.  Join  these  centres  by 
the  line  ab  or  x.  Conjugate  to  this  line  draw  diamedrals,  (^Z)i 
and  (yz)2*  meeting  in  y^.  Then  any  cone  whose  centre  is 
in  (TZ)j  will  have  its  reciprocal  conjugate  (or  plane  of  contact 
parallel  to  x,  as  will  likewise  any  cone  having  its  centre  in 
p'zjg.     Their  intersection  will  then  be  parallel  to  x. 

Now  when  the  centres  coalesce  with  y^  then  their  reciprocal 

conjugates   coalesce  with  x^,,  x,; :  and  conversely  when  the 

1        s 

planes  of  contact  coalesce^  with  x^^,  K//the  centres  of  the  cones 


are  m  Y^. 


♦  This  notation  merely  refers  to  two  surfaces  mutually  related  to 
one  another,  and  symmetrically  to  any  other  magnitude.  Every  method 
which  can  be  devised  by  means  of  notation  for  presenting  to  the  eye 
at  once  the  symmetry  and  relations  of  the  objects  of  our  contempla- 
tion contributes  materially  to  the  ready  comprehension  of  their  pro- 
perties by  the  understanding,  and  thereby  greatly  facilitates  both 
acquisition  and  discovery- .  The  Geometer  will  find  much  advantage, 
in  this  respect,  in  the  adoption  of  some  of  the  happy  devices  of  the 
analyst. 

The  functions  of  the  surfaces  marked  with  the  subscribed  numbers 
in  the  sinister-base  (borrowing  a  term  from  the  vocabulary  of  the 
Herald's  College)  sh«w  that  they  belong  to  the  surfaces  which  are 
numbered  in  accordance  with  them.  The  dot  beneath  the^  accented 
z  is  used  to  express  the  portion  of  that  axis  which  constitutes  the 
semidiameter  of  the  surface.  It  is  sometimes  convenient  to  put  the 
pumji^ers  over  the  symbols. 
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.  Ifi  momovet^  the  cones  have  #  comman  cenlr^  Jn  r,  dte 

ptanes  of  contact  wU^ea  be  jMcaUel  to  one  aaotber :  aad«  con- 
versely, if  the  planes  of  contact  be  parallel  the  centres  will  be 
coincident. 

JLastly^  if  ibe  places  of  contact  become  coalescent  then  there 
is  one  position  of  coalescence  of  the  centres  conrespondii:^  to 
it,  and  onljf  one, ,  Hence  there  is  idviayt  one  pointy  from  which 
tdhgent  cones  being  drawn  to  two  given  surfaces,  the  planes 
of  contact  shall  coalesce :  and  it  is  evident  that  th^re  is  only 
one  such  point. 

XIII. 

The  sttnc  cottdusion  tntght  have  keen  4erhtA  tnalyikrally;: 
thus,  Let  the  surfaces  be  denoted  by  t%e  equations 

1.    Aaf*  +  By*  +C2*  +2Dy2  -j-2Bar2  +2txy  ^stG^t 

Then  the  planes  of  contact  have  for  e^nations  <4^,  y,  t^  %dtig 
co-ordinates  of  the  centre) 

a'*    jjIax'  4-  p/  f  E«'  +  g)  -f  »{«^x'  +  By'  4-  vz'  +  h)> 
4-  a(fia/+  lyy- +.  cz'+j)  +  (g*'  4-My'  +  jz'+k)  =oj^ 

1^'*    .«{aV  -f  JfY  4-  «V  4-  <^0  +  yif^x'  +  B'y'  -f  B/2'4-  h'}> 
-f  a(EV+By4-cV4- jO  4-  <«V4-Hy+jV)-f  kOsiio.S 
(See  M^iige  A.naiy«e  Applique,  p.  14.} 

Now  if  we  tnubipVy  tbe  first  of  these  qtsantkies  by  an  indefer- 
limnate  constant  p^  the  equation  will  continue  to  represent  ^e 
same  plane :  and  in  order  that  the  t|fo  equations  x  X  1'  and  2^ 
may  represent  tbe  same  plane  it^is  necessary  that  tbe  coefficients 
«4  tiie  variables  jr,  y,  £,  in  each  equation  ^faonld  be  eqtal  each 
to  each.    This  gives  the  four  equations 

p .  (a.V  4-  Fy'  4-  B*'  4-  g)^  =  a'*'  -4-  t^  -♦-  eV  4-  tr' 
p  •  {f«''+  By'  4-  B«^  4-  H)  =  r^x^  +  b^  +  dV  4-  Hf 
p^  {*«'4-d/  4-  ca'  +  j)  =  eV  4-  ©y  4-  cV  4-  j' 
jr .  («a/  -f-Hy''  4-  ja'  4-  k)  =  gV  4-  hY  4-  J V  4-  k^. 
From  these  equations  we  find  the  four  quantities  p^  ar',  y'^  z^ : 
andiheuce  the  position  of  the  summit  of  the  cpne^-  It  is  like- 
wise tf>byiQiiM>  ffom  the  Cf  uation  being  of  the  first  degree  in  x^,. 
y'l  z',  that  there  is  but  one  poi|it  from  which  it  can  be  placed. 

XIV. 

From  this  property  we  may  derive  several  curious  results : 
one  of  wbicfi  shaH  sufficefor  the  present,  viz.  that  proposed  as 
Question  14.  Gent.  Diary  of  the  present  year. 
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Let  F  be  the  pDinr  frcns  vfaicA^  tlK  e9M»  of  eaalwefe  iKtag 
drawn,  its  reciprocal  coiijagaitee 

(the  planes  of    contact)   shal^  ^j» 

coincide.    Let  any  line  drawn  ..:.^ 

from  ?  through  a  point  *  in  the  y^yf 

curve  Qf  pesdration  ot  tJue^  sur-  y  //^ 

feces  (^'K    (O    Wftfttiift  the  .^   /// 

eanmon  plane  of  contact  m  p^  ^,y'     /  // 

aiQ4  the  two  surfiices  again  ia       tTy^      2^^r^^^"-»^     *^ 
^,  y'.    Now  by  well  known       ^S^ — §5^CZ  1^'    ^*^1 
properties  of  the  &gi|i»»  the  li«e      T  fc*//y^/^ — "-^k* 
wp.mll    be  hataQctticaUy  4i^       \^    AL^    i^}^)^ 

vided  in  s^  s^  by  the  sur&»e  (^l  ^>^^  ^J. 

and  in  s^  s"  by  the  surface  {sl')^  ^ — '-"""^^ 

Hence  Aree  of  the  points  p,  «, 

/>  being  identical  in  both  cases»  the  fourth  /,  sf'  nuist  abc^ co- 
incide %  or  tiae  line  pp  again  passes  through  the  curve  of  B^vtual 
penetration.  The  same  happens  to  all  ihe  lines  from-  P  thfoi^ 
the  points  of  the  said  curve»  and  hence  that  curte  is  wkolly 
situated  upon  the  cone  formed  by  those  lines. 

Note.  The  annexed  figure  represents  two  sections  made  in 
the  surfaces  {^),  (^0  by  any  plane  through  the  line  p^^  and 
the  line  q'r'^  section  of  the  common  reciprocal  conjugate  of  p. 
We  have  proved  that  $^y  sf'  coincide. 

XV. 

By  a  method  very  similar  to)  that  employed  iit  XIII.  wemight 
bave  deduced  this  pcopositipiBi^  without  the  intervention  of  Jhe 
property  there  established  and  passing  through  the  route  sketcf 
o«itinXIV«:  but  it  i»  unnecessary,  and  therefore  ar  the  the- 
orem is  only  a  case  of  a  much  more  general  one,  which  VDoef 
be  demonstrated  in  the  same  way,  I  shall  give  it  in  pfefisreikctt^ 

If  two  surfaces  of  the^  second  order  intersect^  there  are  in^ 
numerable  surfaces  qf  the  second  order  which  hate  a  common 
section  with  them. 

Let  the  two  surfaces  Be  dienoted  by  the  equations  employed  m 
X1IT.  Multiply  each  hy  the  indeterminate  constants  m^  ni 
then  adding  the  resulting  equations  together  we  shall  have 

(»IA+«A^)X*  4;  {mi&  +  HB^y*  +  (TJtC  +  «c')**  I 

+  B;(jwa+4W)»^  fi{»H  +  ^H')yt  +  %[mj*  4^  »jO* \ 

Though  for  the  sake  of  qrannftry  ^ti70  indeterminates  have 
teen  iptroduccd  iivta  thia  equaXion,  itiis  obvious  that  one  would 
have  sufficed ;,  and  moreover,  that  there  is  in  reality  hut  one 
independent  intermediate  em|tloyed»  We  have  then  to  remark 
that  if  we  refer  this  equation  to  the  centre  of  the  surface  we 
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shall  eliminate  the  terms  which  contain  the  first  powers  of  3^ 
y,  2 :  and  we  shall  have  a  new  equation  of  this  form 

tn 
Now  this  equation  involves  the  arbitrary   quantity   —  ,     and 

hence  will  vary  with  that  qnanthy,  always,  however,  being  re- 
ferred to  the  centre  as  the  origin  ;*and  hence  innumerable  sur- 
faces arc  represented  by  this  equsttion  all  of  which  have  a  com- 
mon intersection  with  the  two  given  ones-  The  cone  in  XIIK 
is  a  particular  case  of  this. 

The  geometrical  demonstration  of  this  property  is  not  diffi- 
cult but  depends  upon  other  properties  which  are  rather  remote 
from  those  already  laid  down  :  and,  therefore,  on  account  of  its 
similarity  in  the  enunciation,  I  have  put  it  here  though  obliged 
to  employ  the  algebraical  geometry  to  establish  it.  I  shall  now 
conclude  with  a  notice  of  some  propositions  respecting  cones 
of  the  second  order  in  different  planes,  analogous  to  those  in 
my  former  paper  concerning  circles  on  the  same  plane. 

XVI. 

The.  properties  established  concerning  circles  arc  true  con- 
cerning similar  conic  sections  similarly  placed,  on  the  sante 
plane^  as  is  obvious  from  (XVI.)  of  that  series.  For  such 
would  be  the  result  of  cutting  the  cylinders  and  planes  there 
mentioned,  by  a  plane  oblique  to  the  axis.  M.  Chasles  has 
employed  the  stereographic  projection  of  surfaces  of  the  second 
order  for  establishing  the  properties  of  centres  and  axes  of  si- 
militude, and  other  properties  ot  this  kind  (Ann.  des  Math, 
toin.  XV  III.  p.  305 — 20)  This  method  though  unnecessary  for 
simple  establishment  of  that  property  is  yet  very  ingenious  when 
applied  to  the  demonstration  of  the  corresponding  properties 
ot  plane  lines  traced  upon  a  surface  of  the  second  order. 

XVII. 

If  two  sections  '5),  (/)  of  a  surface  of  the  second  order  (s) 
be  given:  and  any  two  other  sections  (5')»  (s'^)  be  described 
tangential  to  these,  then  the  cones  enveloping  these  latter  sec- 
tions  and  having  their  vertices  internally  situated,  these  vertices 
will  be  in  the  same  straight  line. 

For  produce  the  planes  of  (*),  (5')  to  meet  in  (*)  |  (^').  Then 
the  cones  in  question  will  touch  in  all  their  length  these  two 
planes ;  and  will  hence  have  their  vertices  in  the  line  {s)  \  (s). 

XVIiL 

The  ifiternal  cones  will  hafve  their  vertices  all  in  one  plane  : 
VIZ.  the  recipjTocal  conjugate  of  the  cone  which  envelopes  (s)^ 
(i^) :  as  is  too  obvious  to  need  a  detailed  proof. 

(Tu  be  contivutd.J 
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AJtTICLE  I. 


On  the  determination  of  the  attraction  which  a  planet  would 
exert  upon  any  point  given  l^  position,  if  its  mass  were  distri« 
buted  along  the  whole  orbit^ — uniformly  in  relation  to  the  time 
ia  which  each  part  of  the  orbit  is  described. 

,      By  Charles  Fred.  Gauss,  prestnied  to  the  Royal 
•     Society  of  Sciences  ijth  January^  1818. 

The  secular  variations  which  the  elements  of  the  orbit  of  a 
planet  suffer  from  the  disturbing  force  of  another  planet,  are 
independent  of  the  position  of  the  latter  in  its  orbit ;  and  will  be 
the  same  whether  the  disturbing  body  move  in  an  elliptic  orbit 
according  to  the  laws  of  Kepler,  or  its  mass  be  conceived  to  be 
distributed  along  its  orbit,  in  such  a  manner  that  equal  portions 
of  the  mass  shall  be  every  where  assigned  to  the  parts  of  the  orbit, 
which  the  planet,  if  in  motion,  would  describe  In  equal  times; 
provided  that  the  times  of  re  volution  of  the  disturbing,  and  of  the 
disturbed  planet  are  not  comtnensurable.  This  elegant  theorem, 
if  it  has  not  hitherto  been  formally  stated  by  any  one,  is  at  any 
rate  very  easily  demonstrated  from  the  principles  of  physical  as- 
tronomy* A  problem  therefore  presents  itself  which,  both  on  its 
own  account,  and  for  many  artifices  required  in  its  solution,  is 
highly  worthy  of  attention ; — namely, — ^To  determine  exactly  the 
attraction  exerted  by  a  planetary  orbit  upon  any  point  given  by 
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(  »  ) 

f  position ;— or,— a«  it  may  be  otherwise  expressed, — ^by  any  elliptie 
ing,  whose  thickness  is  infinitely  small>  and  varies  according  to 
the  law  above  specified. 

S*  Denoting  the  excentricity  oi  the  orbit  by  e^  and  the  ex- 
centric  anomaly  of  any  point  in  the  orbit  by  e,  the  correspond- 
ing  elements  of  the  excentric  anomaly  and  of  the  mean  anomady 
will  be  flf  E  aqd  (i  --  ^  cos  e)  ^e  ;  wherefore  the  element  of  the 
mass  to  be  assigned  to  the  indefinitely  small  portion  of  the  orbit 
to  which  these  elements  correspond,  will  be  to  the  whole  mass, 
which  we  shall  assume,  as  the  unit,  as  (t — e  cos  e)  ^e  to  dv,  v  ex- 
pressing the  semicircumference  of  a  circle  whose  radius  is  unity. 
Putting  therefore  the  distance  of  the  point  attracted  from  any 
point  in  the  orbit  :=  q,  the  attraction  exerted  by  the  element  of 
the  orbit  will  be 

—  (^  — g  cos  e)  dE 

27rq 

Let  us  denote  the  greater  semiaxis  by  ^i  and  the  less  by  b  ;  and 
let  us  assume  the  former  as  the  line  of  the  abscissae,  the  centre  of 
the  ellipse  being  considered  as  their  origin.  Then  we  have 
ii*  —  i*  n  ^*  ^*,  the  abscissa  of  any  point  of  the  orbit  zr  a  cos  £ 
and  its  ordinate  =  b  sin  £•  Lastly^  let  us  denote  the  distance  of 
the  attracted  point  from  the  plane  ot  the  orbit  by  c,  and  the  re- 
maining co-ordinates  drawn  from  the  attracted  point  parallel  to 
the  greater  and  less  axes  by  a  and  B.  These  things  being  pre- 
mised, the  attractive  force  exerted  by  the  element  of  the  curve, 
when  resolved  into  two  parallel  to  the  greater  and  less  axes,  and  a 
third  perpendicular  to  the  plane  of  the  orbit,  gives  the  three  foU 
lowing  expressions  which  we  shall  put  equal  to  d^^  dn ,  d(^ 

(a  —  tf  cos  E)  (1 -^^  cos  e)  ^E        j^ 

(B  •—  ^  sin  £)  (1  — e  cos  E)  dz        , 

i^'"" ■'    '     — J- ^ —   =  dn 

'  C  (I  —  ^  cos  E)  rf  E  j^ 

27rf    , 

I 

where      e  ^  /((A  — -  a  cos  e)*  +  (b  —  *  sin  e)*  +  CC), 
These  differentials  being  integrated  between  the  limits  s  =  a 


(    3    ) 

and  E  r:  360^  will  giv«  the  partial  attractions  (^  99,  {»  exerted  in 
directions  opposite  to  the  directions  of  the  co-ordinates.  The 
whole  attraction  is  compounded  of  the  partial  attractions  |,  17,  (^ 
which  may,  by  a  -known  method,  be  referred  to  any  direction 
whatever. 

3.  The  whole  matter  now  depends  upon  introducing  another 
variable  instead  of  £,  so  that  the  radical  quantity  may  be  reduced 
to  a  more  simple  form. 

For  this  purpose  we  shall  put 


cos  £  = 


a  -\-  of  cos  T  +  ae^'sin  T 
y  4-  y''  cos  T  4-  y^'  siii  T 


f  +  f  ^  cos  T  +  f '^  sm  T 

sin   E    ZZ    ; ; jj~. — 

y  -i-  y  cos  T  +  y^  sm  T 

where  the  nine  coefficients  a,  af^  at!\  &c.  are  manifestly  not  aT- 
together  arbitrary,  but  ought  to  satisfy  certain  conditions,  which 
it  IS  proper  first  of  all  to  examine.  We  observe  first,  that  the 
substitution  would  remain  the  same,  although  all  the  coefficients 
were  multiplied*  by  the  same  factor,  so  that  without  rendering  the 
result  less  general  we  may  suppose  one  of  them  to  have  a  deter* 
niinate  value ;  we  may  put,  for  example  y  =:  1 :  for  the  sake  of 
neatness,  however,  we  shall  iii  the  mean  time  leave  all  the  nine 
coefEcients  indefinite.  We  remark  besides,  that  such  values  are 
to  be  excluded  as  would  give  a,  a\  a^\  or  f ,  Z\  C'^  proportional 
to  y,  y^,  y'^  respectively  :  for  E  would  then  no  longer  remain 
indeterminate.  The  differences,  therefore,  ya^''  —  y^'off^  y'^  ql 
—  ya^\  ya'  —  y^  cannot  vanish  at  the  same  time. 

The  coefEcients  a,  a\  a'\  &c.  must  evidently  be  compared  in 
such  a  manner^  that  independently  of  ai;y  particular  values  which 
may  be  assigned  to  them,  we  may  have^ 

(a  +  flt^cos  T  +  a'^  sin  t)* 
+  (f  +  f'  cos  T  +  C''  sin  t)» 
—  (y  +  7''  cos  T  +  y''  sin  x)* 

this  function  must  therefore  necessarily  be  of  the  form 

k  {cos  T*  +  sin  T*  — •  1). 
a  2 


=  o 


(    4    ) 
Hence  we  obtain  theie  $ix  condidonal  equatioas. 


«'«" 


«''« 


c« 


-C'C  +  //  =  -  i' 

—  C'C"  +  //'  =  o 

—  €"Q  +  v"y  =  o 
-e€'  +  y/  =  o 


(I) 


Upon  these  equations  depend  many  others,  which  it  will  be 
worth  while  to  examine.    Putting  for  the  sak$  of  brevity. 


«e'/y'  __  a'ev''  —  «"f'yi  ~ 


(11) 


by  combining  equations  (I),  the  nine  following  are  easily  derived; 


«y      =    +  i(c/€''  -  Q'<xf') 
e*/     S=    +  i(C''y    —   y^f)   j 

8."    =   +  1(<S'/    —    yC) 


«y 


// 


=  —  ^  («  f  '    —    Qa')] 


fill) 


From  the  three  first  oF  these  we  again  easily  obtain  this 
equation : 

^  iKC  y"  -  y'  e")»  —  i  (y'  «''  —  «'  y")*  +  f^W  C"  — C'  ."J* 


i    5    ) 

to  which  the  following  i<  equivaleqt : 

which,  by  the  assistance  of  equations  a,  3, 4  in  (I)  is  reduced  to 


SE    =i' 


(IV) 


With  equal  facility,  from  equations  (I)  ate  derived  the  follow* 


ing: 


(f//' 

— 

/€";• 

(/«" 

— 

«'y")' 

(«'r 

— 

C  «'0* 

(C"y 

— 

/'  f )• 

(/'« 

^ 

— 

S 

— 

C"*)» 

(C/ 

— 

yCO' 

(yV 

— 

«yO' 

(«C'. 

-_ 

CO* 

I 

=  +  ft  a  +  y'T'  +  T^VO 


—  4(i—  yy    +/V0 

+  4  (/I  +  « «  —  «'  *0 

+  4  (i  +  CC  —  Cf) 

-  4  (4  —  yy  +   y'yO 


For  the  sake  of  illustration  we  shall  indicrte  how  the  first  of 
these  equations  is  obtained :  the  rest  are  easily  formed  in  the  saoK 
manner.    Equations  4,  2,  3  in  (I)  give, 

(/  //  —  ^>  %"f  _  (/  /  ^  f  /  Z')  (/'  y"  —  C"  C'O  =  of  of  of' «'/ 

which  equation  when  reduced  gives  immediately  the  first  in  (V j« 
From  these  equations  (V)  we  conclude  that  the  value,  A;  =  o, 
is  not  admissible  in  our  present  inquiry ;  for  if  k  zr.  o,  all  the 
nine  quantities  Q'  >/'  -^  y^^\  &c.  would  necessarily  vanish ;  that 
IS  the  coe£Scients  «, «',  a"  would  become  proportional  to  ?,  Q\  i\ 
as  also  to  y^  y^  /^  Hence  likewise,  it  appears  from  equatioa 
(IV)  that  the  quantity  s  can  never  vanish ;  wherefore  the  quan- 
tity k  must  necessarily  be  positive^*— if,  so  be  that|  all  the  coef^ 


{    S    } 

icienti  a,  «^  af\  &c»  are  real  quantities*  By  combining  tbe 
£rst  three  equations  in  (III)  with  the  first  three  in  (V),  there  arise 
Shese  new  equations,  which  evidently  depend  upon  the  value  of 
i  not  becoming  evanescent : 

cft  —  of  a'  —  a^'a''   -  —  k'^ 

es-^  S'S'  —  Q"Q"  =  —  i  >  (VI) 

I 

Ttie  combination  of  the  rest  would  produce  the  same  equa- 
tions*   To  these  we  finally  annex  the  three  following : 


ya  —  y'J  —  /'«"  =  o  ^  (VII) 

a  S 


—  «/€'  —  af'G"  =  oj 


which  are  easily  derived  from  equations  (III) ;— for  example;— 
the  second,  fifth,  and  eighth  give 

^Jc/'iya'  —  ^y)  =0. 

These  equations  also  evidently  depend  upon  the  value  ft  =:  o 
being  extjluded  ♦. 

Since,  as  we  have  shown  above,  all  the  c6efficients  may  be 
multiplied  by  the  same  factor,  the  value  of  k  will  in  that  case  be. 
come  multiplied  by  the  square  of  that  factor ;  we  shall  now 
therefore  always  suppose 

A:  =  1 

so  that  we  shall  also  necessarily  have  e  ^=z+  i»  or  ^  n  —  t. 
It  appears  therefore^  that  the  nine  coefficients  cc^  a\  af^^  &c. 
among  which  ^  subsist  six  conditional  equations  ought  to  be 
leducible  to  three  quantities  independent  of  one  another ;  which 


*  It  may  not  perhaps  b«  superfluous  to  remark,  that  wc  made  choice  of  the  pre^ 
ce<}ing  an&iysis  after  due  consideration  ;  and  employed  it  in  preference  to  another 
method  of  deriving  the  relations  UI.— 'VII.,  because  the  latter  though  it  appeared 
somewhat  more  elegant,  was  found,  upon  being  accurately  examined,  to  be  liable 
to  certain  ambiguities^  from  which  it  could  not  be  freed  without  a  circuitous  mode 
Of  proceeding. 


(    7    ) 

i«  effected  most  coifveniently  indeed  hy  means  ol  three  aisles,  m 
the  following  manner : 

ft  =  cos  L  tan  N 

C  =  sin  L  tan  N 

y  zz  sec  N 

a^  =  COS  L  COS  M  sec  N  +  Sin  L  sin  M 

C^  zz  sin  X  COS  M  sec  N  4I  cos  l  sin  m 

*/  zz  cos  M  tan  n 


«''  = 
C^^zz 


cos  L  sin  M  sec  N  -{-  sm  l  cos  M 
sin  L  4in  m  sec  x  +  cos  L  cos  m 


y^r:  sin  M  tan  n 

Where  the  upper  of  the  ambiguous  signs  belongs  to  the  case 
^  zz  -f  1,  and  the  lower  to  the  case  e  =  —  i.  Analytic  inves.* 
ligation  proceeds,  however,  for  the  most  part,  more  elegantly  « 
without  the  use  of  these  angles.  But  it  would  not  be  difficujf  to  as- 
sign the  geometrical  signification  both  of  the  angles  and  of 
the  other  auxiliary  quantities  which  occur  in  this  investigation  ; 
but  this,,  which  is  not  necessary  for  our  present  purpose,  wc 
>hall  leave  to  be  followed  out  by  our  skilful  reader. 

4*  If  the  values  assumed  above  for  cos  £  and  sin  £  are  now 
substitutfd  in  the  expression  for  the  distance  ^,  it  becomes  of  the 
form  ^  ±: 

•  (G-f  c^ cos  T*-fC^^sinT*4-2H COST  sin T4-2H^sinT+gH^^cosT) 

y  +  y  <cos  T  +  y'*  sin  t 

where  the  coefficients  oe, «',  a ',  &c.  are  to  be  so  determined  that 
she  six  conditional  equations  being  satisfied,  namely, 

—  flf  a     —  ff+yyzz  l") 

—  a!  a!    —  C'  (?'    +   y  y'  zz  — r  1 

—  «'«"—  C^C"  +  y"y'  =  —  1  I 

—  rf'a"   —  Cf"  +  /y"z:        o  ' 

—  «"«     ~  C'C    +   y"y   =  O 

—  ««'     -^  CC    +  yy    zz        o 


CO 


(  »  ) 

and  eoDscqucntly  die  other  equations  alio  which  arise  from 
them,  we  may  have 

H  =  o,        h'  =  o,        m'^  2=  o ; 

in  which  manner  the  problem,  generally  speaking,  will  be 
rendered  determinate. 

If  therefore  we  denote    the  denominator  of  §  by  /,   tlie 
following  function  of  the  three  quantities  /,  t  cos  £,  /  sin  £, 

(a  A   +  B  B  +  C  g)  /  /  +  ^J  a  (/.  COS  e)*  +   bb  it  sin  e}* 
— -  s  a  A  ^  •  /  cos  £  —  a  i  B  ^  r  ^  sin  £• 

•ught  by  the  substitution^ 

i  cos  B  =  at  +  a^  cos  T   +.  a^^  sin  T 
^  sin   E  =:  f  +  f '  cos  T  +  £^'  sin  t 

/  =  y  +  •/  cos  T  +  •/'  sin  T 

to  become 

c  +   G^  cos  T*  +   g'^  sin  T*, 

This  is  evidently  the  same  thing  as  to  say  that  the  function  oi 
the  three  indeterminate  quantities  x^  y  and  Zy 

(w) 
ought  by  the  substitution 

z  ZZ  yu  +   y'u'  +  y'u'/ 
to  pass  into  this  function  of  the  indeterminate  quantities  ti,  uf^  uf\ 

G  K  If  +  c^^ii!  v!  +  g''  ii!'  u^' 

But  seeing  that  from  these  formulas^  joined  with  the  equations 

[i],  we  easily  obtain 

» 

u    =  —  olx    —  fy    +7^ 
v!    ZZ        of  X  -^  Q*y  ^^  y' z     , 


(    9    ) 

it  is  evident  that  the  function  (w)  ought  to  be  identical  with  the 
following  :  ^ 

whence  we  have  six  equations 


^  -./-./ 


.//  -,//  -.// 


w 


aa   =    0««  +   C  oi  a!   +   o"«"«' 
66  =  off  +  tt'C'f  +   g"C"C" 

A  A  +  BB  +  C  C    =    G  y  y  +  O'  /  y'   +    o'WW' 

*B    =    Gfy  +  G^eV   +    G'^f'^/' 

tfA    =    Oy«  +  G'y'a'   +    O' V «'' 

O   =   G«f  +  G'a'C'  +   cf'af'Q'y 

From  these  twelve  equations  [i]  and  [2]  our  unknown  quan« 
ikies  G,  G^  G^\  a,  afy  o^' ^  &c.  must  be  determined* 

5«    From  the  combination  of  equations  [1]  and  [s],  the 
following  are  easily  derived 

—  a,aa   +  ytf  A  =  aG 

—  Zhh  +  yiB  =  f  C 

y(AA  +  BB+Cc)  —  ctaK  —  CJb  =  yd; 


whence  arise  besides 


a  =: 


fz: 


A  A  +  BB  +    CC  — 


ya  A 

aa  4-  G 

y  JB 

^&  +  G 

aa  A  A 

C3] 


w 


a  a  +  o 


±:  G. 


The  last  we  can  also  put  under  this  form 


aa 
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A  A  BB  CjC 

+  G        Ji  +  o  a 


=  1  i 


Isl 


(      K>      ) 

In  like  manner^  from  the  combination  of  equations  [i]  and 
[2]  we  deduce 

a!  a  a  —  y'  a  K  =  a'  of 

—  /  (a  A   +    B  B    +    C  C)  —  a'a  A  -—  C^  i  B    =   /  o'. 

and  hence  we  find 

„'  =  _/ijL.  L6] 

a  a  —  g' 

A  A  I  B  B  C  C  rOT 

aa  —  G'  "*■  bh-a'  ""  "^  "  * "-J 

and  again 

•"  =  .-^t"    M 

f"  =  Fl^'  •— -M 

AA  BB  CC  r-i 

A  a  —  GOV  —  G^'  G^'  ^      -^ 

It  appears  therefore  that  gj  —  g',  —  g''  are  the  roots  of  the 
equation 

A  A  BBCC  -_ 

which  being  properly  reduced  becomes 

x^  —  (A  A  +  B  B  +  c  c  —  aa  —  6  b)  X  ^ 

+  [aab  b  —  aaBB  — aacc  —  ££aa— »^^cc)ap 

*^  a  a  b  b  c  c  n  o   ••.,.•.,  ,.[[131 

6.    Now,  concerning  the  nature  of  this  cubic  equationi  the 
following  things  are  to  be  remarked. 


(  11  ) 

I.  From  the  last  term  —  a ab  b  cc^  it  ajppears  that  the 
equation  has  at  least  one  real  root  which  is  either  positive,  or 
vanishes  when  c  =:  o*  Let  us  denote  this  real  root,  which  i$ 
not  negative  by  g* 

Ih    By  subtracting  from  equation  12  put  under  this  Ferrm 


this  other 


aa  ^  X  bb  +  X  ' 


A  A^        .         B  Btf^       ,     ^ 


and  dividing  by  x  — g^  there  arises  a  new  equa^on,  containing 
the  two  remaining  rootSi  namely^ 

aa  /LA b  b  lAti 

^  ^  (aa-{^x){aa'^g)    "^    {b b  ^  x){bb  +g) 

which  being  properly  arranged  and  reso^lved  gives 

aa  A  A      .      bb  BB  >, 

aa  +  g         bb  +  g 

-+.  Ajfr     —  7  A       aa  A.  A         b  b  bb>^       /^aa  b  b  a  abuS 
_  ^^(aa  _^^^^  +  bb  ^g)  "*"  (^rTgxB+i)/ 

This  expression,  seeing  the  quantity  under  the  radical  sign  is 
from  its  nature  positive,  or  at  least  not  negative,  shews  that  the 
other  two  roots  are  also  always  real. 

IIL     But,  on  the  other  hand,  by  subtracting  those  equations 
put  under  this  form 

A  ASX       .       B  B ff  X      . 

^  aa^g^bb^g^  ' 

and  dividing  by  ^  ~  ^,  we  obtain  an  equation  containing  the  two 
remaining  roots  of  the  form 

A  Agx  .  B  B^x 

O   ZZ.    2 +      o         ■     .         +     C  C 

(<» ^  +  f )  (« a  +  ar)    ^    {hb  ^  g){Jbh  -V^) 

b  2 


{  ««  ) 

which,  if  ^  is  a  positive  quantity,  is  evidently  incapable  of  being 
satisfied  by  a  positive  value  of  x.  Whence  we  conclude  that 
our  cubic  equation  cannot  have  more  than  one  positive  root. 

IV.  As  otten  therefore  as  o  is  not  among  the  roots  of  our 
equsition  there  are  necessarily  one  positive  root  and  two  negative. 
But  as  often  as  c  =  o»  and  therefore  o  is  one  of  the  roots,  the 
other  two  are  contained  in  the  equgtioq. 

XX  —  (aa  +  BB  —  aa  —  lb]x  •{■  aalh — t^a^n  —  IbiLAzz  p; 

whence  these  roots  will  be  expressed  by 

J(AA  +  B3  —  fltf  — 3i) 

±  i  t/((-^  A—  BB— aa+  ii)*  +  4AABB) 

Here  again  it  will  be  proper  to  distinguish  three  cases. 

First,  if  the  last  term  aal  b  —  aasB  —  (^aais  positive, 
(that  is^  if  the  point  attracted  lie  in  the  plane  of  the  attracting 
ellipse  within  the  curve^,  both  roots,  seeing  they  must  be  real, 
will  be  affected  by  the  same  sign ;  and  therefore,  since  tbey  can- 
not be  both  positive  at  once,  they  must  necessarily  be  both  nega- 
tive* But  this  conclusion  may  also  be  qbtained,  independently 
of  what  we  have  now  shown,  by  considering  that  the  coefficient 
of  the  second  term,  which  admits  of  being  thus  expressed. 


bb  AX  aa  BB 


(flaW  — ^WBB— WaaJ  (—   +   A^  + 

^  \aa         b  b) 

is  fcvidently  in  this  case  positive. 

Secondly,  if  the  last  term  is  negative,  for  if  the  attracted  point 
is  situated  in  the  plane  of  the  ellipse  without  the  dqrve),  one  root 
will  necessarily  be  positive  and  the  other  negative. 

Thirdly,  if  the  last  term  vanish,  that  is  if  the  attracted  point  lie 
in  the  circumference  of  the  ellipse,  the  second  roqt  of  the  cubic 
will  also  become  o,  and  the  third  root  will  be 

b  b  A  A  aaB  B 

aa    '  b  b    * 

w^iich  is  negative.  But  this  case^in  itself  physically  impossible, 
and  in  which  the  attraction  would  become  infinitely  great,  we 
fhall  exclude,  at  least  in  this  place,  from  our  investigation. 


{    *3    ) 

7.    For  determining  the  coefficients  y,  7/,  7",  we  find  from 
equations  i,  3,  4,  6,  7,  9,  »o. 


f  = 


y  = 


V^(»-(jfT-H)-(rrf7j)) 


v'Ci^^'y  -^  (^'y-  0  > 


[«5] 


7"=? 


/(G-/-^.)  -  (u'-^O  -  ■)  J 


From  these  equations,  when  properly  combined  with  equations 
j,  8,  \%t  wehaveaUo 


=  / 


(    AG    y       /-    BG    y 

\aa  -+-  G/  \^^  +  G/ 


+  cc 


/=  V 


t      AG'     \»      ,       /      BO'       V    .  V 


// 


=  / 


,// 


//       »x 


/     AG"     \"      ,       /       BG"      \*     , 


[i6] 


J 


These  last  expressions  show  that  none  of  the  quantities  G^  g', 
c"  can  be  negative,  if  the  quantities  y,  y\  •/'  are  real. 

In  the  case  therefore  in  which  c  is  not  =:  o>  G  must  neces- 
sarily be  put  equal  to  the  positive  root  of  equation  [13]*  and  it 
appears  also  that  —  of  is  to  be  equal  to  one  of  the  negative  roots, 
and  —  Q^'  equal  to  the  other  * ;  at  the  same  time  it  is  altogether 
arbitrary  whiph  w^  take  for  —  c^  and  which  for  —  Q,'\ 


»"■* 


•  Property  speaking,  indeed,  it  only  follows  from  the  preceding  analysis  that 

—  G'  and  —  G"  ought  to  satisfy  equation  13  j  whence  it  appears  doubtful  whether 
it  may  not  be  admissible  to  put  -rr  G'  and  —  G''  both  equal  to  the  same  negative 
root,  the  third  root  being  altogether  neglected.  But  it  is  easily  perceived  that, 
provided  the  second  and  third  roots  of  the  equation  are  unequal,  it  follows  from 

—  G'  =  -T  G",  that  7  «  ty',  d  =  «",  0'  =  3",  and  therefore  that  —  d^*\  -^ 
^3*  +  7V'=  ■•—  «V  —  0'3'  4-  7V  =  1,  which  is  inconsistant  with  equation  fourth 
of[l].  See  what  is  said  below  concerning  the  case  of  equation  1 3  having  two 
e^ual  roots* 


(     14    ) 

As  often  as  C  =  o>  and  the  attracted  point  is  situated  within 
the  curve  we  must  necessarily  assume  for  —  q^  and  —  q^^  the 
two  negative  roots,  and  put  o  =  o.  But  since  in  this  case  the 
first  formula  in  16  becomes  indeterminate^  we  shall  take  instead 
of  it  the  first  formula  in  15,  which  gives 


y  == 


But  as  often  as  c  r=  o»  and  the  attracted  point  He*  without 
the  ellipse  the  positive  root  of  equation  [13]  must  be  put  =  g, 
and  either  the  negative  root  iz  —  o'»  and  or  z=  o,  or  the  nega- 
tive root  =  —  Qf\  and  g'  =  o ;  the  coefficient  y"  or  /  will  be 
found  by  means  of  the  formula 


^c 


'^if-') 


AA  BB 

aa 

In  the  case  already  excluded,  in  which  the  attracted  point  it 
supposed  to  be  situated  in  the  circumference  of  the  ellipse,  the 
coefficients  y  and  7^  or  7  and  7^^  become  infinite  which  shows  that 
our  transformation  is  not  at  all  applicable  to  it. 

8.  Although  formulas  [i^j  (and  [t6J  are  sufficient  for  the 
determination  of  the  coefficients  y,  y^,  y'\  we  may,  however, 
assign  others  still  more  elegant,  for  this  purpose  we  shall 
multiply  equation  [f]  by  (M>hb  —  GG,  whence  arises,  after  a 
slight  reduction, 

«flAA  {hh  +  g)  ,    i^BB  iaa  +  g) 

^-— -; '-  -    AAG    +    TT-T BBG 

+    aahicc  , . 
—  CCG  :;:=  aaap  —  gg. 
G 

But  from  the  nature  of  equations  we  have  the  gum  of  the  roots 

G  —  G^  —  G^'  1=  AA  —  BB  —  CC  —  oa  — H, 

the  product  of  the  roots  gg^g^'  =:  aabbcc. 

Hence  the  preceding  equation  is  transformed  into  the  following 

aaA.h(kh  f  g)  ^^bb  {aa  -h  g)  ,   ,, 

'. "T"    n — \ — zi +  g  G 

aa  4-  G  ^^  +  G 

—  G  (G  —  G''  — g'^  +  qa  +  bh)  =  nabb  —  GG. 

which  may  also  be  put  under  the  form 

aaAA  {bb  +  g)         Wbb  (aa  +  g)         -        .       .  ,,,    .       . 

'  +   LL  .    ^ — '  —  (^«  +   g)  (A^   +    G) 

aa  -h  G  bb  -{'  o  ^  '  ^ 

+  (G  +  gO  (G  +  gO  =  o. 


(    is    ) 

Hence  the  value  of  the  coefficient  y  from  the  first  formula  in 
C^f]  ^0  transformed  into  the  following 


By  an  analysis  altogether  similar,  we  find, 

_     /  (aa  ^  c')  {bb  -  G^) 

r  ^    V    (G  +  G^)(G^^-  G')     '-*^J 

^  —  V  (o  -i-  G'O  (g'  — G"0  L19J 

After  the  coefficients  y,  y\  y'  have  been  found,  the  others 
«,  C,  a^,  Z\  ai\  Z'^  are  derived  from  them  by  means  of  formulas, 

3*  4»  ^»  7i  9«  *^ 

9»  It  is  easily  perceived  that  the  signs  of  the  radical  ex« 
pressions  by  which  y,  y\  y'\  are  determimed  may  be  taken  at 
pleasure.  But  it  is  worth  inquiring,  in  what  manner  the  sign  of 
the  quantity  e  is  connected  with  these  signs.  For  this  end  let  us 
consider  the  third  equation  in  (III.)  art.  3.  ' 

which  by  formulas  6^  7,  9,  10  is  thus  transformed 


ey  = 


{aa  —  G^  {bb  —  g'')         {aa  —  g")  (bb  —  g') 
—  gft  (aa  —  bb]AB  (G^^  .-  gQ  yV^ 

But  by  considering  equation  13  we  easily  obtain 
{aa  +  g)  {aa  —  g'')  {aa  —  g'^)  zz  aa  (aa  —  bb)  ak 
(6*  +  o)  (66  ~  g')  (bb^  g'O  =:  -  bb  (aa  —  66)  bb. 

Hence  the  preceding  equation  becomes 

(aa  +  G)  (66  +  g)  (g'  —  g'')  y  V^ 
'  fl6  (aa  —  66)  ab 

which  being  combined  with  equation  17,  gives 

/  ,/  __  ^ab  (aa  —  66)  ab 

'^y    -  (G  +  cO  (a  +  c^O  (G'  —  G'O  • 


(    i6    ) 

Hence  it  appears  that  if  that  negative  root  of  the  cubic  equa- 
tion which  is  absolutely  the  greater  be  assumed  for  —  Cr\  and 
at  the  same  time  the  coefficients  y,  y\  y^'  be  all  taken  positive, 
c  takes  the  same  sign  which  AB  has  ;  and  remains  unaffected 
though  all  these  conditions,  or  any  two  of  them,  ^e  reversed  ; 
but  assumes  the  opposite  sign,  if  one  or  three  of  the  conditions 
be  changed.  But  it  is  proper  to  note  still  farther  the  following 
lelationSy  which  are  easily  derived  from  the  foregoing. 

act  or'    sr  — — ' 


QQfZ''   =  — 


^e  = 


(O  +   g')  (G  -I-   G^O   (O'  —  f ') 

Ea^&ABB 


(G  4-  G')(o  +  g")(g'— g") 

I 

a^AB 


V  zz  — 


(G  +  G')  (G  +  G'O 
a&AB 


a''Q''  = 


(G  4-  gO  (g'  —  G^O 
a^AB 


(G  +  G^O  (g'  -    G'O 


lo.  Our  formulas  may  in  some  cases  become  indeterminate : 
these  cases  it  is  proper  to  consider  by  themselves.  And  first  let 
us  examine  that  in  which  the  negative  roots  —  g',  —  g"  of  the 
cubic  equation  becoming  equal,  the  coefficients  y\  y'  appear  from 
iormulas  18,  19  to  acquire  infinite  values,  which  however  are 
only  indeterminate* 

By  putting  in  formula  14,  ^=  G,  it  appears  that  in  order  to 
render  the  two  values  of  x,  that  is,  —  g'  and  —  g",  equal,  it  is 
necessary  that 

,,  aaKK  bhBE 

AB  1=   O,       fltf  —  00  —      ■  -  •*    ■    4-    TT =    o, 

'  aa  4-  G  66  -H  G 

Hence  it  is  easy  to  perceive  tqat,  since  aa  ^^  bb  is  naturally 
either  a  positive  quantity  or  =  o^  we  must  have 

B   =  o, 

,,         aaAA  .  aaAA 

aa-^'  00  zz ,    OT  aa  +  c  z=^ n  ^ 

aa  -Y  o  aa  —  66 

By  substituting  these  values  in  equation  14  it  becomes 

G'  =  g"  =  66. 


Bj  liifcatitaitng  ImsiiIm^  the  v^lue  x^bbin  the  cubic  cf  luiioa 

(aa  —  bb)  (cc  +•  64)  =:  Maa. 

As  often  as  this  conditional  equation  has  phce  at  the  same 
time  with  the  figuation  b  =  p^  the  case  occurs  KV^ich  we  arc 
hene  treating  of. 

Ao4  since  g  becomes 


^     <^<»A4         ^^  _  fl#cc 


formula  17  gives 


^  "^  (M  —  bb)  (MCC  +  4^)   ""    ^    iwcc  +  6*    • 


and  ag%in  U<m  fon^jalas  3  a^i^  4f  wc  fii^d 


aA  "*"  j^(cc  +.44)     *"    ^    tfflcd'Vit 


/, 


A*AA 


CC  -♦-  *4)  (tfiicc  +  ¥') 


The  values  df  the  coefficients  /,  /'  in  the  formulas  t$8,  19, 
remain  in  this  case  indeterminate,  Mid  so  also  do  the*  values, of 
the  renaii^ing  coeflicients  a\  C^  af^,  C^.  Nevenfaeless  by  m^nt 
ot  one  of  these  coefficienU  all  the  other  five  may  be  expreitel ; 
fpr  example,  we  have  from  formula  6, 

■ 

aa  -^  bb* 
and  9gain 

C  =  /(I  —  aV  +  vV),  y"  =  /(ry  —  «  —  rVJ. 

VOL.    V.  *aRT    III.  € 


T 


(    »8    ) 

4 

Bttt.thisisinotenettlyaccompKthcd  as  follows*    Fr6m 

C  .  *     • 

we  obtain 


.^*hcrcforc  wc  may  put 

But  farther,  from  the  formulas 


fdt 


// 


i-  Cy/  — yf/,     cC'^  =  y«  —ay',     €y''  =:  Ca'  — wC',    €8=1^ 


we  find 

a '  =  —  gy  COS  /,     C'  =  €  sin  /,     '/^  =  ea  COS  /. 

IChe  value  of  the  angle  jTis  here  arbitrary;  also,  we  may  take 
at  pleasure  either  E  =  +  ifOr6=:  —  i. 

i).  If  g'  and  G^^  are  unequal,  the  values  of  the  coefficients 
y^  f/^  y^^  in  formulas  17, 1 8, 19  can  never  become  indeterminate ; 
but  as  often  as  any  one  of  the  quantities  aa  —  g',  66  —  g% 
aa  —  g'\  bb  —  g''  vanishes,  the  value  of  one  ol  the  coefficients 
a\  S\  oi'W  in  formulas  6, 7,  9,  10  respectively,  appears  at  first 
sijht  to  remain  indeterminate,  which  a  little  attention,  however* 
iwill  shOMT.notto  be  the  case.  .  ^ 

•  •  Lttussuppose,  for  exs^ple,  that  fltf—G'  =  o,  then  by  equation 
at8  w«  hare  /.n  o,  and.  therefore,  by  equation  7,  f  =  o,  (provided 
that  ifl  is  not  at  the  same  time  equal  to  66) ;  whence  we  necessarily 
obtain  a^  =  ±  t  •  But  if  at  the  same  time  aa  =  66^  the  formula 
which  precedes  equation  sixth  in  art«  5,  gives  «'a  +  C'b  =:  o, 
from  which  equation  joined  with  «'«*  -h  Z'^'  =:  1,  we  derive 


« 


f  ^^        ■  — — : — r  «       «       Zm 


""  -/(AA   +   bb)*  \/(AA  +    BB)* 


These  expressions  evidently  cannot  become  indeterminate^ 
unless  we  have  at  the  #ame  time  A  s:  o,  and  b  =  o ;  but  when 
these  equations  have  place  we  are  carried  back  to  the  case  which 
we  have  already  considered  in  the  prece^i^ng  article* 


(  «»  ) 

tft*    Having  now  shown  fully  the  manner  of  determintngithe 
twelve  qoanuties  g,  g^  g'',  «,  a^  af\  f,  f ,  C^^  y,  y',  y'^  we 
'    proceed  to  the  consideration  of  the  differential  .^e.    .I^et  us  put 

/  =S  y  +  y'  cos  T  -f  y"  sin  T    .  • . . . , , , . .  ♦  *  [to] 
to  that  we  obtain 

/  cos  E  =  «  4-  a'  cos  T  -f  a^'  sin  T    .,».••••  («0 

/  sin  B  =  f  +  f'  COS  T  +  f^''  sin  T    . , (at) 

Hence  we  deduce 

idi^  =;  (cos  £^  •  ^  sin  £  +  sin  %d  •  t  cos  s  4-  =) 
cQs  £  (f  cos  T  —  f "^  sin  t)  dT  -V  sin  e  («''  cos  t  — «'sin  t)  </t« 
lind  therefore 

Hd^  =:  (a'^'f  —  af'O  COS  T^T  +  (a'C —  f'a)  sin  T^T 

••        -    -  ' 

4-  («^C'^  —  Z*'(xf\  dr  =  gy'  cos  Tdfx  +  ey''  sin  xift  +  cyrft 

..       .,  •  ..."•^■»       ..» 


t  •   i 


•;or 

tdE  =:sdt [23] 


\ 


It  is  proper  to  observe  that  the  quantity  t  is  from  its  nature 
always  positive,  if  the  coefficient  y  J)^  positive,^  or  always 
negative  if  y  be  negative.  For  since  (y'  cos  t  +  y'^  sin  t)*  + 
(y//  cos  T  —  y'  sin  t)*  =  yV  +  ?V'  =  TV  —'i^  »'  f^H°^« 
that  y'  cos  T  4-  y'^  sin  T,  if  we  neghct  the  sign,  is  less  than  y. 
Hence  we  conclude  that  as  often  as  ey  is  a  positive  quantity,  the 
variable  quantities  e  ?«^  qr  always  increase  together ;  but  as  often 
as  ^.y  is  negative,  the  one  of  these  variable  quantities  necessarily 
diminishes  while  the  otfeer  increases. 

13,  The  connexion  between  the  variable  quantities  e  and  T 
is  still  better  illustrated  by  reasoning  as  follows :  By  putting 
y^(yy  _  I)  -  J,  so  that  U  =  ««  +  eC  =  yV  +  y  V.  we 
(derive  from  equations  20,  21,  22, 

/(S  +  a  cos  E  +  Ciin  E)  =  yJ  +««+??  +  (/$+««'+ fCO  cos  ? 

4-  (y''^^  +  »«''  +  Cf'O  sin  T 

-  (y  +  S)  (5  +  y'  cos  t  +  -/'  sin  t) 

c  2 


(  ••  ) 

tn  1lt»  iMtiiier  htm  eqiutiont  »i,  a»  we  fui 

Thcie  cf  ualions,  by  putting 
r-  =:  cot  L,    r  s-tin  L,      j   =  cos  M»    -^  =i  sin  M« 
asiume  the  fuHowiog  form  : 

•       •       •       *  • 

/(t   +  C01(E  —  L))  =  (y  +  ^)  (I   +  COS  (T  —  Mi 

/  sin  (£  -*  l)  =i  fi  sin  (t  — -  m}» 

whence,  observing  thai  (y  -f  ^)  (y  — *  2)  r=  i»  we  obtiin  by 
diTiiion 

tan  |(E  —  L)  =  fi(y  —  5)  tan  |(t  —  M) 

tan  |(T  +  M)  =  €(y  +  J)  tan  f(E  —  l), 

.  From. this  result  not  only  the  same  conclusion  is  derived  to 
which  we  were  led  in  the  end  of  the  preceding  article,  but  it 
farther  appears  that  if  the  vatoeof  £  increases  by  360^  the  value 
of  T  is  increased  or  diminished  by  the  same  number  of  degrees, 
according  as  «y  is  a  positive  0r  n^ative  quantity.  By  putting 
^  s  tan  N«  and  y  =r  sec  n  we  evidently  have 

*  • 

14.    From  the  combination  of  equations  so»  -si,  sa  with 
equations  of  article  j  we  obtain 

a/  (A  *-  a  cos  £)  z=  <kG  —  of  of  cos  T  —  a^'c^  sin  T 

6|(b  —  6  sin  E)  =  "Co  —  CV  cos  t  •»-  C'^g''  sin  t. 

By  putting  therefore,  for  the  sake  of  brevity, 

(«G  •*•  «V  cos  T  -^  tJ'cf'  sin  t)  <y  —  4e«  4-  (y'  *-  €»t')  co*  t  -I- 

{yf'  —  ^'0  sin  t)  =:  aa;. 

Co  —  Co'  cos  T  —  C"o"  fill  T)<v  —  ««  +  (/  —  ex')  cos  x  +■ 

(y"  —  „")  sin  T)  =  6v, 


we  Have 


d^zz 


txdv'      ,  ivdr'      .„         ttJt 


But 

/f  =:  +  v^f C  -;J-  g'  cos  t*  -I-  o^'  sin  x"),     ,    . 

■  • «  .     >^ 

the  upper  or  tower  sign  having  place  according  u  I  is  a  positive 
4>r  negative  quamity  (for  ^  is  from  it«  nature  always  considered  9& 
positive),  that  ii,  according  as  the  coefficient  y  is  positive  €m 
negative.    Hence 

Bdr     ^  ^  ^^ dr 

^vty  •"  "^  ajr(G  +  ONCOST*  -f . o'' sin  T«)* * 

where  the  ambigixms  sign  depends  upon  ihe  tngn  ofyc* 

To  obtaiil  now  the  values  of  £»  ^,  C  themselves,  it  is  neces^Mry 
to  take  the  integnds  of  the  differentials  from  the  value  of  T,  to 
which  corresponds  e  =:  o,  to  that,  valu^  to  which  corresponds 
IB  :=  360^;  or,  (what  evidently  comes  to  the  same  thing)y.from 
a  value  «f  T»  to  which  corresponds  ah  arbitraty  value  of  e,4o 
that  value  to  which  corresponds  the  said  value  of  £  increased  by 
g6o^ ;  it  is  therefore  admissible  to  integrate  from  fzizOio 
T  =  36o%,as  often  as  ey  is  a  positive  .quantity^  or  f roni  t  =  360* 
to  T  s=  o  as  often  as  ey  is  negative.  It  is  evident  then  that. 
independently  of  the  sign  of  jy,  we  bav©  ^ 

< 

r  xdr 

*^  2w  (q  +  Gf  COS  T*  +  G^'  sin  T*/i 

r  vdv 

w  =  J ' — ^3    . 

*/0ir^G  +  -g'cos  1*  4-  G"tin  t*)s 

^      f  zrfr 

4  ::;  /^  ■/>■■ ,  # 

"^ »v(G  4-  g'cos  t'  +  G^^  sin  t')* 
the  integratiom  being  oittcnded  from  x  =:  o  to  t  =:  360^ 


(    at    ) 

15,    It  it  not  difficttll  to  perceire  thai  the  intapals 
r  cos  idx 


•^(0  + 

a' 

cos  T* 

+     Or" 

sin 

T«)i 

f 

tin 

vdr 

■ 

J{Q    X 

of 

cos  T* 

+  0" 

sin  r*)i 

r 

COS  T  sin  t</t 

extended  from  t  =  180^  to  T  =  sSo^'have  values  equal  to  thoif 
which  they  would  acquire  if  extended  from  x  =  6  to  T  z:.i8p% 
but aflfected  With  opposite  signs;  wherefore  these  integrals  when 
extended  from  T  r=  o  to  t  =  360°  evidently  become  =  o« 
Hence  we  conclude  that 


/-((y— ea)«0  -  {r/—ea')afG'  COS  T»— (7^^— «i'0«'V'  wn  T*)rfT 

^  SM  (G  +  g'  cos  t*  +  G^'  sin  t'p 

_  r((y— ft,KG->(y^— €«')gV  COS  TM/'--^«'Og'^Q''«PT*)rfr 
•/  076  (g  +  o'  COS  T*  +  C  sin  T^)* 

^     /*((y — ^«>y  —  (*/  ^t%'W  COS  x*—  (7'' —  taf'y/'  sin  T*)crfT 

.    J  .  a^tG  +.  G^COST*  +  G''sinT*)t 

the  integrals  being  extended  from  t  =  a  to.  t.  ==  360^.  If 
therefore  we  denote  by  p  and  Q,  the  two  following  inte^U^ 
taken  between  the  same  limits 


/ 


cos  T*  Jt 


/: 


2w  ((G  +  gO  cos  T*  +   (G  +  G^')  sin  T*)* 

sin  tVt 


a«  ((G  +  gO  cos  t*  +  (g  +  G^O  sin  T*)i 
we  shall  obtain 

tf|^  ((y  —  €%)  «G  —  (r  —  eof)  ol'c.')  p  4- 
((y  — 1%)  aa  ~  (y^[  —  e(x!')  d"o''^  (j, 
In  »=  ((y  — e«)  Cg  —  (y'  — <f«9  CV)  p  4- 
((y  ~  ^«)  Cg  ~  {/'  --  €0  f ''g'")  S, 
^  rr  ((y  —  ^«)  y    -f   (y'^  —  tot')  y)  CP  .  + 

((y~<«)y  +  (/'  — e*'0/OcQ. 
in  which  manner  our  problem  is  compI||eIy  resolved* 


C    *3    ) 

1 6.    With  regfiird  to  the  (Quantities  f  and  ft»  they  both 
evidently  beeom^ 

a  (g  -V  gO* 

at  often  as  g'  zii  g^\  but  in  all  other  cases  they  must  be  referred 
to  transcenilentals.  In  what  manner  the  transcendental  quantities 
may  be  expresed  by  series,  is  abundantly  obvious.  But  we 
hope  it  will  be  agreeable  to  our  readers,  if  upon  this  occasion  we 
-explain  the  determination  of  these  and  of  other  transcendental! 
by  means  of  a  peculiar  and  niost  convenient  method,  which  we 
have  now  for  many  years  frequently  employed ;  and  of  which 
we  propQse  to  treat  moire  fully  in  another  place. 

Let  i»9  n  be  two  positive  quantities,  and  let  us  pus 

« 

so  tfaati»^  n^  may[be  respectively  the  arithmetical  and  geometncd 
mean  between  m  and  n.    Moreover  let 

m"  =  Ifw'i  •+  n'),    n"  =  )/fnfm' 

amd  so  on ;  so  that  the  series  i»,  m\  m'^  m"',  &c.  and  the  series 
If,  It',  n'\  n"\  &c.  will  converge  very  rapidly  toward  a  common 
iimit^  which  we  shall  denote  by  pi,  and  sliall  denominate  simplv 
the  ariiknutico^geometrical  mean  between  ai  and  n.    We  shall 

now  demonstrate  that  —  is  the  value  of  the  integral 


/^ 


rfT 


%\   • 


ftar  ^(mm  cos  T*  -t-  nn  sin  T*) 
extended  from  t  i=:  c,  to  x  =:  360^ 

Demonstration.    Let  us  suppose  that  the  virt-iaUe  quantity 
r  is  so  expressed  by  means  of  another  variable  t^  that 

2391  sin  t' 
sm  T   =r 


(w  +  n)  cos  t'*  +   2m  sin  T^* 


and  it  is  easy  to  perceive  that  while  t^  increases  from  the  value 
o  to  90^,  s8p^,  270%  360*,  t  will  also  increase  (though  by 
unequal  intervis)  from  o  to  90®,  180^  270%  36c**,  Now, 
after  proper  reductions  we  find 


n 


(     *4     ) 

t 

ir^ _  . dy 

^(mm  cot  T*  +  nn  sin  t*)   ""    ^(mfmf  cos  if^  +  ii'i/«n  t"J  ^ 

and  therefore  the  values  o(  the  integnJs 

^9vy^{mmcQsr*  +  nn  sin  T*)  ^  J wx^\nffii  tQ%  f^+nVsin  t^ 

if  each  is  extended  from  the  value  o  of  its  variable  quantity  to  die 
value  86o°»  are  equal  to  one  another.  Since  we  majr  proceed  iis 
th^  jame  manner  (employing  m\  n/\  »^  «'',  t',  if^  tilstead  of 
m^,m\  n^  »^,  t,  t^  -^  and  ^o  on  successively;  as  far  as  we 
please*  it  appears  that  to  these  va!uesthe  value  of  the  imegrsd 

r  d& 

J.9M^{i^it.  cos  B*  «)»  pi^  sin"©*)  • 

from  @  r:  o  to  6  ==  3(0%  is  -also  equal;  which  value  \% 
•vjdcQtly    -  .  (L-^-^ 

S7«    From   the  equation    expressing  the   relation  between 
T  and  T^j  namely 

(m  —  n)%\ti  T  •  %\fi  t'*  =  2W  sin  r'  —  {m  4-  «)  sin  T> 
is  easily  deduced 
^{rnm  CDS  T*  4-  nn  sin  t*)  =  j»  —  («  —  n  «in  T  .  «n  'tf^ 

^{mlw!  cos  T^  +  irti'  *in  x'*}  iz  m  cotsuig  T^  tan  T^» 

♦ 
and  hence^  by  help  of  the  same  ^fiation» 

rin  T  •  sin  T^  •  '^{mm  cos  Tr"+  »^  tin  T*)  +  US'  (cos  V  +  tin  x*)  r: 

cos  T .  COS  T^  •  ^{n^wf  cos  T^^if^  sin  T*)  — |(m— »)  tfin  Vp 

this  equation  being  multiplied  by 


i/{mm  cos  T*  +  nn  sin  T*)    "^    •(w'w'cOs  x^'  ^-  nVsin  t^> 
gives 

wi^.fcos  T*  -^  sin  T*)  ax  -  U«  —  »)  ^n  T^  ^"^^ 

%/(«m  cos  T*  +  -im  »m  t*)   .      •(«'»'  cos  r*+iiV»in  'O 

+  </ .  sin  T' cos  T, 


0y  murtipiyini^  tbis  last  eqitatjon  by  -^- — — ,  by  substituting 

nl'  («  —  «)  =  .  J(ww  —  nn)t    {m  -*  w)*  2=  4(m'ni'  —  nV)» 

sin  t'*  3:  f  —  I  (cos  T'*  —  sin  T^), 

and  by  integrating  from  the  value  t  and  t'  =  o  to  t  and  Vz=  36o*; 

we  have 

..           X  r  (cos  T*-»- silt  T*)*  rfr                  a(j«^»t'— *»V) 
{mm-nn)J— ~ 


+  a(mV  —  nfn')   f- 


^{mm  cos  T*'+  nn  sin  x*)  /* 

.  (cost:*  — sin  t'IwVt' 


V 


/»V» 


2»  y/\m'ni!  cos  t'*  +  wf'ii  sin  t^*> 

And  since  the  definite  integral  on  the  right*Iiand  side  of  this 
eq^uation  may  be  in  like  manner  transformed,  it  \%  manifest  thai 
the  iniegral; 

(cos  T*  —  sin  T*)  dr       ' 


fi 


,»\> 


2«r  t/{fHm  COS  T*  +  nn  sin  x*) 

i^ill  be  expressed  by  an  infinite  series  which  converges  very 
rapidly,  namely, 

it(mfmf^n'n')  f  A(m'W-.  n"n")  +  8'fn"W'-n"V'")  &c. 

^"^      ■■■■■■■-■■■■  .       *,       .      ,  I  ,  ,  *  ■.  .     f  itm  ..III  ««i-ifc..<  »>ilii*  I       * 

{mni  *—  nn)  f/, 

which  we  shall  put  e<{uai  to -«   -«.^ 

The  numerical  calculation  is  most  conveniently  performed  by 
Ipgarithmst  if  we  pu(  • 

iV^(«w^»«)z:X,i/(mW-«<«^>=X^iv/K''«''-»''0=>'^&C^ 

•  .... 

Mrhence  we  shall  obtain 

X-=g.     X"  :=    ?^'.     X'"  =  ^.   &c.  aivd 
m  »t  »i 

ex'x'  -¥■  4X"x"  -4-  8x"V"  +  &c.     • 

^u  i8.  By  ihe  method  now  explained  even  indefinite  integrals 
(which  begin  from  the  value  o  ot  the  variable  qutntity)  may  be 

^assigned  yith  the  greatest  neatness*  For  example,  it  1^'  is 
supposed  to  be  determined  by  means  of  m\  n\  T^,  as  t'  is  by 
m,  li,  T;  and  again  r'^'  by  mf'^  «^',  t'^\  and  so  on,  then  also,  for 
any  jloerminnte  value  of  t,  the. values  of  the  terios  of  the  serifs 
T,  T^  Y\  T^'\  &c.  will  converge  very  lajftdly  to  the  UmitO, 
and  we  shall  have 

■'  'Vol.*  v.  PaKt  XII.  d 


•/ 


(  *  ) 

4/t  0 


^{mm  cos  T*  +  nn  sin  t*)  fjt 

y(co8  T*  —  yin  T*  dr        ^       v® 
^(mm  cos  T*   y  nn  sin  t*)    ^  **"   <x 

X.'  co$  T  sin  t'  +  aX"co«  T'sin  t^'^+  4X'"  cos  T'^sin  t''"+  &c. 

+  - — wC 

But  it  is  sufficient  to  have  noticed  these  things  in  passing,  as 
they  are  not  necessary  to  pur  present  purpose. 

19.  If  we  now  put  m  =  ^(g  +  g'),  »  =  v^(o  -f-  c'0»  the 
values  of  the  quantities  p  and  q  will  be  easily  reduced  to  the 
transcendental  quantities  (a,  v.  For  since  p,  g  are  the  values  of 
the  integrals. 


y^ cos  tVt j 
%9(mm  cos  T*  4-  nn  sin  t*)4  *  J  8< 


sin  tVt 


2v{mm  cos  T*  H-  nn  sin  t*)|^ 
from  T  =  o  to  T  =:  360^  it  is  at  once  evident  that 

mmv  •{•  ««Q  =  - [843 

Farther,  we  have 

(cos  T*  —  sin  T*)  dr {mm  cos  t*  —  nn  sin  t*)  dr 

a»V^(«imcosT*+  iwsinx*)         fl«(m»i  cps  t' +  mi  sin  T*ji  !• 

^    (j»OT  cos  T*  —  nn  sin  T*)  rfr 
«  (mm  cos  T*  4"  nn  sin  t%t 

^  ,  cos  T  sin  T  • 

""      5rv^(mm  cos  T*  +  nn  sin  x*)  ' 

By  integrating  this  equation  from  t  r:  o  to  t  =:  360^  it  gives 

—   —  +  mm?  —  ii«(2  =  0    ......   [25] 


From  the  combination  of  equations  24,  85  we  finally  derive 


1   +  V  1 


2mmti,  2nn(A 


• 
« 


*«*    On  pages  6  jtnd  7  of  this  article  for  «  =:  <-H  1  and  e  =: 

.;i,  read  6  =r  4-  1  and  s  =: -*- 1* 


ARTICLE  II. 


• 


A  New  Solution  of  the  Problem,  in  which  it  is  required  to  in« 
scribe  three  cii^cles  in  a  given  triangle  so  that  each  of  the^ 
may  touch  the  other  twc^  and  also  two  sides  of  the  triangle* 

By  Mr.  Lechmutz. 

Taien  from  the  AnnaUs  dc  Matkematiques* 

Let  A,  B,  c  be  the  three  angular  points  of  a  triangle,  o  the 
centre  of  its  inscribed  circle  the  radius  of  which  we  shall  sup* 
pose  equal  to  unity. 

From  this  centre  let  fall  upon  the  sides  BC,  cA,  ab,  the 
perpendiculars  oa^=z  ob^c=  oc^=  i,  and  also  from  the  same 
poiii^  to  the  angular  points,  draw  the  lines  oa,  ob,  oc* 

Making  angle  aob^  =:  angle  Aoc'  =:  a, 

angle  boc^  =  angle  boa^  r=  jS, 

angle  coa^  =  angle  cob^  =  r; 

we  shall  have 

ab^  =:  Ac'  =  tang,  o,     oa  =:  sec.  «, 

Bcf  =:  ba'  =:  tang.  R,     ob  =:  sec.  /3* 
Ca'  =:  cb'  z:  tang,  y,     oc   zr  sec,  y. 

Because  sa  4*  ^^  +  sy  equal  four  right-angles  we  shall  also 
have 

*     .    /,%  tanff.  a  +  tang.  j3 

tang,  y  =  —  tang,  (a  +  /3)  =: ^ —        ■   ^-^ ;    . 

®  &•  I     •   ^/  1  —  tang.  *  tan.  j3 

whence,  by  taking  away  the  denominator  and  transposing, 
tang*  oL  +  tang.  $  f  tang,  y  =  tang.  »  tang.  0  tang^  y . 

Now  to  inscribe  in  this  triangle  three  circles  such  that  one  of 

them  may  touch  the  other  two  and  two  sides  of  the  triangle,  it  is 

clear  that  the  centres  of  these  circles  mu«t  be  situated  on  the  lines 

OA,  OB,  oc  which  bisect  the  angles  of  the  triangle.     Let  x^ 

.  Yt  2  be  these  centres  and  x,  y,  z  their  corresponding  radii. 

If  the  centres  X,  Y  be  projected  orthogonally  on  the  side 
AB  =  AC^  +  Bc'r=tang. »  4-  tang.  /?,  thdr  projections  divide 
this  side  into  three  Segments  the  extremes  of  which  are  x  tang. «, 
y  tang.  /3,  The  intermediate  segment  is  the  projection  of  th^ 
distance  of  the  centres  xy  =:  x  +  ><  a^^d  is  consequently  ^ 

\/ {(*  +  y?—  (*  -  >)*}  =  v'(4^>)  -  2i^(*y) ; 

d2 


(  ti  ) 

equating  ihereforc  the  tiimor  iHeie  three  parts  with  the  first 
^  expression  for  the  side  ab^  we  have    ^  *  ^ 

X  tang,  a  -f  2^{xy)  +  y  tang.  /3  :;:  tang.  «  -{•  tang*  0. 

I*r9m  the  other  two  sides  we  get  analogous  ^qjuiionii,  and  if» 
forabrtdgbg.  we  make 

tang*  ft  =:  a,. 

tang.  &-b, 

tang,  r  =<;  ^ 

the  problem  will  be  reduced  to  resolve,  relatively  to  x,y^  and 
z  the  three  equations 

ax  +  2^{x/}  -{•  ty  zz  a-^  l^^.0i (i) 

*7^«t/(;f^)  +  et  =  *  4- f,.* ♦^•(fi) 

t%  +  « v^(«a?)  -^-ax  zz  c  ^  €... , (3)     A 

with  the  condition 

a^  b  •{-  e  ^wkc.   ....* (4) 

By  muhiplying  cross-ways  equations  (a*  3)  and  reducing^ 
we  have 

{h  +  c)  («  y^  ftV(«))  —  (a  M-  r)  (iy  +  « V'(>2))  =  ^(«  —  *)« ; 
but  from  equation  (4) 

4  +  * 
a^  —  1 
wlience 

a^  —  I  av  —  i 

Substituting  therefoce,  and  leaving  out  the  common  denomi- 
nator, we  have 

tf(t  +  **J(«r+2V(;t2);-*(i+a»>(iyr|-ayr(^;?))  =  0s»^4% 

or 

a[t  +  A*)  [ax  +  ftV'Cj'fO)  —  *(t  +  «*)(*/  +  ^'/{yz)) 

=:  J(i  +«*)-«- (I  -f  ft'^ss: 
or,  by  transposing, 

(1  +  A*)  (aV+MV(*^)  +  »)  s:  (S  +  «*>  f(f^;'  +  ^bi/iyz)  +  2), 

or,  again 

(s  +  A«)  (tf  •Af  +  i/zf  =  (t  +  a»)  (*•>  +  yfzy ; 

^find^  by  .extracting  the  square  root  and  dividing 

«i/*  +  V^-         il/y  +  j/g 


♦* 


» 


(     *9 
By  a  fimple  permutations  of  tiie  letter^  we  con^de  £hat 

adding  these  two  last  ineinber  to  inember*  z  disappears  atid  we 
have 

1  a  ^         I  ^y 

V^TTl^)     1/(1  +  a^)     1/(1  t  c^;S  ^ 
_<      1  *  t      ?  . 

■"^1/(1+  «1       l/(t  +  **^)       V{x  +  c*)S  ^-^  • 

fane,  bi;c«use 

<fl  +  i 

e  ;;: 


we  have 

substituting  therefor^  land  taking  away  tbe  denoipinator,  the 
equation  becomes 

Tbie  cot&citTM  of  the  two  members,  may  at  first  be  wrriitca 
thus 

5  t  -  a  +  -•(»  +  «*)]  +  «  J  t  —  *  ~  t/(i  4-  i*)  {. 

{t-i+  •(!  +**>(  4-*  ji— a— •(!'+«')(* 

or,  by  considering  that 

a  =  faa  = -4|(i— a)»  — (t  +«*)^ 

they  take  tbi«  new  form 

where. tbey  have  one  bctor  cot^oion,  by  »uppFe»$inj  y^^\ 
the  equation  becomes  simply , 

J  I  -  «  +  /(t  +  a')  J  t/*  =  J  t  --i  +  »/(«+*-}  (  v/y. 


» 


(    30    )  \' 

Supponng  therefor6»  for  iibridging, 

1— a  +  i/(t  +fl*)  =  ^, 

1  — *  +  i/(i  +  *«)  =  *. 
t  — c  +  i/(t  +  c«)  =  C 
we  draw  from  these,  by  a  simple  permutajfion  of  letters 

whence  'I 

1/*=  ^\/z,        %^yzi  £^2: (5) 

Going  back  now  to  the  primitive  eqaations,  if  from  the  sum 
of  the  equations  (2,3)  we  subtract  equalion  (1)  and  suppress 
the  factor  u,  which  is  common  to  all  the^rms  of  the  resulting 
equation  it  becomes 

C2  +  V(xi)  +  \/{yz)  -  l/(|fy)  =  c  J 
putting  in  this  for  \^x  and  ^y  theit  values  (g)  it  becomes 

(  ^  c     c      c*v 

or        \cAB  +C(^  +  •B  — C)|  z:i^cABi (6) 

Or,  we  have»  from  the  values  of  At  B,  C 

ci/}(i  +  a*)(i  +*•)}. 
or,  putting  for  •  5  (1  +a*)  (1  +**)|  its  equal  Jai— 1  i/{i  +^)  I . 
c-rfB=:c{i-fl)(l-&)  +  c(l-^)i/(i=a*)+c(i-.tf)v/(i+6«)  + 

We  have  again 

-rf+S-.C=i-tf-*  +  c  +  •(!  +a»)  +  4/(1  +**)  -  i/(i  +c*); 
whence  by  multiplying  by  C=  t  —  c  +  •(!  +  c«),  and  put- 
ting for  ^Z  {(H.a«)(l  +  c^)\  andV{(i  +*«)(!  +^} 
their  equals  (a^  —  1)  ^(t  +  *«)  and  {be  —  i)  ^/(i  +  a% 

(tf  +  i'  — 2c)  v^Ct  +  cO  — i:(t— a)  i^(i+**] 
therefore,  by  adding  and  reducing,  ;-^ 


(    8*    ) 

JSLepIacmg dk\yy  its equivallRit  a+fi  f  c^  the idxive liecomeii 

Substituting  therefore  this  value  in  equation  (6)  and  suppress* 
^  ing  the  factor  c  commoti  to  the  two  members^  <  it  becomes  simpi jr 

.By  a  simple  permutation  of  the  letters,  we  obtatn  equ^tioiif  . 
for  X  and ^;  so  that  we  liave  finally 

_  BC  _  CA  _  AB 

This  done,  produce  AO,  bo«  CO,  to  meet  the  circumference 
of  the  inscribeil  circle  again  in  A^\  W\  c" ;  from  the  points 
A,  B,  c  taken  respectively  for  centres,  and  with  the  radii  ab^=: 
AC^  Bc'  =:  ba\  iCA^  =:  cb'  Jet  arcs  be  described  cutting  AO|, 
bo/  CO  respectively  in  iJ'\  s{f\  q'"  we  shall  then  have 

^//^///  —  AO  +  o  a'^  —  ab'  =  o  a'^  —  ab'  +  ao 

=  1 — tang«  a  +  sec. «  =  ^ 

Uf'wi'^  ZZ,  bo  rf  DB'^ — BC'  =  Ob''-— BC'  +  BO 

=  1  —  tang.  /3  Hr  sec.  ^  rr  B 

cV  =:  CO  +  oc'^  —  ca'  ==  oc'^  —  ca'  +  CO 

=  1  — .  tang.  7  +  sec.  y  =  C 

The  three  lengths  A,  B,  C  being  thus  determined,  we  can 
obtain  by-  a  simple  construction,  the  three  radii  x.  y,  z*  For  this 
purpose  construct  a  triangle  d£f,  the  three  sides,  ef,  fD,  dk 
of  which  are  respectively  equal  to  these  three  lengths ;  through 
the  summits  draw  straight  lines  terminating  in  the  opposite 
•ides  in  d%  k\  f\  and  in  such  directions  as  to  make 

4 

angle  fdd^  =  angle  e, 
angle  deb^  ==  angle  F, 
angle  eff'  =  angle  d; 

ihcn,  by  virtue  of  the  proportionality  of  the  homologous  sides 
of  the  similar  triangles,  the  lengths,  dd^  ee'',  ff'  are  the  di- 
ameters of  the  circles  sought,  having  their  centres  respectively 
in  X.  y,  X. 

These  expressions  for  the  radii  of  th^  drcleai  once  found,  it 
is  easy,  by  substituting  their  values,  to  find  any  of  the  other, 
unknown  quantities  tb^it  v(fi  please. 

Taking,  for  example,  the  distances  of  the  points  a,  b,  c  to 


y 


(    3a    ) 

tke  potiiti  whcfe  the  required  cistfba;  toucb  rb^  1bi<s  of  tiie  ui. 
angtC)  for  the  unknown  quantities,  and  which  are  zz  x  tang,  *  zz 
«jr;  y  tang,  fi  zz.by^  z  £ang.  y  =;;  C2»  and  we  have  ' 

"^XT'^  *y=^l¥-'   ^^==Tc- 

Or  from  the  values  found  above  lor  cAB  and  C(^A  4-  B  —  C)» 
whavc 

c^B  =r  C  j  2c —  (y<  4- B— C)j  ; 

therefore 

that  is  to  say » 

or  again 

ft  =r  i (ab'  +  BC'*~  ca'  ^  oc'  4-  oc  —  o a  —  ob)  : 
from  which  we  ger.  exactly  iTie  construction  of  Malfatti. 

If  we  take  foi;  the  unknowis,  die  distances  ax,  bip»  cz,  tlie 
summits  of  the  corresponding  centres,  these  unknowns  are 
respectively  x^f{i  ya*),  y/{i-f  i*),  zy/{ii-c^)  and  we  find, 
for  example^  from,  what  ba»  preceded 

xv{. +  .«)  +  «.  *^iLjLfl) 
,  c 


&c 


Lastly  if  we  take  for  the  unknowns,  the  distances  ax,  OY,  o«» 
these  are  respectively  (i--«)  Vli^a%  (1  ^y)\/^g^  fc*}^ 
(1  —  2)  V(i+c«),  and  we  find,  tor  example, 

c 

By  varying  the  signs  of  the  radicals  in  a  proper  manner,  and 
substituting  for  the  inscribed  circfe^  properly  so  caHed,  each  of 
the  other  three  circles  which  can  be  described  to  touch  at  once 
the  three  sid<^  ef  the  trimgle  we  may  obtain  all  the  solutions  of 
which  the  pnnblem  is  susceptible. 

Berhn  ^^rd  Jan.  iStto. 
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THE  SENATE.HOUSE  PROBLEMS, 

Given  to  the  Candidates  for  Honors  during  the  Examination 

for  the  degrees  of  B.A. 

BY  THE  TWO  MODERATORS. 


Monday,  Jamva&t  17, 1820. 


Monday  Morning. — Mr.  Whewell, 


First  and  Second  Classes. 


!•  Given  two  sides  and  the  included  angle,  find  an  ex* 
pression  for  the  area,  (i)  in  a  plane,  and  (2)  in  a  spherical  tri- 
angle. 

2.  A  straight  line  cuts  a  parabola,  whose  vertex  is  A,  in  two 
points  P  and  g,  and  its  axis  in  0;  ordinates  PAf,  QN^  being 
drawn,  shew  that  AO  is  a  mean  proportional  between  AM  and 
AN. 

3.  The  forte  varies  Inversely  as  (disunce)  '  •  A  body  is 
projected  from  any  point  in  any  direction,  *with  a  velocity  equal 
to  that  from  infinity.  Find  the  position  i>f  the  apse^  and  the 
whole  angle  described. 

4*     On  a  horizontal  dial  the  angle  corresponding  to  a  second 
of  time  at  4  o'clock,  is  double  the  angle  for  a  second  at  noon. 
^    Find  the  latitude  of  the  place. 

VOL.  V.  « 
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5.    The  equation  to  a  curve  hy  zzx  4/  -7 » •  Trace  it; 

find  its  maximum  ordinate,  and  Its  area. 

.  6.  The  earth  revolving  round  a  fixed  axis,  she^  that  a  body 
let  fall  from  the  top  of  a  high  tower  will  not  strike  the  ground 
exactly  at  the  foot  of  the  tower.  Between  what  cardinal  points 
of  the  compass  will  the  point  struck  be  situated  with  respect  to 
the  foot  of  the  tower  ? 

7.  Express  the  distance  ot  a  point  from  the  earth's  centre  in 
terms  of  the  latitude. 

8-  A  point  Tmoves  uniformly  along  a  straight  line  ;  another 
point  P,  with  Mr ^^  times  the  velocity,  always  moves  towards  7, 
so  as  to  describe  the  curve  of  pursuit.  Trace  the  curve,  and 
shew  that  the  path  described  by  T  from  the  time  when  the  paths 
are  at  right  angles  till  it  is  overtaken  by  P  is  f  of  their  distance 
at  that  time. 

9.  The  equation  to  the  elliptical  paraboloid  being  aor*  +  &>' 
«}-  ahz  =  abc^  draw  a  normal  to  it ;  and  determine  the  points 
where  this  line  cuts  the  three  co-ordinate  planes.  Also  find  the 
solid  content  of  a  portion  contained  by  planes  parallel  to  the 
planes  of  xz  and  yz* 

10.  Find  right-angled  triangles  such  that  all  the  sides  shall  be 
rational  numbers. 

11.  If  /s,  £,  c  be  the  sides  of  a  plane  triangle  and  C  the  angle 
opposite  10  c  I  prove  that 

^  hyp.  log.  c = hyp.  log.  a —  -  cos  C—  — \  cos  a  C 1  cos  3C-  &,c* 

12.  Integrate  the  differential 


^'s/'t^' 


in  a  series  which  converges  rapidly  when  e  is  near  =r  s ;  and  the 

equation 


t*+yij5=^  +  >-«^- 


13.    Define  the   Moon*s  variation.    Give  Mcwtoh'H  con« 
struction  for  it,  and  hence  shew  how  it  varies. 


i 


MoNDAV  Afternoon. — Mr-Whewell. 
Fifth  and  Sixth  Classes* 

1.     Find  the  value  of  ^1516^62,63,  &c.  of  jPi. 

a«  Find  in  what  time  at  compound  interest,  at  5  per  cent< 
a  sum  will  become  10  timea  its  original  value.  (NJB*  the  Ipgi 
of  io£  is  2'02ia8y3«) 

3.  Solve  the  equations 

X  +  ^^  {x'  +  ^{x' +  g6))±  it 

x{y  +  z)=za 
y  (a?  +  2)  =  i 
z  {^x  ^-  y)  zzc 
a?'  —  6x  —  40  =  o,  by  Cardan's  method. 

3«'.2^'ZI10. 

4.  A  beam  rests  with  one  end  on  a  horizontal  plane,  and  the 
other  against  a  vertical  wall ;  find  the  horizontal  force  necessary 
to  prevent  its  lower  end  froin  sliding  outward, 

5.  A  projectile  is  to  be  thrown  across  a  plain  120  feet  wide, 
to  strike  a  mark  30  feet  high,  the  velocity  of  projection  being 
that  acquired  down  80  feet;  find  at  what  angle  it  must  be 
projected. 

6.  A  piece  of  wood  weighs  12  lbs.  and  when  annexed  to 
22  lbs.  oi  lead,  and  immersed  in  water,  the  whole  weighs  8 lbs. 
The  specific  gravity  of  lead  being  1 1  times  that  of  water,  find 
the  specific  gravity  of  the  wood 

7.  A  cylinder  whose  axis  is  horizontal  empties  itself  by  a 
hole  in  the  lowest  part;  find  the  time? 

8«  A  trapezium  has  two  opposite  sjdes  equal,  and  the  other 
two  parallel ;  compare  the  resistance  upon  it,  when  it  moves  in 

II  2 
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the  direction  oF  the  parallel  sides,  and  when  it  moves  in  a  direc- 
(ion  perpendicular  to  them. 

9.  Explain  why  all  parts  of  the  field  of  view  of  a  telescope 
are  not  equally  bright;  and  find  the  proportion  of  the  bright 
part  to  the  whole  in  the  astronomical  telescope* 

10.  Having  observed  the  elongation  of  a  planet  when  sta- 
tionary,  shew  how  its  distance  from  the  sun  may  be  found  ? 

It.     Find  the  integrals  of 

'   ■>      : —  I  —r;; 57  ,       OX  •  lOff*  X* 

^  a — v^a?         \^{2ax — a?*J*  ° 

12*  Find  an  expression  to  determine  the  force  by  which  a 
body  may  be  retained  in  a  given  curve:  apply  it  to  the  curve 
whose  equation  is 

13.  The  force  varying  inversely  as  the  distance,  find  the 
angle  between  the  apsides  in  an  orbit  nearly  circular,  and  prove 
the  method. 

14.  Sum  the  following  series  to  n  terms. 


V^X  X  x»/x 


and  continue  the  harmonic  progression  •  •  •  •  3, 4,  6^  •  •  • »  up- 
wards and  downwards*  How  far  can  it  be  continued  either 
way  ? 

]  J.    Form  the  equation  whose  roots  are 

«+•  — 3,    2  — 1/  — 3»    If    and— 5. 

i6.    In  any  plane  triangle  of  which  the  sides  are  a^  £,  c,  and 
the  opposite  angles  A^  5,  C,prove  that 

a  .miC  , 

sm  A  ■=. 


y/\ar  —  ^ah  .  cos  C  +  6»)  * 
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17.  How  high  will  a  given  balloon  ascend?  When  it  floats 
in  the  air,  supposing  that'  a  given  weight  of  ballast  is  thrown  out, 
to  what  additional  height  will  it  rise,  and  how  much  will  a  baro-t 
meter  in  it  sink  ? 


Monday  Afternoon.-*Mr.  Wilkinson. 


Third  and  Fourth  Classes. 


1*     Find  the  discount  of  <£.ioo  for  one  year  at  5  per  ceni.^nd 
then  calculate  the  interest  on  this  discount  for  the  same  time* 


a»    Solve  the  equationg 


=    - ,  and  \/a^  —  1  +  /a?*  —  1  =z  x\ 


3.  If  a  rigid  sphere,  revolving  round  an  axis,  become  fluid 
and  therefore  change  its  figure^  the  whole  moment  of  inertia  will 
remain  the  isame  as  before. 

4.  Find  the  centres  of  oscillation  of  a  square  suspended  by 
'    one  corner  and  oscillating  Jlatways  and  edgeways. , 

5.  What  is  the  reason  that  waves  always  break  against  the 
shore  whatever  be  the  direction  of  the  wind. 

6.  The  horizon  of  any  place  being  taken  as  the  plane 
of  projection 9  find  the  figure  and  dimensions  ot  the  path  of  the 
diurnal  motion  of  a  given  star  orthographically  projected. 

7.  What  is  the  meaning  oi  the  astronomical  term  equation  ? 
The  equationof  time  (arising  from  what  causes  ?)  is  a  maximuin 
about  the  beginning  of  November,  is  it  then  additive  or  sub* 
tractive  ? 

8.  The    number    of    impossible    roots    of   any    equation 

w  —  pa?        +   &c.  =r   o  is  not  increased  by  multiplying  its 
terms  by.  the  successive  terms  of  the  series  o,  1,  2,  3, 4,  &c. 

9*    Integrate  these  expressions 

dz  J  dt 

1  -  tan*  2'  1  +  0?  +  «•  * 
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to.  If  a  tangent  be  drawn  at  the  extremity  of  the  latus  rectum 
of  a  conic  section  meeting  the  tangent  at  the  vertex,  the  part 
of  this  latter  tangent  thus  cut  off  shall  be  equal  to  the  distance 
the  vertex  and  the  focus  of  the  curve. 

It.  Find  in  what  curve  a  body  must  revolve  round  a  repul« 
sive  force  varying  as  the  distance  from  a  point,  ^o  that  its  velocity 
may  always  equal  that  in  a  circle  at  the  same  distance,  round  an 
equal  attractive  centre  ol  force* 

ift.  Transform  the  equation  of  the  lemniscata  (;ir^  +  y*)*  = 
4*{a?*  -—  y*),  from  rectangular  to  polar  co-ordinates. 

13.  If  in  an  equation  between  x  and  y  the  sum  of  the  indices 
be  the  same  in  every  term,  the  loci  ot  the  corresponding  values 
of  X  SLtidy  are  straight  lines.  Fmd  what  lines  are  defined  by  the 
equation  y'  —  2xy*  4-  a?*  =  o. 


Monday  Evening.— Mr.  Wilkinson. 

t.  What  is  the  purchase  of  <£io34«  15^.  stock  in  the  3  per 
cents,  at  62^* 

a.  if  two  straight  lines  in  space  be  parallel,  their  projections 
on  any  plane  will  be  pcuraliel. 

3.     Find  the  solidity  of  an  octahedron. 

4*  Required  the  ptesent  worth  of  an  annuity  of  {a)  pounds 
for  n  years  payable  t:very  instant  m  equal  portions,  interest  also 
I)eing  convertible  into  principal  as  tasi  as  it  becomes  due. 

5.  R  and  r  being  the  radii  of  the  circumscribed  and  inscribed 
circles  of  the  triangle  whose  sides  are  a^  6,  c>  shew  that 


Rr  =  ""^^ 


8(«  +A  +  C)* 


6.  If  u  be  a  prime  number  and  a  and  h  integers  not  divisible 

by  »,  then         '  is  a  whole  number. 

n 

7.  State    D*A]emhert*s   principle,  and    the    principle    of 
virtual  velocities,  and  employ  them  in  deducing  this  theorem 

4«»  (Ax  +  By  -^  Cz)   =  Aa'  +  Bb^-  +  Cc*;  A,  jB,  C, 
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being  weights  which  put  a  system  in  motion^  or,  y^  z^the  spaces 
perpendicularly  descended  by  them  respectively!  and  a»  i^  c^ 
their  actual  velocities* 

8.  A  slender  rod  of  uniform  thickness  revolves  round  an 
axis  passing  through  one  of  its  extremities ;  find, 

(i)  At  what  point  an  obstacle  must  be  opposed  to  it  that  there 
may  be  no  stress  on  the  axis  from  the  shock  ? 

(2)  What  quantity  of  matter  should  be  collected  in  this  point 
that  the  impulse  on  the  obstacle  may  be  the  same  as  that 
of  the  rod? 

(3)  At  what  distance  from  the  axis  the  obstacle  must  be  op- 
posed  that  the  impulse  may  be  the  same  as  if  the  whole 
matter  in  the  rod  were  collected  in  that  point  ? 

9.  The  Earth  being  supposed  a  sphere  of  uniform  density, 
shew  that  the  pressure  on  each  side  of  a  plane  passing  through  its 
centre  :  the  whole  weight  of  the  Earth  ::  3  :  16. 

10.  A  piston  is  thrust  down  uniformly  into  a  cylinder  full  oC 
air,  having  a  small  orifice  at  the  end ;  find  the  quantity  of  air 
discharged  in  a  given  time  into  a  vacuum. 

11.  If  parallel  rays  fall  upon  a  spherical  refracting  surface, 
the  distance  from  the  axis  of  the  geometrical  focus  of  a  small 
pencil  which  dt»es  not  pass  through  the  centre,  is  proportional 
to  the  cube  of  the  distance  at  which  it  is  incident  from  the  axis. 

12.  The  Sun's  R.  A.  on  two  successive  days  at  noon  was 
6^.  40^  2^\  and  6^.  45^  13^^  by  the  Nautical  Almanack  (and 
therefore  in  sidereal  time);  the  Moon's  R.  A.  at  the  same  time- 
was  from  the  Nautical  Almanack  (and  therefore  expressed  in 
degrees)  5*.  9®.  32^  and  e^\  20°.  9^  Required  the  time  of  the 
Moon's  transiv.  in  the  interval. 

13.  The  length  of  a  degree  perpendicular  to  the  meridian  is 
always  greater  than  the  degree  of  the  meridian  corresponding. 

14.  Define  the  axis  of  a  curve,  and  draw  the  axis  to  the 
curve  of  which  y'  —  ^axy  +  op'  1=  o  is  an  equation. 

15.  Tand  t  are  the  parts  of  the  tangent  at  the  vertex  (A)  of 
a  rectangular  hyperbola,  (whose  semiaxis  .::  1)  cut  off  by  lines 
(CP,  Cp  ^  drawn  from  the  centre  to  the  curve  ;  shew  that  if  the 
sector  CAP  be  n  times  the  sector  CAp^ 

1  -h  r  ~"  Vi  +  // ' 

16.  A's  skill  is  double  B's,  and  their  stakes  equal ;  find  what 
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Cy  whose  skni  is  equal  to  A's^  must  stake,  that  A'%  advantage  may 
be  as  great  as  if  he  played  with  B* 

17.     Kit  be  an  even  wager  that  Z)  wins  (n  )  successive  games 
oi  £»  what  is  £'s  chance  of  winning  the  .first  game  ? 

i8.    Integrate  the  differential  equations 

snd  shew  how  to  separate  the  variable  quantitiea  in 

dy    ___    fl*  -I-  J?*  —  y* 

sg*     Apply  the  method  of  increments  to  sum  the  series 

-^  .  1    +   — i—  .  \   +    -^ —  .  -?r  +  &c.  (to  »  terms), 
1.22  2.32  3*42^ 

and  also  to  shew  chat 

sin  J?  +  sin  30:  +  sin  5r  4-    •...•••.  (to  n  terms) 

sin'  nx 


sin  X 


to.  If  tangents  be  drawn  at  the  extremities  of  the  major  axis 
of  an  ellipse,  the  rectangle  under  the  parts  of  these  tangents  in- 
tercepted by  the  tangent  at  any  other  point  of  the  curve  is  a 
constant  quantity, 

21.  Conversely,  if  AT^  Vt,  be  two  perpendiculars  to  a  given 
line  AVznd  on  the  same  side  of  it,  and  also  the  rectangle  AT  x  Vi 
be  constant ;  to  investigate  the  nature  of  the  curve  which  the 
line  Tt  perpetually  touches. 

22.  The.axes  of,  two  equal  cylinders  intersect  each  other  at 
right  angles,  find  the  content  of  the  solid  cut  out  ot  each  by  the 
surface  of  the  other. 

23.  The  attractions  of  ellipsoids  on  particles  in  the  surface 
in  directions  perpendicular  to  any  of  the  principal  sections  are 
as  the  distances. 

24.  Two  bodies  connected  by  an  inflexible  rod  without 
weight,  and  to  one  of  which  a  certain  velocity  is  communicated, 
arc  constrained  to  move  along  two  grooves  at  right  angles  to  each 


other;  required  the  QircumsmncQ^  o|  rnqtigui  ttnd  shew  ihit 
when  the  bodies  are  equal  the  Une  which  JQin^  ihgum  revQlvfft 

uniformly. 


Tuesday  Morning.— Mr.  Wilkinson. 
First  and  S$can(jl  Classes^ 

!•  What  will  the  ceiling  of  a  room  come  to,  whose  length 
is  24  f.  6  in.  and*  width  16  f.  3  ip.  at  3^.  per  yard. 

2.  tt  =  arc  (tan  ^\  find  the  differential  of  u, 

3.  Every  positive  number  has  an  infinite  number  of  log- 
arithms, only  one  of  which  is  real,  and  every  negative  number 
has  only  imaginary  logarithms. 

4.  When  a  system  of  bodies  contiecied  in  any  manner  is  in 
equilibrium  the  centre  of  gravity  is  as  high  or  as  low  as  is  possible. 

5.  The  resistance  on  a  cube  moving  in  a  fluid  in  the  direction 
oS  its  diagonal  :  resistance  on  the  s^me  cvib^  n|pvif)g  i|i  a  d^rec« 
tion  perpendicular  to  its  side  ::  i  :  ^3* 

6.  A  conical  vessel  is  filled  with  water;  find  that  heavy 
sphere  which  when  put  into  it  shall  force  out  the  greatost  quan- 
tity of  fluid. 

7.  Draw  a  tangent  to  th^  cqrve  formed  by  the  intersection* 
of  a  right  cone  with  the  cylinder  erected  on  the  radius  of  the 
base  as  a  diameter. 

8.  Inirestigate  the  nature  of  the  curve  trisecting  all  the  arcs 
described  on  the  same  chord. 

g.    Integrate 

ao«  A*  and  B  whose  skill  is  m  times  i^'s,  agree  to  play  with 
this  law,  that  A  shall  continue  to  stalce  against,  J?  so  long  as  B 
wins  without  interruption ;  shew  that  jB's  expectation  is  wonh 
(m—  1)  times  the  stake. 

11.    A  circle  of  curvature  is  described  at  the  vertex  of  a 
parabola,  and  another  circle*  which  touches  that  and  both  the 
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arct  of  the  curve,  and  so  on  continually;  compare  the  lam  df 
all  the  areas  of  these  circles  with  that  of  the  parabola. 

ia»  If  D  and  D^  be  the  lengths  of  a  degree  of  a  meridian  at 
the  equator  and  in  latitude  X  respectively^  a  and  b  the  equatorial 
and  polar  diameters, 

.  a  ^  iin  X 

r- — —  


AFf^ 


cos*X 


13.  Explain  how  the  comparative  density  of  the  Sun  and 
Moon  have  been  deduced  from  the  phaenomena  of  precession  and 
nutation. 


Tuesday  afte&koon.— Mr«  Wilkinson. 

Fifth  and  Sixth  Classes. 

1 «    Required  the  value  of  1  cwt.  2  qrs.  3  lbs,  at  £^.  5 j.  6d. 
ftr  cwt. 


«•    Find  the  value  of 


*  — «» 


when  a?  z:  !• 


1— ;r» 

3.    Write  down  the  4  first  terms  of  the  expansion  of 


i'-ir- 


4*  The  two  bases  of  any  oblique  prism  are  reciprocally  pro* 
portiohal  to  the  sines  of  the  angles  which  they  make  with  the 
axis. 

5.  Given  the  forces  of  many  agents,4o  find  the  time  in  which 
they  will  all  produce  a  given  efiect. 

6.  Find  the  tin^  of  one  oscillationin  a  cycloid* 

7.  A  row  of  non«eIastic  balls  whose  magnitudes  increase  in 
geometrical  progression  are  placed  at  equal  distances  in. a  straight 
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line,  and  a  given  velocity  is  communicated  to  the  first;  requi 
the  time  before  the  n^^  is  put  in  motion, 

8«     Explain  the  method  of  finding  the   specific  gravity  of 
a  body  lighter  than  water. 

9*    Consthict  Newton's  telescope,  and  shew  that  objects  ap» 
pear  inverted  through  it. 

lo.    The  aberration  of  a  given  star  in  R.  A.  is  not  necessarily 
nothing  when  that  in  declination  is  a  maximum. 

11*    Inte^ate 


dx  dx  '  ,         dx 

— -— —  ,  —  r  ■      ■  g  ,  and        .  .  ■     ■■  • 

!••  Find  the  area  and  point  of  contrary  flexure  of  the  cmre, 
whose  abscissa  is  always  equal  to  the  arc  of  a  circle,  the  versed 
sine  of  which  is  the  ordinate* 


and  j2:i— —    +   .^-^,^4.  gee.  in  inf. 

2"*  3W  4«« 


Shew  that  5  :  x  : ;  a*""^  :  a*^^  —  1. 


14.  The  total  number  of  odd  combinations  that  can  be 
formed  out  of  any  number  of  things  is  greater  by  unity  than  the 
total  number  of  even. 

15.  If  at  any  point  P  in  an  ellipse  the  ordinate  NP  be  pro* 
duced  to  meet  the  tangent  at  the  extremity  of  the  latus  rectum^ 
the  whole  line  thus  produced  is  equal  to  SP  the  focal  distance. 

16.  The  force  to  a  plane  must  vary  inversely  as  the  cube  of 
the  distance  in  order  that  the  trajectory  may  be  a  semicircle. 

17.  If  two  bodies  describe  about  each  other  and  about  their 
common  centre  of  gravity  similar  and  concentric  ellipses,  the 
forces  with  which  they  attract  each  other  are  proportional  ta 
their  distances. 
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Tuesday  Afternoon. — ^Mr.  Whewell, 

Third. and  Fourth  Classes. 

'  1.    tn  the  common  system  of  notation  explain  ^hy  the  num* 
ber  of  digits  cannot  be  more  or  less  than  the  local  value  lo. 

2.  To  find  a  point  within  a  giv«n  triangk  from  which  tht 

three  sides  shall  subtend  equal  angles. 

3.  A  body  is  projected  with  the  velocity  due  to  a  height  A, 
at  an  angle  A  with  the  horizon.  Find  an  expression  for  the  latus 
rectum  of  the  parabola  described. 

4.  Shew  how  .th^  'points  of  contrary  flexure  in  spirals  may 
be  found  ;  and  apply  the  method  to  find  the  point  of  flexure  of 


a* 


f^k^Uhms  whose  eqaation  is  6  ^z  ^^^  i  being  the  angle,  and  r 

tW  radius  vectbf. 

5.  Shew  that  a  body  cannot  move  so  that  the  velocity  shall 
vary  as  the  space  from  the  beginning  of  motion.  And  if  the 
velocity  vary  as  tl.e  cube  root  of  the  space,  find  how  the  time 
and  the  forct  var;^. 

6.  Two  bodies  P  and  Q,  whose  specific  gravities  are  m  and 
n,  balance  each  other  on  a  given  straight  lever.  When  the 
whole  is  immersed  ii^  water  whose  specific  gravity  is  1,  what 
alterations  must  be  made  in  the  place  of  the  fulcrum,  that  they 
may  continue  to  balance  ? 

7.  If  a  right  cone^  the  diameter  of  whose  base  is  BC,  and 

vertex  A^  be  cut  by  a  plane  so  that  the  section  may  be  an  ellipse 

whose  major  axis  is  PQ^  the  solid  content  of  the  part  towards 

3  3 

Ae  vertex  is  td  i<ik  of  the  whole,  as  {APQ)^  to  {ABO  ;   APQ 

tnd  ABC  being  the  areas  of  those  tnatigles*     A  ho  find  the 

equation  to  the  suriace  of  a  cone  referred  to  three  rectangular 

co-ordinates, 

8.  A  beam  hangs,  by  means  of  a  given  fcord  fastened  t&  its 
upper  end^  k&m  a  fixed  point  in  ft  vertical  Wall.  Agai))tet  t^hat 
point  of  the  wall  must  its  lower  end  be  placed,  that  it  may  have 
no  tendency  either  to  ascend  or  descend  ?  W'lthm  what  limits 
for  the  length  of  the  beam  is  this  equilibrium  possible  ? 

9.  The  equation  x*  —  45AC*  — >  j^ox  -+-  84  =  o,  has  two. 
roots  whose  difference  is  3  ;  fiud  them. 

io     The  force  varies  inversely  as  the  square  of  the  distanc«w 


A  bodf  IS  projected  in  a  direction  which  makes  aa  angle  of  6o* 
with  the  distance^  with  a  Yelocity  which  i$  to  the  velocity  from 
infinity  as  i  :  y/^.  Kind  the  major  axis,  the  position  of  the 
apse,  and  the  excentrtcity,  of  the  ellipse  which  will  be  deseribed ; 
and  the  periodic  time, 

4^ ^  y  *  J    • 

'  """^I  ^   Mdxi  smnx  ^  tm  lU;  «  cos  px  b  dxz 

dx    "^   a  —  X  +  2y*  i 

is«    Sum  the  series 

+   -*— *—  *—  &c.  in  infi 


m»  I   **tmi 


»  •  3         a  •  4         3-5 
*  .  4  .  8 


»  •  3  •  7         3  •  7  •  ^5         7  •  *5  •  3* 
by  incrtments : 


+    &c,  to  n  terms 


and  prove  i*  +  «•  +  ;      ^ )    + 

'^  \   t  •  a     / 

A  »«2.3         /  ^*  ""  (1.2-3. ..»)*• 

ig.  If  we  divide^a,  a^  a%  ••••  by  a  prime  number  p^ 
(«  being  any  number)  we  shall  obtain  a  remainder  1  before  w6 
have  taken  p  terms.  Also  after  this  remainder  the  remainders 
will  recur. 


Tuesday  Evening. — Mr*  Whewell. 

1.  The  area  of  any  right-angled  triangle  is  equal  to  the 
rectangle  of  the  semi^perimeter  and  the  excess  of  the  senii-peri- 
meter  above  the  hypothenuse.    Required  proof. 

a.  A  sets  off  from  London  to  York,  and  B  at  the  same  tim6 
from  York  to  London  :  they  travel  uniformly  ;  A  reaches  York 
16  hourSj  and  B  London  36  hours,  after  they  have  met  oa  the 
road;  find  in  what  time  each  has  performed  the  journey. 
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3*  The  surface  of  a  risht  cone  being  given,  to  find  its  fens 
that  the  solid  content  may  be  the  greatest  possible. 

4»  The  equation  to  a  straight  line  being  y  zz  ax  +  b,  find 
the  equation  to  another  straight  line  drawn  perpendicular  to  the 
first  and  passing  through  a  given  point.  Also^  solve  the  same 
problem  when  the  lines  are  referred  to  tkree  cectangolar  co- 
ordinates* 

g^  Two  given  spheres  are  moving  in  given  atraight  linea 
with  given  uniform  velocities ;  find  where  they  will  meet»  (i) 
when  their  directions  are  in  the  same  plane,  (a)  when  they  are 

SiOC. 

6*  A  slender  cylinder,  whose  specific  gravity  is  |  that  of 
water,  is  placed  in  the  fluid  in  an  oblique  position :  find  the 
magnitude,  direction,  and  point  ot  application  of  the  force 
which  must  act  on  the  cylinder  to  keep  it  immersed  ^  of  its 
length. 

7*  A  gate  of  given  weight  and  form  is  hung  by  hinges  to  a 
post  inclined  to  a  given  angle  from  the  vertical.  When  it  swings 
beely,  find  the  time  of  its  small  oscillj^tions* 

8.  The  perihelion  distance  of  a  comet  is  \  the  distance  of  the 
earth  from  the  sun;  and  us  orbit,  which  is  parabolical,  and  the 
earth's,  which  is  circular,  are  in  the  same  plane :  how  many  days 
is  the  comet  within  the  earth^s  orbit  ? 

9.  Describe  the  Repfating  Circle^  and  the  method  of  observ* 
ing  with  it ;  and  explain  its  advantages. 

10.  Find  the  time  of  a  body  failing  through  any  space  to- 
wards  a  centre  of  force,  (1)  when  the  for(?e  varies  inversely  as 
the  square  root,  (2)  when  it  varies  inversely  as  the  cube  root,  of 
she  distance  For  what  laws  of  force  is  the  integration,  which 
gives*  the  time,  practicable  ? 

11.  The  force  varies  inversely  as  the  fifth  power  of  the  dis- 
4ance.    A  body  is  projected  with  a  velocity  which  is  to  the 

velocity  from  infinity  as  5  to  3,  and  in  a  direction  which  make 

with  the  line  drawn  to  the  centre  an  angle  whose  sine  is  ■  • 

S 
Find  the  orbit,  and  the  time  of  describing  a  given  angle  ;  and 
determine  whether  it  has  an  apse. 

la.  A  At  9  MPf  AiT,ard  the  abscissa,  ordinate,  and  subtangent 
of  a  curve,  of  which  the  property  is  that  jiM  :  MP  : ;  MT ;  TAi 
find  its  equation,  and  trace  it. 
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13.  Integrate  the  following  differentials  and  differential 
•qiiationSf 

^^-i; ; i;       6       ^ivrn.dxi 

M  n 

*  (yi«  +  xdy)  =  jf  (yi;r  —  :^dy) ; 
^>  —  2l^^ydx  +  ^dydx^  -^ydx^  =:  o ; 
dz  ^      it 

14.  If  P  and  5*  attracting  each  other  with  forces  propor« 
Clonal  to  their  masses,  revolve  round  their  centre  of  gravity ; 
their  periodic  time  is  to  the  periodic  time  of  an  indefinitely  small 
particle,  which  describes  a  similar  orbit,  round  5  at  the  same 
distance,  as  y^S  to  -/^S  -f  P).  Also,  if  to  P  be  annexed  an 
equal  mass  which  is  not  attracted  by  5,  what  alteration  will  be 
made  in  this  proposition  ? 

15.  In  any  polyhedron  the  number  of  solid  angles  together 
unth  the  number  of  plane  faces^  exceed  by  9  the  number  of 
tdges. 

16.  On  two  straight  lines  at  right  angles  to  each  other,  two 
points  move  respectively  from  given  positions,  with  equi^l  uni- 
form velocities ;  find  the  curve  to  which  the  line  which  join« 
them  is  always  a  tangent. 

17.  In  a  bag  are  8  bank  notes,  viz,  1  of  twenty  pounds,  a  of 
five,  and  5  of  one :  a  person  is  allowed  to  take  out  three  indis- 
criminately :  what  is  the  value  of  his  expectation. 

i8.  The  radiating  point  and  the  caustic  being  given,  shew 
that  there  are  an  infinite  number  of  reflecting  curves  which  will 
produce  the  caustic. 

19.  A.  body  falls  towards  a  centre  of  force  which  varies 
directly  as  the  distance,  in  a  medium  of  which  the  resistance 
varies  as  the  square  of  the  velocity :  find  the  velocity  at  any 
point.  Shew  from  your  result  that  when  the  resistance  vanishes, 
the  velocity  coincides  with  that  in  a  non-resisting  mediuoL 

so.     Let  yz  zz  ^  (    J  ^^  ^^  equation  to  a  curve  surface, 

where  (f  is  any  function  whatever  :  shew  that  the  part  which  the 
tangent  plane  to  any  point  cuts  off  from  the  axis  of  z,  is  twice  the 
value  01  z  for  that  points 
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a  I  •    Som  tke  seiiec, 

-J-       ,.       —  jScq.  in  inf. 

.1.4  3*65-*  ^ 

X  •  cos  A  +  x^  ^  cos  2  ^  +  Jt *  .  cos  3  ^  4-  &c.  i«,  iftf. 

Also  prove  that 


'  / 


m 


+ 


2'^  * .  ;  3' 


+      ,   ."  +   &c.  in  inf. 
512  +  1  ^ 


2* 

_J         6        +    1  •  1_. 

8       *-«-  1 


and  find  an  expression  for  the  n*^  term  of  a  series  where  each 
Urm  is  the  product  of  the  two  preceding*  ^ 

22  i  AB  is  the  axis  of  a  cycloid^  (of  which  A  is  the  vertex,) 
and  C  ks  middle  point.  An  ordinate  is  drawn  meeting  the  axis 
in  M,  the  cycloid  in  P,  P^,  and  the  generating  circle  in  Q,  Qf^ 
CN  is  taken  toward.^  A  equal  to  AM*  Then  the  cycloidal  sector 
FNP'  =  triangle  QBQf,    Required  proof. 

ii3.  If  a  chain  of  given  length  be  suspended  from  two  pointi, 
•hew  that  its  centre  of  gravity  is  lowest  when  its  form  it  a 
catenary. 

s^*    Expand  the  radius  Vector  of  an  ellipse  about  the  focus 

■ 

(=  f  =:  -— --i — — — i-TL  J  in  a  series  of  the  form 
1  +  tf  •  cos  Q' 

/ 

^  +  JB  •  cos  d  +  C  .  cds  20  +  D  .  COS  gd  +  &c^  : 


r 
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THE  SENATE.HOUSE  PROBLEMS. 

r  I 

Civen  io  the  Candidutis  f^t  Hi^nars  during  ike  Examindtian 

for  ihe  degrees  of  B^  A. 

llY  THE  TWO  MODERATORS. 


MoKDAif)  JAMUAK.r  15, 1^21. 


Monday  Morning. — Mr*  Chevallier. 

First  ^nd  Second  Ct^W^.  .     . ;        . 

t  •  Th  £  number  803  exp^esied  in  11  different  scale  of  notation 
becomes  30203  ;  required  the  radix  oi  the  scale? 

2.  Of  all  sections  made  by  planes  passing  through  both  sides 
of  an  oblique  cone»  two  are  circles,  and  all  tne  rest  ellipses* 

3*  Why  does  the  apparent  distacce  ^f  two  fixed  stars  in* 
crease  as  they  approach  the  horizon  ? 

4*  A  clepsydra  is  constructed  to  mark  equal  portions  of 
tiixie,  in  the  form  of  a  paraboloid  having  its  vertex  dbwnwards^ 
ihe  e<[uation  to  the  generating  curve  being  y^  zz  dx.  How  mutt 
tlie  scale  on  the  axis  be  graduated  ? 

p.  a  and  b  are  the  arms  of  a  straight  leVer  which  tiirns  oh  an 
^xis«  the  radius  of  which  is  r.  P  would  maintain  the  equilibrium 
acting  perpehclicuTarly  at  the  distance  (a),  if  there  were  ho  ^Hc* 
ttOB  :  but  a  weight  p  must  be  added  to  it  in  brder  to  overcome 
the  friction.    Find  the  proportion  of  the  friction  to  the  pressUre  } 

6m  S  beiiig  the  focus  c^f  ap  hyperbola^  and{j6fi»)  the  peipen* 
titular  upon  its  directrix  from  a  pdi^t  (p)  in  tie  opposite  hyper^ 
ioht  Sp  :  pm  zi  SC  :  AC^  a  gtveh  ratio.- 

7«  .Find  the  law  of  force  by  which* a  bpdy  may  describe  a 
rectangular  hyperbola ,  the  force  actff^g  in  partflfei  tin^s  ^«rpe«u 
4ieuUr  to  one  of  its  asymptptes.  . 
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8«  Two  penduluras,  the  length  of  which  are  L  and  /,  begin 
to  oscillate  together,  and, are  agajn  coincident  after  n  oscillations 
of  the  fifst  pindulum.     Given  L  to  find  /• 

g.  The  moon  revolves  in  a  circle  about  the  earth,  and  the 
quantity  of  matter  in  the  earth  is  suddenly  doubled.  Compare 
the  eccentricity  of  the  orbit  now  described  with  its  axis  major, 
and  with  the  original  radius  of  the  moon's  orbit. 

lo.  Shew  that  the  hour  of  sun-rise  and  sun-set  together  =12 
hours  nearly :  and  find  the  correction  necessary  if  the  sun's 
declination  shall  have  changed  by  a  given  quantity. 

It*  Explain  the  construction  oi  the  steam  engine ;  and  bav. 
ing  ^iven  the  weight  upon  the  piston,  the  quantity  of  steam 
admitted,  and  the  content  of  the  cylinder,  find  the  velocity  of 
the  piston  at  any  point,  and  the  time  of  describing  the  cylinder. 

13.     Prove  that 

am    ^^^^     ^ 

n"  — «  .(«  —  1)"  +n.— ^ — ,(11—2)" — &c.  =:  i.2.3...ir. 

13.  Find  the  force  of  the  sun  to  disturb  the  motions  of  the 
moon. 


Monday  Afternoon. — ^Mr.  Chevallier. 

Fifth  and  Sixth  Classes. 
1  •     Find  ;r  f rom  the  equation 

^a 


V^a?    +  V^tf  +  X  = 


t/a  -i-  X 


/. 


2.     The  common  difference  of  4  numbers  in  arithmetical  pro* 
Agression  is  1 ,  and  their  product  1 20  ;  find  the  numbers  ? 
'3.     A  pendulum  virbrating  seconds  at  the  earth's  surface  is 
parried  to  a  distance,  from  the  centre  of  the  earth  equal  to  that 
oJF  the  moon.     What  is  the  time  of  its  vibration  ? 

4«     Shew. that  the  image  of  a  straight  line  placed  between  the 

centre  and  principal  focus  of  a  concave  mirror  is  an  hyperbola. 

'5.     In  latitude  45°,  find  the  time  of  sun*rise  on  the  longest  day» 

6.  Insert  three  harmonic  means  between  a  and  b. 

7.  Compare  the  pressure  on  the  surface  of  a  sphere  filled 
with  water^  with  the  weight  of  a  sphere  of  mercury  of  the  same 
pagniiude.,.    ,  ..  ^ 

8*  A  beam  30  feet  long,  balances  itself  upon  a  poiht  sit  V^ 
0/  its  length  from  the  thicker  end.  But  when  a  weight  of  lolbs. 
is  suspended  at  the  other  end,  the  prop  must  be  moved  two  feet 
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towards  il  to  maintain  the  equilibrium.     What  is  the  weight  oi 
the  beam  ? 

9.  Prove  Demoivre's  formula 

(cos  A  +  v/—  1  .  sin  Ay  zr  cos  mA  +  \/  —  i  . sin  mA. 

•  ■ 

10.  Given  the  three  angles  of  a  spherical  triangle,  to  find  its 
sill  face.  .    ;  .    •       ' 

s  1  •     Sum  the  series  . 

■» 

>  +   1    +  A    +    -    +    -4    +    -4    +  &c.  to  n  terras. 
^  2  10  10 

'«  .     ' 

*       +    -" — r    +    —   HH,.&c.  to  rt  terms, 


1-3  3-5  S  -7 

by  the  method  of  increments, 

13.     Solve  A*  —   ^  x^ -{-  X —  ^  r:  o,  the  roots  being  in 

harmonica!  progression. 

i  3,     Find  the  area  of  a  curve  in  which  the  abscissa  n  9,  and 

cos^   d 
ihe*  ordinate  = r »  between  the  values  of  0  =:  o,  and  6  =:  90% 

\  14.    Find  d    )    .1 — .  •   l  («  v/"^^^  +    V'l  —  il?)\  •  ; 


• 


•rfjr  v^2flx  4-  A* 


dx 


•aM" 


(i  4  *•') 

t  e.     Explain  how  wheels  assist  the  motion  of  a  carriage. 

t6.  In  what  direction  must  a  body  be  projected,  with  a  given 
velocity  from  a  point  in  a  given  inclined  plane,  that  the  range 
may  be  the  greatest  possible  ? 

1 7 .  Explain  Archimedes'  screw  ? 

1 8.  Find  the  lime  in  which  the  moon  would  fall  to  the  earth, 
if  suddenly  deprived  of  its  angular  motion  ? 

MoNOAY  Afternoon — Mr.Peacock*     '       ^ 

■  •  •    ■         '  '      '    ♦ 

Third  and.  Fourth  Classes. 

I.  In  the  solution  of  right-angled  spherical- triangles  by 
Napier's  rules,  what  cases  areambrguous  ?  •        •  .  :  i  .  '  \ 

C    2 


.»>4*  ^' Integrate  the  efjQitiein 

'  '  '   . 

.  •  t  j*  .  The  fi.urve .which  is  expre^^ed  by  the.particular  sojutiqn 
of  a  differential  equation  of  the  first  order,  is  the  locus  of  the  in- 
t^rsections  ,pf  the  curves  which  arise  from  giving  every  possible 
value  to  the  constant  in  the  general  solution* 

i6«    A  tetrahedron,  whose  base  is  an  equilateral  triangle,  the 
side  of  which  is  equal  to  one  half  of  each  of  the  remaining  edges^ . 
is. thrown  upon  a  horizontal  table  :  what  is  the  probability  of.  its 
resting  upon  its  base,  excluding  all  consideration  of  the  mechanic 
ciJ  action^  which  arises  from  the  rotation  of  the  solid  ? 

.  17.  .  Supposing  y  Draconisto  be  affected  by  a  sensible  annual 

Earallax,  in  what  manner  will  its  apparent  place  be  affected  both : 
y  aberration  and  parallax  on  March  20,  June  21,  September  &3» 
and  Decen^ber  93,  its  right  ascension  bein^  18  hours  nearly? 
:  i8.  11:)e. level  of  a  transit  instrument  is  suspended  by  hooks 
from  its  axis  :  in  what  manner  are  the  errors  which  arise  from  the 
axis  not  being  horizontal,  or.  from  the  level  not  being  parallel  to 
the  axis»  distinguished  from  each  other,  and  by^  what  adjustments 
are  the)'  corrected  ?  ..  /.    . 

19*     A  ray  of  light,  after  being  refracted  through  media  pos- 
sessing equal  dispersive  powers,  will  always  appear  coloured  at 
its  emergence,  unless  the  incident  and  emergent  rays  are  parallel. 
20.     Two  equal  bodies  A  and  B  are  connected  by  a  string  of 

f;iven  length  :  A  is  placed  in  a  horizontal  groove,  and  B  hangs 
reely  down,  the  string  passing  through  an  aperture  which  is  con- 
tinued along  the  bottom  of  the  groove ;  a  given  velocity  is  given 
to  A ;  find  the  position  of  B  at  the  end  oi  /  '• 
...  %\.  A  cylinder  of  given  length,  is  pressed  down  in  a  vertical 
position into  a  fluids  so  that  its  upper  end  is  on  a  level  with  the 
surface,  thespecific  gravity  of  the  cylinder  being  one. half  that 
of  the  fluid  :  the  pressure  being  removed,  to  find  the  greatest 
height  to  which  the  upper  end  of  the  cylinder  will  rise  above  the  v 
surface  of  the  fluid.  /  , 

22.  Find  an  expression  for  that  part  of  the  force  ol  jupiter 
to  disturb  saturn,  which  acts  in  the  direction  of  a  tangent  to 
saturn  s  orbit ; 

23.  If  the  accelerating  gravity  of  a  satellite  of  jupiter  to  the 
sun  was  greater  than  that  oi  jupiter  at  the  same  distance,  in  the 
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raeio  of  €  :  i»  where  e  differs  little  from  unity,  then  the  distance 
of  the  centres  of  the  sun  and  of  the  orbit  of  the  satellite^  would 
be  greater  than  the  distance  of  the  centres  of  the  sun  and  jupiter 
in  the  ratio  of  ^e  :   i. 

24.  If  the  sun  and  mooh  be  both  supposed  to  be  in  the  eqiiatoi^: 
to  compare  the  lengths  oi  a  lunar  and  a  tide  day,  for  a  given 
position  of  the  luminaries. 

25.  Shew  that  all  the  sections  of  andllipsiod  made  by  parallel 
planes  are  similar  ellipses. 


Tuesday  Morning. — Mr.  Peacock. 


First  and  Second  Classes*  :    .    i 

■  .  1.    If  a  and  b  be  prime  numbers,  the  number  of  numpecs 
prime  to  ab  and  less  than  at,  is  equal  to 


(a_  ,)(6_i), 


« 


lihity  being  considered  as  one  of  ^hem» 

2,  In  what  case  are  solid  figures  said  to  be  simitar  and  eqnaf, 
according  to  Euclid  ?  to  what  objections  are  these  definitionp 
liable? 

^.  Mention  some  of  the  experiments  and  observations,  from 
which  we  may  infer  the  truth  01  the  second  law  of  motion* 

4.  A  given  globe  rolls  down  a  given  inclined  plane  in  a 
medium  resisting  as  the  square  of  the  velocity ;  to  find  the  time 
of  describing  a  given  space. 

:  j.  Find  the  equation  of  the  curve  traced  out  by  the  eittremity 
of  the  perpendiculars  upon  the  tangents  of  a  circle^  drttwn  froaa 
a  point  in  its  circumference ;  and  find  its  greatest  ordinate^ 

'6.     An  object  appears  brighter,  cetteris  paribus^  -when  jeen 
through  a  convex  lens*  than  when  seen  through  a  concave  lens. 

7.  Explain  the  method  of  determining  accurately^  when  tbie 
^first  point'of  aries  is  upon  the  meridian. 

8.  Explain  the  method  of  determining  the  sun's  meridian 
altitude  by  rhearis  of  a  sextant :  1st  on  the  open  sea-:  .2d  when 
the  sun's  altitude  is  not  less  than  60^,  but  a  neighbouring  coast  til 
on  the  same  side  of  the  ship  with  the  sun  :  3dly  on  land?        . .  r 

.9.  In  elliptical 'orbits  oi  small  eccentricity,  the  diminution 
of  angular*  velocity  in  moving  from  the  lower  apse  to  the  bighef, 
k  nearly  proportional  to  the  increase  of  distance.  ....<, 

I  o.  A  degree  of  latitude  ia  latitude  45%  is> nearly  an  arithmetic 
mean' between  a 'degree  at  the  equator  aadr  the  pole. 

I I  •     Given  the  logarithin  of <ff»  tOsfindabe  logarithm  :of ^  ff  j^ti* 


CAMBRlDai:  >KOllL&M»,    iSsi. 

ii.  •  Tke  iniegracbri  of  the  jpartia)  differ^muA  ^ifuatian 

wbcft  P  ^    -^  >^  9^2^^  '"^  '^^  ^  ^'^^  it  are  funcuonft 

of  the  variables  jr»  )f  and  2,  is  reduced  to  the  integration  of  equa- 
lionft  of  two  variables,  when  any  one  of  the  equations 

Pdy  —  Qdx  =  o, 

Pdz  —  Rdx  =  o, 

ddz  —  Rdy  =  o, 

involves  two  variables  onty. 

a  3.  Two  bodies  jf  and  B  are  placed  upon  a  horizontal  plane* 
and  connected  by  a  rr^d  rod  without  weight :  a  body  C  impinges 
upon  a  given  point  ol  the  rod,^  in  a  given  direction  and  with  a 
given  velocity :  define  the  motions  ot  A  and  J},  the  body  C  not 
being  connected  with  the  system  after  the  impact. 

14.  The  attraction  of  a  spherical  shell  upon  a  particle  place4 
wkhout  its  is  the  same  as  if  the  whole  matter  in  the  shell  were 
placed  is  iu  centre. 

TuftSPAY  Afternoon. -*Mr.  Psagock. 
Fifth  and  Sixth  Classes. 

f  •  A  person  paid  a  tax  of  10  per  cent,  upon  his  income : 
«rbat  must  his  income  have  been,  when  after  he  had  paid  the  tax« 
he  had  <£tfi  jO  remaining  ?  ^ 

wu    Prove  the  rule  for  extracting  the  square  root  in  nnmbets  ? 

3.  The  difference  betweea.any  number j  and  thai  number 
inverted,  is  divisible  by  9. 

4.  If  two  straight  fines  be  at  right  angles  to  the  same  plafte^ 
tfaey  are  parallel  to  one  another. 

5;  Given  two  sides  and  the  included  angle  of  a  plane  triai^le  s 
find  the  remaining  parts,  and  reduce  the  resuhs  to  logaritmntc 
computation?:  ' 

6.  Evciy  equation  has  at  least  as  many  changes  of  sign  from 
•f-  to  "^  and  from  -^-^  to  4* »  at-  k  has  potiti ve  and  possible  roots  ^ 
and  as  many  contnsuations  of  sign  from  -^  to  •I*,  and  front  m^  tor 
-^9  as  it  has  negative  and  possible  roots. 

7*  Twotangentatoa;paiiaboladnifWiiiiomUiesamepduitof 
tile  dinecirix,  ase  at  right  aogies  to  each  otli^. 


fi.  Prove  chat  the  sides  of  th<t  polar  or  suppleiiiem||)[  uingle 
are  sup^ktncntik  of  theaftglesef  «h^  f^ktihiih^f-  ^  ^ 

9.  When  a  body  is  uniforinjy  .accelen^cd  from  rest»  to  find 
the  space  described  irt  a  given  time.  •  "^ 

«o.  Shew,  when  P  sMstains .liT  ijpoq  9  ^^^.jbz  ,41^ 
motion  be  given  to  the  machine,  that  F'$  vejbc^tyj:  J^  i^Vfi^gfi^f 
-:t;  H^  :  P.  ^ ,/  .--*'./ 

1 1 .  Distinguish  f>etween  the  centre  o^  giiayHK  !^  ^^MTP  S^ 
«pre8syre»  and  shew  that  the  former  ;is.aIiy^ys^efM^(r,^,t|iie  iv^face 
of  the  fluid  than  the  latter,  ,     ■  [  \ 

1  s.     Graduate  a  thermometer  according  to  Fah£f)n|fe;it'^  IcsJifB? 

13.  Prove  that  objects  appear  ,efect  in  Qalil^j^  t^cicope^  . 

14.  B^  what  experiments  is  it  prove^t  ^t  ligh^  ^p^pl^M^^f 
rays  diifering  in  colour  and  refratigibility  ?       . 

.!$•  What  are  the  principal  phsK^ppmena  p^esente^  bjr  the  sun 
and  ^arth  in  the  course  of  a,month«  to  a  lu^ar^pfM^tyj^r  ?  .  . 

s6.  Explain  the  mode  of  construction  i^  ^^^qg^e  Pf  ^ 
fijj^ed^itani? 

ir.    When  is  the  planet  vepus  stationary^,  and  w^ea  seMP9* 

t^*^  A  body  describes  an  ellipse,  the  force  being  if  tM 
cQQtre:  given  the  ioxcfi  9t  a^iven  di4fapf;c;»  )tai(in4  t^e  actinl 
periodic  time.  ^    •  ,  .  •  • 

i^.  A  body  is  projected  from  a  ifiv^ri  Jfoi^tf  if  ia  4^^^ 
4iir<qtion  with  a  giv^n  velocity,  w:hcn  the  fojce  jVari^ilV'Vjeridlir 
as  (di5t.)'.:  find  t))e  latus  rectum  of  the  prblt  .d^cjrih|:4  ? 

so.  Investigate  the  differential  expression  tor  the  leng^b.qf  # 
curve. 

81.    Trace  the  curve  whose  ei(}^atioQ  is       /    ,,,  .. 

aiMfivrf  ks  points  <^ 'Contrary  flextht.  mo. 

•      '•''I'll.       ' 

fig.    Prove  that 

si*      '  -#•• '  '  ^'i^^  '^  'ij  » 

log  (I     +    »)i?    »  ^     J-      lh       y   '^^  ^-+(fr^..    .  >      :> 

A4«  ^^f^  '^tV*^  wfigbii  .«•  ifiM4»  ^^  ilpeiniMleiaiiiiiifi 

iMl^wbkili  it  fiMpoiihid  Afcihe.0ll«t  cirtreBi%  si  tfiiihMMBlp^MMl 
plyiniiiiPfheiioitblP-iwatoiil  i^ftniigh  npiiM  soea^tflFCni^te^tef 

of  its  vibrations.  ^^  / 

VOL.  V.  tl 


\ 
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Ill   !l:m''>M'''''  i  »'.   ;e 


' Third  and  Fourth  Classes. 

:  IT.  ''S^ie^'lKyiv  the  logarithms  of  the  natural  number*  from 
Ti'^i^  ^ay  *be*  cfoitiputed. 

ft.    The  sidef  of  a  plane  triangle  are  3,  5,  6 :  compare  the  radii 
•'<)f  the  Jnscrfbed  ktiB  circumscribed  circles. 

'-  J.  If-t^d^rthirghl  lines  intersect  each  other  in  a  circle,  th« 
^  sum  of  the  arcs  xjur  off  between  their  extremities  is  the  same  as 

rtwt'cut'offby'arf^^  two'  lines  respectively  parallel  to  them,  and 
^  iritttisecthrgj  foth^pthcr  within  the  circle.  Prove  this  property, 
'•ArfdirtifeVr  its  use  in  correcting  observations  made  with  circular 

instruments  inaccurately  centered 
*•   '4'.'    If  a* -fedtfeV 'slides  down  a  perpendicular  wall,  shew  that 

carb  JtSyt-iSfSsyirfWig  a  quadrant  of  an  ellipse,  except  the  middle 
'  ohe,  WHidi  te^ri&esW  quadrant  of  a  circle. 

^  5.  Apply  D'Alembert's  principle  to  find  the  velocity  and 
"timre  wHerf'/>^aii\#^yive'r  a  fixed  pulley. 

6.  EwUiin  the.  phases  of  the  earth  as  they  would  be^een  from 
*tlle'«iodn;;'^    .  .-.  m    ..  .   . 

1  ^7.'  '^A*  iriianf  aperture  {a)  is  made  in  the  vertical  side  of  a 
cyUndricat  vessel  filled  with  a  fluid ;  the  area  of  its  horizontal 
l^fectioii  Tfeinj^l  j^v  •  Cbm^  the  latus-rectum  of  the  parabola 
^TstHdeifc/^ed'bj? the'spouting  fluid  with  the  length  of  a  pendulum 
vibrating  ;6iiice'w1iife  the  surface  of  the  fluid  descends  to  the 

Wifitd'^'^ '^"^  ^'^^  ^^   • 

8.  The  earth  being  a  sphere,  and  its  radius  4000  miles,  what 
.  must  be  its  diurnal  rotation  that  a  body  at  the  equator  may  lose 

half  its  weight  ?         .'".  i.^ 

9.  A  sphere  of  given  radius  is  suspended  by  a  pdint  at  a 
distance  from  its  centre  equal  to  its  diameter.  Find  the  time  of 
its  oscillation,  and  the  point  within  the  sphere,  at  which  it  must 
be  suspended  so  as  to  ascillate  in  the  same  time*  .' 

10.  In  a'sevolyl^g  spheroid  of  small  eccentricity,  if  polar 
gravity  :  equatoreal  sensible  gravity  : :  radius  of  equator  :  semi- 
axis,  gravity  is  every  4rhe#e  perpendicular  fa  the  spheroidal  sur- 
face. 

1 1  •  Apply  tl^  duodaiary  scale  of  notation  to  find  the  solidity 
of  a  cube*  TOe^'sidH  of'which  is  lo^  7*".  7'". 

ift.  On  board  a  ship  in  north  latitude^  jcmiter  is  observed  on 
idiarai^K  ^;56*.  and  his  corrected  altitude  is  u^'^  6'  4ft'\ 
4iif  fiatmiieS'is  at  the  same  instant  eclipsed*  His  taba^^ 
ktfsfii^jiopliiisdjob  is  '^^  4^  gg"*^  north,  and  the  tabulated  time  of  the 
•olif^if ^#id"(ii3ft^.j^'  He; ttiM  th^  hilitiiKle  and  longitude  o£  tbe 
ship* 


cambbidgb  faoblems,  i'82'ii 


Tuesday  Eveniwg.— Mr.  CHEVAfcL\fin- 
I.     Provetherulc  for  the  multiplication. f^dmi^f^jjipals.., 
a.     Represent  ^in^/ —  1  ai  abiooitiialmnlf 
J).     Fiod  two  numbers  luch  that  thaniiiint  pnadiicU.an^l^the 

difference  of  their  sqoaru  may  be  all  cqnak  :  ;     ■    .',-j-    > 

.  *.     How  many  duEerent  ways  may  '^«oo  be  fiA  m^cfoWiw 
ana.guifWBsP  .  :,.'.  .,.1     .    , 

£•  A  body  describet  a  logarilhinic  fSpiriil,  Andiapproach^illiA 
centre  by  a  space  which  is  small  compared  with  the  wtmlcl  d«- 
tance.     Compare  the  time  of  one  rcvolutioo  wjtK  thejtinie  to  the 

Cfntre.  ..:.::  ■    :  ;[        .1  , 

6.  Intheexpansionof  (a  +  6  +  c  +  &c.)"  wherew  —  p  + 
y  +  r  +  &i:. ;  find  the  coefficient  of 'the'  tetm ,  involving 
«'.*•.  c\  &c.  " 

7-  Shew  that  the  image  of  an  indelini 
dicular  to  the  axis  of  a  convex  lens,  a 
than  the  principal  focus  of  parallel  rays  i 
direction,  forms  ihe  arcs  of  two  oppo&it' 
the  semi-axes. 

8,  Explainyii//)' the  method  of  findiog  J^,  Joi^tlf^  3*.?^* 
by  llie  observed  distance  between  the  mooo  and  a'  star  and  meir 
altitudes. 

9  A  vessel  is  kept  filled  with  a  fluid;  U^d  an'^f)«Tture  'it 
made  in  its  perpendicular  side  in  the  Form  ot^  a. parabola,  the, 
vertex  of  which  coincides  with  the  surface  of  tHe  fi^i^*  Find' 
the  depth  of  a  horizontal  section  such  that  i^  ^he  whole  fiuid 
issued  with  its  velocity,  the  quantity  discharged  tii  -a  giv6n  tmie' 
would  be  the  same  as  when  each  horisontat -tSjjion  flows  with 
its  own  velocity. 

10.  A  recurring  series  may  generally  be  resomn'into  two 
or  more  geometric  series.  -        v.\.,      '; .        .( 

It.  Find  the  solid  content  of  a  sphere  by  f e(9iri^g  ,t( ,  to  three 
rectangular  co-ordinates.  ' 

12.  Shew,  by  measuring  the  area  ANB  in,}^  ■2"'  section, 
that  if  a  sphere  be  composed  of  particles  the  attraction  of  >vhich 

a  jT- — Tit  the  attraction  of  the  whole  sphertf  Oft i^n  external 

particle  varies  in  the  same  law. 

13.  At  what  distance  from  its  centre'  iqust.  f\ft  yvfji^  cw- 
'  sideredasa  sphere,  receive  a  single  impulse^soai^tq^pc^ce  tti 

diuraaland  annual  rotation  ?  -A  .-  ■  '   :\  ■■     > 

44.    A  body  oscillates  in  a  cycloid :  .cougar;  ,ihe  )^bple  tefu- 

«ioa  of  the  string  at  any  point  with  the  weigl4'.o^\th&^>^;f. ,  ..  ,.■' 

9  s 
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ij.  Give  Clairaui'i  approximation  to  ihe  solution  uf  »  cubic 
equition  in  the  irreducible  cue. 

16.    Ttitt  tti^  curi'e  the  equallon  ib  which  ii 

*)•  +  fly  +  A»  =  «- 
17;   Siiitr  the  tdrln 

t'f— 4' +  3?— 4'  +  &.B,  +  *'. 

fS*  A;  odne^  inei'Aet  90°  from  ike  pevihaKon  Irt  too  days* 
Compare  its  perthelioikintsnce  wiih  the  nriim  uf  ai  ptanei'a  cir-- 
Mtif  (ffbii  iMiif:b  iewivtt  about  itie  iiin  in  940  dayR. 

10.  Explain  Borda't  circle  ol  repctiiiuii:  and  tite  method  of 
SndHt^  Ibe  l|*itiittc  by  the  unith  distances  of  stars  near  (he 
BHridiMH"  '.-../'-  '' 

aoi     fiai  A*  i  ti^     S  .  j',    and  £  .  hd  xA. 

«i.     Integrate 

St  i*,  projected  in  any  dirrciion,  and  acted  upon 

cont  o  Wees  tending  to  fixed  centres,  not  both  in 

die  1  :n  the  direction  of  projection,  it  wilt  describe 

hyi  m  the  two  fixed  points  equal  solids  in  equal 

time  ejoining  the  two  points. 

i^.     Given,  Id  the  tquation   -j^  +   «  =:  o,    u  zz  a  sitt  v 


t^drHlion  wih^  Pdrameleri. 

'■  94.     AoOdy  Of  ciilates  in  a  Cycloid,  ui  a  mei^tim  the  resistance 
o^  Vpich  <x  (vei-?^  i  construct  for  the  resistance  at  any  ptMot. 

TH8.  SENATE  HOUSE  PROBLEMS, 

Proposed  by  the  Ttoo  Moderators,  to  the  Candidates  for  Honors, 
during  tht  EietiBUnattoifir  the  Decree  0/  B.  A. 


Mdtt&AY,  jANtfABT  14,  iSai. 
MoHQAy.M.OR»it»u-— 'Mr.  CaeVAiLifiR^ 

First  and  Second  Classes. 

'  t.    Find'a  SferitS  of  fracttohi  cbnrergitig  to  v'»7- 

tt.     rf  j/6l?&'is'a  parkltelogram,  and^  a  diatneter;  ami 

from  B  there  be  drawn  a  straight  line  cutting  the  diameter  m  S 

artflthtf'twiiiildM.'brthfe  side*  produced,  in /, / respeaivdr t 

sbewtiwtif'i'agriBjB'. 


find Hhe  value ot  »•*.  ^'"-►^  ^  i^4r  Ac*. -f  ^#^*^-f'f>'**»p*'4-  &c,i  ^ 
4*     Integrate  the  quantities 

— — L==|.  n  bebg  an  even  nunbflri    'V^  uV  >    ^> 

5.  What  niuU  be  the  solid  oC  rtvolutimi  fa  ^Im  wbM  -mut*- 
perulcd  ky  itf  vertex  the  c^riirc;  q(  ^cUUtiofi  I9ay  \^  iniu  bM«  i 

6.  If  a  triangular  prismatic  beam  is  supported  at  both  wdv 
shicw  that  it  is  twice  as  strong  vhfin  tho  ecige  ia  iippermost,  as 
when  the  base'  is^ 

7.  A  person  wishes  to  see  distrnctl y  wBen  under  watec*.  Wbal 
kind  of  gi^rtsesr  must  he  aSe,  and  of  wiiat  focal  tetigtb  I    / 

8..   The  auttimnal  equinox  fakes  place  at  6  in  the  evenifig, 
the  Moon  being  ft^tl  at  the  same  in$caiit»  and  in  her  ascending 
itoi^e.    The  next  night  rh^  Moon  Vises  at  the  ^ame htmr  :  kKqoireq ' 
the  north  latitude  of  the  place. 

9.  Ol^en  the  base  of  a  plane  triangle,  and  the  difFefence  of  the 
angles  at  the  b^se  to  find  the  curve  traced  by  the  vertex. 

10.  Two  equal  heavy  balls  are  suspended  by  wires  ml  the 
same  given  length  from  the  vertical  axis  of  a  machine,  and  are 
jdst  in  contact  How  far  wHI  ihey '  separate  from  ojie  another 
when  a  given  angular  velocity  is  communicated  to  the  system  ?  " 

11.  Shew  that  if  M  and  5  represent  the  height  of  the  tide 
prcvduced  by  the  Moon  and  Sun  respectively;  retardation  of 
tide  at  new  and  fuHMoon  :  retardation  in  quadratures  ::  tJi-^^S 

12.  Find  the  mean  horary  motion  of  the  Mooti^i  nodes,  when 
the  liner  of  the  nodes  rs  in  octants. 

Monday  AtTERNOOK. — Mr.  Chevallier. 
Fi/ik  and  ^jeih  Classes. 

1^    The  first  term  of  a  geometric  series  continued  in  infinitum 
is  1 ;  and  any  term  is  eoual  to  the  sum  of  all  the  succeeding , 
te£ms»    Required  the  scries. 

2»    Transform  x^  —  aa:*  +  ax  -^  4  =;  9  into  an  equation,  thi^  r 
roQta  of  which  are  the  squares  of  the  roots  of  the  original 
equation. 

g»    Sum.  the  series 

1  I 


+  *-7^  +  &c.  to  n  terms,  and  in  infinUunu 


11.4*6       4*6.8 

4.    Trace  the  curve,  the  equation  to  which  is  v*— 41X— a8=:o.  * 
Draw  a  tangent  to  it  at  any  point ;  and  determine  the  apgle  at 
which  the  cirve  cuts  the  axis. 


|0  OAMJI&10GS  PftOBL£«fSt   t88«. 

;  5.    In  a  sbherieal  triangle,  having-given  two  angles  and  the  in- 
eluded  tide,  it  ia  required  to  £nd  the  oilier  angle. 
6*    Given 

log.  6/58  =  lf9i^l  to  find  log.  6753a. 

7*  Shew  how  thi  true  value  of  a  fraction  may  be  found,  the 
iHimefator  and  denominator  of  which  both  vanish  upon  assign- 
ing a  particular  ^tue  to  the  ^variable  quantity :  and  find  the 
vwie  of  •    ' 

Ian.  X  +  ICC.  ap—  1      , 

when  X  x:  o« 

1  -h  tan.  ac  —  sec.  x 

8.  Find  the  radius  of  curvature  at  any  point  of  the  catenary. 

9.  A  body  falls  down  a  given  inclined  plane;  and,  at  the 
instant  it  begins  to  fall,  another  is  projected  upwards,  frqm  the 
bottom  of  the  plane^  with  a  velocity  equal  to  that  m  falling  through 
n  times  its  length.     Where  will  they  meet  ? 

lOb  Find  the  position  of  the  centre  of  gravity  of  the  quadrant 
of  a  circular  area,  ^ 

.11.  An  isosceles  triangle  is  immersed  perpendicularly  in  a 
fluid,  with  its  vertex  coincident  with  the  surface,  and  its  base 
parallel  to  it^  How  must  it  be  divided  by  a  line  parallel  to  the 
base^  so  that  the  pressure  upon  the  upper  and  lower  parts  respec- 
tively may  be  in  the  ratio  of  1  :  7  ? 

1 2.  When,  the  same  string  parses  over  any  number  of  pulleys, 
and  the  parts  of  the  string  supporting  any  pulley  at  the  lower 
block  are  not  parallel  to  one  another,  find  the  proportion  between 
J?  and  flTin  cauijibrio, 

13.  A  hollow  cylinder  is  viewed  by  an  eye  placed  in  its  axis 
produced.  Compare  its  apparent  capacity  when  empty  and  when 
filled  with  water.  •  , 

14.  By  what  methods  may  the  variation  of  the  compass  be 
determined:  and  to  what  poirU  does  the  true  north  correspond 
when  the  vari9tion  is  22^  30^  west  ? 

tg.  Find  the  latitude  of  the  place  in  which  the  longest  day 
contains  16  hours. 

46.  A  body  is  projected  in  a  given  direction,  with  a  given 
velocity  from  a  given  point ;  and  is  acted  upon  by  a  repulsive 
force  which  varies  as  the  distance  from  another  given  point.  Re* 
quired  the  curve  which  it  will  describe. 

17.  How  may  the  phenomena  of  the  Trade  Winds  be  ex« 
plained? 

!%•  A  bucket  descends  into  a  well,  unwinding  a  strioj?  from 
a  cylinder  of  jjiven  weight  and  radius,  What  is  the  velocity  ac- 
quired in  falUng  througn  a  given  space,  and  the  time  pf  descent ; 
the  weight  of  the  string  being  neglected  ^ 


19.    Integrate  the  quantities 

so.  A  body  describes  a  circle  about  a  fixed  point »  the  force 
varying  inversely  as  the  square  oF  the  distance:  another  body, 
the  attractive  force  of  which  varies  in  the  same  law,  is  introduced 
into  the  system.  How  will  this  affect  the  velocity  of  the  body, 
the  form  of  the  orbit,  and  the  periodic  ti«ie  ? 

»  •       •       '     * 

Monday  Afternoon. — Mr«  Hind* 

TAird  and  Fourth  Clashes* 

X.  Two  weights  sustain  each  other  on  two  inclined  planes 
having  a  common  altitude  by  means  of  a  string  parallel  lo  the 
planes:  compare  the  pressures. 

s.     Prove  that 

s  (sin.*^  .  sin.*B  +  cos.'-^cos.*B)  ~  i+cos.  2A .  cos.  sB 

3.  PSp  is  any  parameter  of  a  parabola  whose  focus  is  «S,  atid 
latus  rectum  X,  prove  that 

4SF.  Sp^  L(SP  +  Sp). 

4*  A  parallelogram  and  a  triangle  upon  the  same  base  and 
between  the  same  parallels  revolve  round  the  base  as  an  axis; 
prove  that  the  solid  generated  by  the  triangle  equals  one-third  of 
that  generated  by  the  parallelogram. 

5*  How  much  of  the  earth's  surface  may  be  seen  by  a  person 
raised  n  radii  above  it  ? 

6.  The  ordinate  to  the  axis  of  an  ellipse  is  produced  till  it 
equals  the  corresponding  subtangent :  find  the  equation  to  the 
curve  thus  traced  out  and  the  area. 

7.  Given  the  sum  of  en  quantities  in  arithmetical  progres* 
sion,  and  the  sum  of  their  squares,  to  find  the  quantities  them* 
selves. 

d.  Three  equal  weights  are  placed  at  the  angles  of  an  equi- 
lateral triangle  Without  weight*  which  is  suspended  by  an  axis 
perpendicular  to  its  plane  bisecting  one  of  the  sides ;  find  the 
tentre  of  oscillation. 

(^  Prove  Newton's  4th  Lemnu,  (Sect.  1.)  and  by  means  of  it 
find  the  contenu  of  an  oblate  spheroid. 

10.    Differentiate 

(1)    log.     .~  r ♦       (a)    —      :.       -  • 

and  integrate 


«y2  tAUffMltim^   MOB'>LttM$,    fftl2. 


I     «  I     I  i>i 


(I)     -—=—  -^=-^  .    1(2)    — f — , .       (3)    4^'  COS.  X  .  dx. 

14*  .  A  vessel  of  given  altituxle  empties  itself  throMgh  an  ori- 
fice of  giten  tfirtiensioni  u\  its  lowest  point,  and  tlie  upper  sur- 
face descends  with  a  given  uniform  velocity  :  find  the  content 
oT  tlie  vessel. 

'  la.  A  ray  of  light  issuing  from  a  point  in  the  exireme  ordi- 
dinate  of  a  parabola  \t  incident  in  a  direction  parallel  to  the 
axis,  and  after  two  reflections  at  the  curve  meets  the  ordinate 
again:  prove  thkt  the  iength^MT  khe.padi  described  will  be  thf^ 
same  from  whatever  point  in  the  ordinate  the  ray  proceeds. 

13.  Find  the  area  included  iM^ween  at>y  two  radii  of  a  spiral 
where  (he  an^le  contained  between  them  is  the  measure  ^of  their 
ratio. 

14.  Given  the  velocity  of  projection  equal  to  the  velocity  in 

a  circle  at  the  same  distance,  (force  a   7^)9  required  thedirec- 

Axon  in  which  a  body  roust  Yt  j>Tqjected  at  a  given  dlistaoce, 
that  the  focus  of  the  conic  section  described  ma^  bisevct  ijbe 
semi-axis  major ;  and  determine  xhe  ^magnitude  and  position  ot 
ihe  axes* 

15.  'The  plane  df  a  vertical  dial  is  inclined  at  an  angle  ot  4^^ 

to  (he  plane  olthe  meiidtan  in  alathafle  Whose  sine  is  r=  — --  : 

And  the  pidsictoii  of  (be  sdbatiley  t>e  akitude  of  the  st!te,  and  the 
hour  lines. 

r 

Monday  EvENxxOr-^KU.  Hwo^ 

1.  Shew  that  y««-.- 1  js  divisible  1)y  either  of  ttie  quantities 
y*  —  1  and  v* —  1,  without  a  remainder.  » 

2.  In  an  isosceles  plane  triande,  {vovis^  ^Komfiiric^Ug,  that 
tlie  versedsiiie  of  the  vertical  ang^  ;  radius  : :  t^e  square  pf  the 
base,:  twice  the  square  of  either  side. 

g.  Given  Che  m^  and  n!^^  terms  of  anliarmomcAl  |U*ogres9lQa« 
to  £nd  the  (its -4-  ^Y^  term. 

4.  The  earth  "being  considered  a  perfect  «jpher^t  Ittov^  tSiai 
at  any  place  the  length  of  a  degree  oT  latitude  x  the  Jeilgthiif  a 
degree  of  longitude  : :  radius  :  cosine  gf  latitude. 

5i     Pioite  thw  ros.  (-rf  +  JB^ .  isin^  {.^—  S)  'J^qo%.  (^  +  C) 

•  sb. (B— ta .+  COS. \Vi  +  Dizain,  [V^J})  +  cos. (2)  +  A) 

•  sin.  (-D  —  wl )  =  o. 


CAMBRIDGE   PftOfiLSJtff,   lAftB.'  gg 

Investigate  the  following  formulae^  -^nu^:   , 

COS.  d  z:      ,  sin.  e  =r 


2  «iA— 1 

and  thence  prove  that  :i  =  cot.  •—  • 

r  I  —COS. -4  2 

6.  Find  ihe  time  of  emptying  a  sphere  filled  with  fluid  throngii 
an  orifice  in  its  lowest  point.  « 

7.  Prove  that   log.  (n  +  i)  =  log. «  -f  2  log.  (^^  V  |)  + 
^      (211  +   1)*—  1  '.. 

8.  Find  the  surface  of  an  equilateral  and  equi-an^ular  spheri* 
cat  polygon  of  n  sides,  and  determine  the  value  of  each  of  the 
angles  when  the  surface  equals  half  the  surface  of  the  sphere. 

9.  Required  the  radius  of  curvature  of  the  curve  whose  equa« 

tion  is  -  r= ,  Jind  determine  the  co^ordin^es  of  the  centre*' 

y       a  —  X 

10.  A  ball,  whose  elasticity  :  perfect  elasticity  : :  n  :  1,.  i« 
projected  with  a  given  velocity  in  a  direction  making  an  angle 
of  60°  with  the  horizon,  and  when  at  its  greatest  height,  is  re- 
flected by  a  vertical  plane:  determine  where  the  ball  will  again 
strike  the  horizon,  and  the  whole  time  of  flight. 

11.  Investigate  a  differential  expression  for  the  surface  of  a 
solid  of  revolution,  and  apply  it  to  find  the  surface  of  the  solid 
generated  by  the  figure  of  tangents  revolving  round  its  axis. 

12.  Shew  how  every  case  of  oblique  spherical  triangles  may 
be  solved  by  Napier's  rules  only. 

13.  Investigate  the  apsidal  equation,  and  shew  what  number 
of  possible  positive  roots  it  can  have,  when  the  velocity  is  acquired 
from  a  finite  distance  and  the  force  varies  as  JD'*'~^ 

14.  Given  the  logarithmsof  ( i  +  ;r)  and  (1  +  ^x)^  shew  how 
the  logarithm  of  ( 1  -f  %x)  may  be  computed* 

15.  Define  the  centre  of  spontaneous  rotation ;  shew  generally 
how  it  may  be  found  ;  and  determine  it  when  a  straight  rod  ol 
uniform  density  and  given  length  is  struck  perpendicularly  at  a 

given  point.  1         r      / 

16.  If  the  area  of  a  curve  between  any  two  values  of  one 
abscissa  can  be  expressed  in  finite  terms ;  shew  that  the  Wea  be- 
tween two  values  of  any  other  abscissa  of  the  same  curire  can  be 
found. 

17.  The  density  of  different  parts  of  a  circle  varies  as  the 
square  of  the  distance  from  the  centre:  find  the  velocity  ac* 

voLt  V.  e 


0^  CUM&R&aOB  9»pBLEM8t.  iSftS. 

quired  by  a  corpuscle  attracted  towards  this  circle  in  a  line  passing 
tHfoUgb  its  cenfr^  and  perpendicular  to  the  plane,  the  attractive 

force  of  e^KjpArticIe  varying  as  y^. 

i8.  State  genoallythe  principal  of  virtual  velocities ^  and 
from  it  deduce  the  position  o(  equilibrium  o(  a  straight  rod  of 
iHttfostB  deo^ii}!  plb^^  oo  two.  iuclined  planea. 

19.     Find  the  «*^  differential  of  |/  1  — a?*. 

^nd/dx  (a*  +  b*  —  2ab  cos.  ap)*  from  or  =:  o  to  jrz:  i8o°,  and 
determine  the  relation  between  x  and  y  when 

M^  Eiod  thfi  whole  times  of  asoetit  and  descent  of  a  body 
urged  by  the  force  of  gravity  in  a  medium  whereof  the  resistance 
vacSESL  as  the  s^psave  of  the  velocity,  and  give  Niwi0n*s  con. 
structions. 

df .    Slim  tlie  f^Howiiig  series 

(*)    '•^^  -*•   -3^-   +    -^ 1-  &c.  ad  inf. 

Cfi>    -ir  " iT"   +  — ^?^ &c.adinf, 

tarn  2  I  ^^fttanv-  .  (  tao*  - ) 

+  4  tan.-  •  (tan.  gj  4-&c.  to(«)tcrms» 

3fi^  Find  Ae  hprary  motion  ol  the  moon's  nodes  in  a,  circular 
orbit. 

Newim^  P>op.  30»  Book  iii. 

2^  A  ray  of  hombgeneal  It^t  is  refracted  through  a  double 
coovex  ,kns :  ciompSire  the  densities  in  difierent  parts  of  the  cir- 
cle o£  chronlatic  dispersion. 

24;  The  sun^  of  the  areas  described  by  any  number  of  bodies 
rpuiyi  a  given  pointy  multiplied  by  the  respective  masses  of  the 
bodies^  IS  proportional  tothetime^  supposing  tfaem  to  be  acted 
upon  only  by  their  stiutual  attractions,  and  by  the  force  tending 
to  the  given  point. 


i.'  I 


f  / 


CAIIBRIOGB    riM»BI.»MS»   ifttB^  ^ 


TuEspAY  Morning. — ^Mr.  Hliffd. 
First  and  Second  dassesi 


}ii 


t.  A  and  B  can  do  a  piece  of  work  in  m  days ;  B  ahd  C  in 
n  days  :  in  what  time  can  A  and  C  do  the  same,  supposing  that  A 
can  do  p  times  as  much  as  B  in  «  ^ven  time  ?'      'c"' 

2.  A  normal  drawn  to  a  cissoid  at  the  point  where  it  cuts 
the  generating  circle,  meets  the  axis  produced  in  a  certain  point : 
prove  that  the  line  intercepted  between  this  point  and  the  vertex 
of  the  cissoid  is  divided  into  three  equal  parts  by  the  centre  and 
the  further  extremity  of  the  diameter,  of  the  g6kerating  6irc\6. 

3.  The  distance  of  the  centre  of  gravity  ot  a  cyjcloid  frdih 

tlie  vertex  =:  y^  6f  the  axis :  (rowipare,  froto  tfiift,  thfe  tmtttiis  rf 

the  0olids  generated  by  its  revohuion  Tonbd  tthe-ba«e<add  aian- 
gent  at  the  vertex; 

4.  Prove  that  the  cube  of  any  number^  «nd  the  fuliDbef  it-* 
self  heiftg  divided  by  6  leave  the  same  tenaihder. 

j.  Two  straight  rods  equal  in  length  are  suspended  by  ^^beir 
esctremitiesv  one  being  of  uniform  density,  and-lbe  density  of  the 
other  varying  as  't<he  n^^  power  of  the  dis^i«iice'tif9mrthe;p^iit<of 
suspension,  and  they  make  small  oicilbiioBiS  Mi^tinies  whitli,^ 
<»•  V^5  •  V^6.    Required  tjifi  value  of  «.  ,^. 

6k  An  Upright  cylindrical  vessel  empties  dt^lf  AhrtMigh  «ii 
orifice^  in  the  base ;  compare  the  pressures  upeii  4he  concave 
sufface  at  first,  and  when  half  the  time  of  Wjptyin];  liiili 
elapsed.  . .  '     , 

7.  Givtn  tl)e  magnkode  of  ^  spherical  ««ffiaes,>  UpA  tbb 
radius  of  the  sphere  so  that  the  corresponding  lilpte^kal  ftbgHietit 
may  be  the  grfcafcest  possible.  ...    * 

8.  Compare  the  momentum  of  a  paraboloid  with  that  of  its 
foscribed  cone,  having  the  same  base  and  vettea^^  iAirfaQiiiibBjF  b^fch 
revolve  round  their  cominon  a^cis. 

9%  Investigate  the  iequa'tion  to  the  cttrve»  i(n  which  the  ar^a 
has  the  same  ratio  to  the  square  of  the  ordinate  .that  ^the  ordipa^e 
ehfts  tothealbtciasa. 

so»  Given  the  latitudes  and  loi^itudes  of  twp  places  oA  ll)c 
Earth's  surfaeei  to  find  their  distance.  , ,   • .      , .  .    , 

lit    find  the  integral  of  ;    ,1  T 

r 

rf*  i  rf*  .  (log.  wV"  fttwi  «  s=  6  to 'iir !c3  iw 

12.  A  nring  wrapped  rounds  cylindrical  atttrulds  of  ufiSiftin 
density  whose  radii  are  R  and  r,  passes  over  a  fiked  j^tilteyt  tiifd 

t  a 


#  • 


fj6  CAMBRIDGE    PROBLKMS,    l8ta« 

has  a  weight  attached  to  ic :  find  the  space  descended  by  the  an- 
nulus  in  a  given  ttm^. 

13«     Given  the  time,  construct  for  the  inclination  of  the  lunar 
orbit  to  the  plane  of  the  ecliptic. 

Newton,  Prop.  35.  Book  iii. 


■  » 

Tuesday  Afternoon. -Mr.  Hind. 
Fifth  and  Sixth  Classes. 

1$  Find  the  present  worth  of  P£  due  n  years  hence,  at  r  per 
cent,  discount. 

2.  Investigate  tlie  rule  for  the  extraction  of  the  square  root 
in  whole  iiumbef8»  and  determine  generally^  the  limit  which  the 
remainder  after  any  operation  cannot  exceed. 

3*  Shew  that  the  content  of  a  sphere  :  the  coptent  of  the 
greatest  cone  that  can  be  inscribed  in  it  : :  3^  :  2'. 

4.  Given  the  ratio  ot  the  sines  of  the  angles  of  a  plane  tri- 
angle, and  the  radius  of  the  inscribed  circle;  to  construct .  the 
triangle. 

j.  The  orifices  in  the  equal  bases  of  two  upright  prismatic 
vessels  are  in  the  ratio  of  2  :  1,  and  the  vessels  are  emptied  in 
equal  times ;  Compare  their  altitudes. 

6.  Prove  that  Waring^s  solution  of  a  biquadratic  equation 
fails  when  all   the    roots  are  impossible,   and  of    the  form 

7*  Determine  the  point  in  P*^  orbit,  (Sect,  ii,)  where  the 
tangential  abldtitipus  fqrce  is  a  mean  proportional  between  tlie  ad- 
ditittous  and  icei^tral  ^blatitious  forces. 

8.    The  roots  of  the  equation  6** —  43*^  |-  107** —  loSx  + 

ah 
^r:'oai!eo(  the  form  a,  b^  -i  and  -,  find  them  :  and  shew 
**  ()         a 


wh^tt  relation  exists  between  the  coefficients  of  a  cubic  whose 
roots  aVe  of  the  form  -|-  a,  —  a,  and  +  i. 

^.  Find  the  point  at  which  a  ray  oF  light  parallel  to  the  axis 
must  be  iricideht  uj|)ona  concave  spherical  reflector,  so  that  after 
two  reflections  it  may  cut  the  axis  in  a  given  angle. 

10.  The  equation  to  a  curve  is  y  =r  «'  —  gx*  +  24*  +  16  ; 
determine  the  values  of  the  abscissa  when  the  ordinate  is  a  maxi- 
mum^  and  when  a  ipinimum,  and  find  the  area  included  between 
those  ordinajtcs.    " 


CAMBRIDGE   PROBLEMS,  i8tt»  37 

lie     DifFereiUtote 

(0  log,  (ajr  +  1+2  v/i  +  jc  +  *-).    (a)  (cos.  9  +  sec.  6). 
Integrate 

and  find  the  values  of 

a'«8--^  —  1     ,                      ^  ,  log.  tan.  x      , 
( I )      . ;—  when  X  zz  u    (a)  — ^—^ when  x  =:  o* 

lOfiT.    X  m  X 

^  log.  tan.  r- 

1 2.  The  mpgnitudes  of  three  perfectly  elastic  bodies  are  in 
harmonical  progression*  prove  that  the-  momentum  communi. 
cated  to  either  of  the  extremes  by  the  impact  of  the  other  equals 
the  momentum  of  the  mean  moving  with  the  velocity  of  the  im- 
pinging body  before  impact. 

13.  Given 'the  latitude  of  the  place,  and  the  length  of  the 
day,  to  find  thie  time  of  the  year. 

14.  If  a  foody  describe  the  arc  of  a  cycloid  by  a  force  acting 
parallel  to  its  base,  prove  that  the  force  varies  inversely  as  2  sin. 
h  —  sin.  2  9,  9  being  the  corresponding  arc  of  the  generating  cir» 
cle  reckoning  from  the  vertex. 

Tuesday  Afternoon. — Mr.  Chevallier. 

Third  and  Fourth  Classes. 

1.  5, ,  5, ,  5,, ...  .5*  being  the  sums  of  n  geometric  series 
continued  in  infinitum,  the  first  tempi  of  which  is  1,  and  the 

common  ratio  -^,    -j ,   -^ . . . .  — ,    respectively.      Required 

the  sum  of  their. reciprocals,  F-+  t""*"  ^"••••"*"5'* 

8.  Shew  that  cones  and  cylinders  upon  equal  bases  are  Co  one 
another  as  their  altitudes. 

'     3.    P  supports  JTupon  an  axle,  by  means  of  a  perpetual 
screw  acting  upon  the  circumference  ot  the  wheel.    Kequired 

thar  proportion.  .   .        ,      • . 

4.  A  sphere  of  glass  and  another  of  water  bem^r  placed  in 
air,  what  must  be  the  proportion  of  their  radii,  that  tbeir  magni- 
fying powers  may  be  the  same  7 

Ki    A  life-boat  contains  100  cubic  feet  of  wood^  specific  gra« 
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vity  8;  and  jo  feet  of  air,  specific  gravity  .ools.  When 
filled  with  fresh  water»  what  weight  of  iron  ballast,  specific  gra« 
vity  7*645,  must  he  thrown  in  before  it  will  begin  to  sink? 

6.  £xplain  the  different  uses  of  a  fly-wheel  in  machinery. 

7.  The  velocity  in  an  ellipse  at  the  greatest  distance  is  half 
that  wkh  which  a  body  would  move  in  a  parabola  at  the  Same 
distance.     What  is  the  ecctntricity  of  the  ellipse  ? 

8.  Shew  that  the  itereographic  projection  of  a  great  circle 
of  a  sphere  is  a  circle;  and  find  the  radius. 

9«  P  descends  vertically,  drawing  Q  over  a  fixed  pulley. 
Find  the  pressure  upon  the  axis  of  the  pulley;  and  its  value 
when  P  is  indefinilely  increased. 

'10.  A  pendulum  is  composed  of  two  thin  wires  of  equal 
length,  at  right  angles  to  eacn  other  at  the  point  of  suspension, 
anp  vibrating  in  their  own  plane*  Find  the  time  of  a  small  os- 
cillation ;  and  the  angle  at  which  they  must  be  inclined  to  each 
other,  so  that  the  time  of  oscillation  may  be  doubled. 

J 1.  What  effects  are  produced  by  aberation  in  the  apparent 
places  of  the  moon  and  the  planets. 

f  A.  Shew  that  the  inclination  of  the  moon's  orbit  is  the 
greatest  when  the  lines  of  the  nodes  is  in  syzygy ;  and  the  least, 
when  the  nodes  are  in  quadrature  and  the  moon  in  syzygy* 


Tuesday  Evening.— Mr.  Chevallier. 

1.  Prove  the  rule  for  sin^e  position.:  state  to  what  limiu- 
tions  it  is  subject :  and  apply  it  to  find  such  a  number  that  when 
divided  by  3,  ^,  and  5^  respectively,  the  sum  of  the  ^otients 
may  be  94. 

iSi  Skew  that  if  an  elation  have  two  eqiial  roots,  and  the 
terms  are  multiplied  by  the  terms  of  an  equal  progression,  the 
tresuift^Hl  —  6. 

3.    Find  a  quantity,  which  when  multiplied  into  d^  —  6 
renders  theprochKt  rational-. 


iisdat6*».' 

5.    Sum* the  series 

1.1 


+  Re. ;  to  «  terttis  and  in  infimtum* 


*»tt^g;         «"3»4 
•  1*  +  3*  +  5*  +  &c- ;  to  « terms. 
:j  4-  2x  -[-  t\x^  \-  43>^+  &ci;  ill  ;nfi:nitain. 
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6.  If  Jupiter  and  Saturn  are  in  cpnjanction  with  on6  another, 
and  in  opposition  to  the  Sun,  on  a  ^iven  day  ;  and  thdr  periodic 
times  are^  12  years  and  29.5  years  respectively ;  nhen  >viU  ibey 
again  be  in  the  same  position. 

7«  A  weight  JF is  raised  upon  a  moveable  pulley.  The  two 
extremities  of  the  cord  are  wound  in  driferent  directions  about 
two  cylinders,  which  have  a  common  axis  but  diifereni  radu ; 
and  the  power  B  descends  unwinding  a  spring  from  a  wheel  of 
a  given  radius  upon  the  same  axis.  What  is  the  force  wbicb 
accellerates  P's  descent,  when  the  strings  are  parallel  to  each 
other  ? 

8.  In  the  scale  of  Reaumur's  thermometer,  the  ff eezing  point 
of  water  is  O5  and  the  boiling  point  8o^.  In  the  cenittgrade  ther* 
mometer  those  points  are  o  and  100^  resp^tively.  What  will 
be  the  degree  of  heat  marked  by  each,  when  Fahrenbett's  ther« 
mometer  stands  at  59^  ? 

9.  Given  the  altitude  of  the  Sun,  and  the  breadth  of  the  pe- 
numbra which,  the  top  of  a  mountain  throws  upon  a  horizontal 
plane,  to  find  the  height  of  the  mountain. 

,  io.  Explain  Atwood's  machine;  and  mention  some  of  the 
facts  which  it  establishes  in  the  theory  of  motion  uniformly  ac- 
cellerated  or  retarded. 

11.  A  plane  of  given  form  and  area  is  supported  in  the  air 
as  a  kite,  the  wind  actio<^  in  a  direction  parallel  to  the  horizon  : 
the  weight  of  the  string  and  materials  being  (a;),  and  tbe  horizon- 
tal pressure  ol  the  wind  equivalent  to  a  weight  (p)  upon  each  . 
square  foot,  required  the  angle  made  b)'  the  plane  with  the  hori- 
zon ;  and  the  greatest  weight  which  it  can  support. 

t2.  When  the  force  by  which  a  watch-balance  is  actuated 
varies  as  the  n^^  power  of  the  distance  from  the  point  of  the  spiral 
spring's  quiescence,  find  the  alteration  in  the' daily  rate,  in  con- 
sequence of  a  given  change  in  the  arc  of  vibration. 

13.  Explain  the  method  of  deducing  the  Sun's  parallax  from' 
the  transit  ot  an  inferior  planet. 

14.  A  seconds  pendulum  of  given  lengthy  in  the  form  of  a 
thin  rectangular  bar,  suspended  at  the  middle  oi  its  extremity  by 
an  axis  perpendicular  to  hs  plane,  is  carried  to  the  top  of  a  nioun- 
tain,  xhe  length  of  the  bar  is  diminished  by  a  given  quantity  in 
consequence  of  a  change  of  temperature,  the  breadth  remaining 
the  same,  and  it  loses  f^  in  a  day.  What  is  the  height  of  the 
mountain  ? 

1  j.  A  cannon  ball  weighing  24lbs«  strikes  a  wa)l  with  a  ve* 
locity  of  1700  feet.  Find  the  weight  of  a  beanni,  terminated  by  a, 
hemrspbere  of  the  same  diameter  as  that  of  the  ballf  wl)icb,  wh^a 
moved  with  a  velocity  of  10  feet,  pay  penetrate  to  the  pamc 
depth ;  and  the  weight  of  a  similar  be^,  whiph  n^  have  the. 
same  eflFect  in  shaking  the  wall. 
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i6.  A  hotly  not  affected  by  gravity  falls  down  the  axis  of  a 
thin  cylindrical  tube  infinite  in  length,  the  particles  of  which  at- 
tract with  a  force  which  varies  inversely  as  the  square  oF  the 
disunce.  Find  the  velocity  acquired  in  falling  through  a  given 
space. 

17.  Four  persons  uf,  B^  C,  D,  in  order,  cut  a  pack  of  cards, 
replacing  them  after  each  cut,  on  condition  that  the  first  who 
cuts  a  heart  shall  win.  What  are  their  respective  probabilities 
of  success  ? 

1 8.  A  ship  (P)  begins  to  sail  towards  another  {B)  from  a  fixed 
point  (C).  At  the  same  instant  B  begins  to  move  in  a  direction 
perpendicular  to  P'b  first  motion:  P  is  always  found  in  the  line 
joining  Cand  B;  but  can  only  accelerate  heir  rate  of  sailing  so 
as  to  retain  the  same  distance  from  B  as  at  first.  What  is  th; 
curve  traced  by  P  ? 

19.  Integrate 

dx  xdy 

dy  +  ydx  =  ax^  dx  ; 

dxdy  —  (x  +  a)d*y j-  zz  o. 

so.  Two  material  points  S  and  P,  the  mass  of  the  first  being 
twice  that  of  the  second^  attract  each  other  with  a  force  which 
varies  inversely  as  the  square  of  the  distance.  When  they  have 
approached  each  other  by  half  their  original  distance,  P  receives 
a  new  perpendicular  impulse,  which  communicates  to  it  a  velo- 
city equal  to  that  which  iS  has  acquired.  What  curve  is  now 
described  by  each  about  the  other  ? 

21.  Find  the  whole  variation  in  the  inclination  of  the  Moon's 
orbit,  as  the  Moon  moves  from  quadrature  to  syzygy ;  the  line 
of  the  Dodes  lying  in  quadrature. 

Newt,  Lib*  iii.  Prop.  34.  Cor.  4. 

S2.  Shew  that  if  a  body  oscillates  in  a  cycloid,  in  a  medium 
the  resistance  of  which  is  constant »  the  successive  altitudes  to 
which  it  will  rise  are  in  arithmetical  proffressioiu  n 

23.  The  axis  of  Archimedes*  screw  is  inclined  at  a  given  an* 
gle  to  the  horizontal  section  of  the  water.  Find  the  highest  and 
lowest  points  of  the  spiral  tube,  its  point  of  inflection ;  and  the 
quantity  of  water  which  can  be  raised  in  a  given  time  by  a  given 
power. 

24.  If  a  body  is  acted  upon  by  any  forces  which  would^  if 
separately  communicated,  cause  it  to  revolve  about  given  axes 
with  given  angular  velocities ;  find  its  axis  of  rotation,  and  its 
angular  velocity :  and  apply  the  conclusion  where  there  are  three 
axes  at  right  angles  to  each  other. 
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THE  SENATE  HOUSE  PROBLEMS, 

Proposed  hy  the  ^wo  Moderators,  to  the  Candidates Jbr  Honors^ 
during  the  Examination  Jbr  th^  Degree  of  B.  A, 


Monday,  January  13,  i823, 

Monday  MOtti»iMfc.—Mji.  HiNrf. 
First  and  Second  Classes, 

1.  A  given  annuity  which  is  to  continue  (3  n)  years,  is  left 
equally  between  A  and  B:  A  receives  the  whole  fof  \n)  years, 
and  JB  the  whole  for  the  remainder  of  the  time ;  it  is  required 
to  find  the  present  worth  of  the  artimity,  ;4nd  the  rate  of  com- 
pound interest. 

2.  Find  the  values  of  Q  which  ^sltisfy  the  ^qtlAtioii 

s  sin*  3d  +  sm*  69  =r:  d,        radius  being  =:  i» 

3.  Two  bodies  A  and  B  descend  from  the  same  extremity 
of  the  vertical  diameter  of  a  circle,  one  down  the  diameter, 
and  the  other  down  the  chord  of  30^  Find  the  ratio  of  4  to  B, 
when  their  centre  of  gravity  moves  along  th«  chord  of  x$o°. 

4*^  Given  the  siitii  of  three  qnantitfes  in  geometrical  pro* 
greMion,  and  the  sum  of  their  reciprocals^  to  find  the  quantities 
themselves. 

g*  The  angles  of  a  plane  triangle  are  ^,  B«  C ;  it  is  required 
to  prove  that  the  perimeter  of  the  triangle  ;  the  ^vamti&c  of  its 

A  B  C 

inscribed  circle  ::  rad'  :  tan.  —  .    t^n.  —  .tan.  —  ♦ 

2  «  a 

6.  In  an  equation  of  (n)  dimei)»ions,  the  second  and  third 
terms  may  be  taken  away  b^  the  same  transformation  when  the 
square  of  the  sum  of  the  roots  :  the  sum  of  their  squares 
::  ^  :  1*    Required  a  proof. 

7.  Three  points  being  given  in  position  ;  it  is  required  tQ 
4raw  a  straight  line  thrpuffh  one  ot  them,  so  that  the  rec^ngle 
of  the  perpendiculari  let  fall  upon  it  from  the  other  two  may  be 
the  greatest  possible. 

SU  A  ray  of  light  issues  from  the  extremity  of  the  diameter 
qt  a  semUcircle,  and  is  reflected  by  the  circumference:  de- 
termine the  point  of  incidence,  so  that  after  reflection*  the  i:ay 
may  pass  through  a  given  point  in  the  diameter  produced. 

9«    A  semicircular  area  is  placed  with  its  vertex  upon  a  hori- 
zontal plane ;  find  the  time  of  one  of  its  small  oscillations. 
VOL.  V,  f 


4ft  CAMBRIDGE    PROBLEMS,    l8S3. 

10.  A  body  projected  in  a  direction  parallel  to  the  horizon, 
and  acted  upon  by  the  force  of  gravity,  describes  a  common 
cycloid;    shew  that  the    resistance  of   the  medium,  and  the 

Q  9 

velocity  at  any  point,  vary  respectively  as  sin.-  ,  and  cos.-  ,    0 

being  the  corresponding  arc  of  the  generating  circle. 

11.  A  chain  of  uniform  density  is  suspended  at  its  ex- 
tremities by  means  of  two  tacks  in  the  same  horizontal  line  at 
a  given  distance  from  each  other ;  find  the  length  of  the  chain 
so  that  the  stress  upon  either  tack  may  be  equal  to  the  chain's 
weight. 

dx 
1  a.    Integrate  _,  .  . 

13.  Find  the  horary  variation  of  the  inclination  of  the  lunar 
orbit  to  the  plane  of  the  ecliptic.     Newton,  Prop.  34.  Book  3. 

14.  Solve  the  functional  equation 


i^a^*  •  ^  (t^JtS)  =  ^*  "'' 


Monday  Afternook. — Mr.  JHind. 
Fifth  and  Sixth  Classes. 

1 .  In  what  lime  will  the  amount  of  P£  at  (r)  per  cent,  simple 
interest  be  equal  to  (p)  times  the  interest  of  the  same  sum,  and 
what  is  the  rate  per  cent,  when  the  reitjuired  time  is  (9)  years  ? 

d.     Vxovc  geometrically  thzt 

A 

ver.  sin.  A  :  sin.  ^  ::  tan.  —  :rad. 

a 

3.  Of  the  two  quantities  a*  +  «*  ^^  +  «'  **  +  *^  *°^ 
(a'  -h  h^Yj  shew  which  is  the  greater. 

•4.     Divide  the  length  of  a  given  inclined  plane  into  three 
parts  so  that  the  times  of  descent  down  them  may  be  equal. 

5.  In  any  plane  triangle,  prove  that  the  sines  of  the  angles 
are  inversely  as  the   perpendiculars  let  fall  from  them  upon  int 

opposite  sides.  ,      . 

6.  Two  bodies,  A  and  B,  whose  elasticity  is  w,  moving  in 
opposite  directions  with  velocities  a  and  h  impinge  directly  upon 
each  other:  find  the  distance  between  them  when  i'.Ircmthe 
moment  of  impact  have  elapsed. 

7.  The  roots  of  the  equation  a:*—  10  x'  +  35  ^*  "^55>  * 
-4-24-0  arp  ot  the  form  a  f  t,  a—\,h  +  J,  6  —  1  :  'find 

them. 
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8.  Where  must  a  ray  of  light  parallel  to  the  axis  of  a  con- 
cave spherical  reflector  be  incident,  that  after  reflection  it  may 

divide  the  radius  in  the  ratio  of  v/g  —  1:1? 

9.  The  sum  of  a  series  of  quantities  in  geometrical  pro" 
gressian  wanting  the  first  term,  is  equal  to  the  sum  of  all  the 
terms  except  the  last,  multiplied  by  the  common  ratio.  Re- 
quired a  proof. 

10.  Find  the  angular  distance  of  a  body  from  the  vertex  of 
a  common  parabola  where  the  velocity  is  equal  to  half  the 
greatest  velocity. 

11*  Determine  geometrically  thdi  point  m  the  hypothenuse 
of  a  given  right-angled  triangle  whose  base  is  parallel  to  the 
horizon,  from  which  the  time  of  a  body's  descent  to  the  right 
angle  may  be  the  least  possible. 

12.  Shew  that  Cardan's  rule  for  the  solution  of  a  cubic 
equation  is  applicable  when  all  the  roots  are  possible  and  two  of 
them  equal}  and  by  means  of  it,  find  the  roots  of  the  equation 
x^  4-  6x*  —  32—0. 

13.  Find  the  diflFerential  of  an  arc  the  tan.  of  whose  half  is 
a:,  and  integrate 

xdx  X*  dx         ,      dQ 

,3  3in* 


v/a*x-»+i*    «'— 5*'  (tan.0)« 

'    14.    Sum  the  series  : 

*      L  ^  .  2  (a  +  2)  i    9.      •     '  jr     u 

m        m(m  +  a)        tw  (m  +  a)  (m  +aaj  ^ 

m  is  greater  than  2. 

15.  Divide  the  arc  of  a  cycloid  into  two  parts  so  that  the 
times  of  a  body's  oscillating  through  them  may  be  in  the  ratio 
of  I  :  5. 

16.  Two  places  in  the  same  latitude  whose  difference  of 
longitude  is  /,  are  distant  a  miles  from  each  other :  find  their 
latitude. 

17.  The  difference  of  the  forces  on  P  and  p  (Ntwt.  Sect.  9.) 

oc    -rTTjj  •   Required  a  proof. 

18.  A  given  paraboloid  filled  with  fluid  is  placed  with  its 
vertex  downwards  and  its  axis  vertical ;  determine  the  time  of 
emptying  one  half  of  its  content  through  a  given  orifice  in  the 
vertex. 


f  a 
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Monday  Afternoon. — Mr.  Higman* 

|,  Transform  the  eapation  ap'  — px^  +  ^jr  -^  r  2=  o  whos^ 
roots  are  a,b^  c^  into  one  whose  roots  are 

(M)-   (^;)-   (-^l);       . 

&•  Find  the  number  of  different  triangles  into  which  9 
polygon  of  n  sides  may  ^e  divided  hy  Unci  joining  theangiilar 
points. 

'  3.  If  the  vetocitiei  of  two  balls  ^and^^  whose  eUatici^ 
is  e^  be  a  and  b  before  impact,  and  u  an4  q  a&er ;  also  if  4  ay94 
|g  be  the  velocities  lost  and  gained,  then  will 

4.  f  ini  th^  fURfJtiqa  of  ^  rect|l^^^  (vj  ^  ^Qrpqsple,  sity^cd 
in  one  of  its  sides,  produced,  in  a  direction  pefpeadici|}f^^  to 
the  other  side ;  t|;\e  force  ten^iQ^  to  each  particle  of  the  rec- 
tangle varying  inversely  at  the  square  qf  the  distance* 

5.  If  there  be  taken  the  evoiute  of  a  logarithmic  spiral^  the 
evolute  of  that  evoiute,  and  so  on  ad  infi^ij^mp,  $n4  tj^  sup)  of 
the  arcs  of  all  the  successive  eYOJ[i|t$;s. 

6.  jium  theserie^: 

(1)  — ^  -\ ^-5  4 ^  +  &c.  to  n  tenaa. 

(2)  —^  +    -4-    +  -^ —  +  &c.  ad  inf. 
^  '  1.4.7       **6'9       3*8.11  ^ 

(3)    l+«COSft+    ^;^^  CQ^,g»i>  '''^'^^l^)i^^%i^^ii€. 

.  7'  If  ?  J^X)  of  M«t^  r^Jf¥te4  in|t(^  ^  5riW^.  cm^y  fr^  it 
after  any  given  number  of  reflections ;  oetermine  the  distance 
of  the  incident  ray  from  the  axis,  \f^M  |h^  afc  of  tbf  circle 
intercepted  between  the  axis  and  the  point  of  emergence  is  a 
minimtkm.  ' 

8.  Find  the  centre  of  resistance  of  a  semicircle  r^vohring 
round  its  diameter,  in  a  medium,  whose  resisteace  oc  (v^ocityVi. 

9.  If  2  =  true  zenith  distance  of  a  planet,  p  =  its  paraHax 
at  that  distance,  and  P  zzz.  liorizontal  parallax^  then 

tan  C^  +  ;»)=  ton  i  Un«(45°  +  f  J  • 


SO.     If  the  force  a  ^^^—49  and  a  body  be  projected  at  an 

apse  with  thc^  velpciry  acquired  in  descending  from  an  infinite 
distance  to  tbat  point,  construct  the  curve  described,  and  find 
the  time  of  descent  to  the  centre. 

It.  A  body  descends  down  the  convex  side  of  a  logarithmic 
curve  placed  with  its  asymptote  parallel  to  the  horizon^  find 
whei^  it  leaves  the  et>rve. 

12*  If  iS  be  the  momentum  of  inertia  of  a  system,  in  respect 
of  an  axis  which  passes  through  its  centre  of  gravity,  S^  the 
momentum  of  inertia  of  the  same  system,  tn  respect  of  an  axis 
parallel  to  the  first  and  distant  from  it  by  the  space  Ar^  and  M 
the  mass  of  the  system,  then 

Monday  £v£N.iKQ.-f«-Mit^  Higman. 

1.    Prove  that  (^a  +  B*  +  Cc  H- )•=  (^  +  B 

+  t+ )(^«*+  Jfi*  +  eir*  + )—AB.[a  —  li}* 

—AC  {a  — c>«~  BCik—c)^— ...... 

8.  If  through  any  point  t^  within  a  triangle,  three  straight 
Ikies  be  drawn  from  the  angles  A9  B^  €  meeting  the  opposite 

sides  in  tf ,  i,  c,  then  will  -r  +  S7  +  ;r-  =  t. 

Aa       Bo       Cc 

3*  If  from  any  point  in  a  rectanguUr  hyperbola  whose  axis  is 
vertical,  two  lines  be  drawn  to  the  extremities  of  the  axis  major, 
the  times  of  descent  down  them  will  be  equaL 

4*    Prove  that  the  periodic  time  of  a  body  revolving  in  an 

eJllnsQ  rqi^nd  t^^  fo^cus  =?  —7^ ,  where  a  =;=  temi-aixis,   and 

m  =  force  at  a  distance  1 ;  and  apply  this  result  to  deduce  th& 
actual  time  of  falling  ^viitAC  in  Prop*  32.  Sect.  7. 

5.  The  sine  of  half  the  angle  tlial  measures  the  duration  of 

6.  Find  the  ^uaiti^9r  oC  the  caustic  of  the  pacahola,  when 
the  rays  are  incident  perpendicul^ur  to  tfeie  axis*  Trace  the 
caustic,  and  find  the  angles  at  which  it  cuts  the  axis,  its  maxi. 
i9Dm  ordinate^  m  af^ea^  and  its  length. 

7.  If  a  be  a  root  of  Des  Cartes's  reducing  cubic*  then  will 
the,  fjjm  roots  of  the  equation  :c*  -h-qjc*  +  r«  +  *  =  0  be 
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2    —     '^    \       a       4       2v/a/ 

2     —     '^     V        B        4        «v/a/ 

8*  Two  cylindrical  vessels  of  given  dimensions,  containing 
given  quantities  of  water,  are  made  to  communicate  with  each 
other  by  means  of  a  small  orifice  at  their  bases  ;  find  the  time 
elapsed  before  the  water  stands  at  the  same  altitude  in  both 
vessels. 

9.  If  a  comet  move  in  a  hyperbola  whose  semi-axis  =  a, 
and  eccentricity  r=:  a  c,  its  place  at  the  end  of  t^^  after,  leaving 
the  perihelion  may  be  determined  from  the  equations 

(1)     t  =  -^f  «  tan  e  — log.  tan.  T^  +  ^  j  i 

(')  •"r='/(.^:)  ••»:-' 

where  v  =  true  anomaly  reckoned  from  the  perihelion,  and 
P  zz  Earth's  periodic  time,  her  mean  distance  being  1. 

10  Shew  that  in  consequence  of  the  mean  disturbing  force 
of  the  Sun  in  the  direction  of  the  radius  vector,  the  distance 
of  the  Moon  from  the  Earth  is  increased  by  a  858th  part,  and 
her  angular  velocity  diminished  by  a  179th  part. 

11.     Integrate 

^^'     y/(^ax  —  x^y 

dx 

{2)    —rT — ^- r;«loff  a?  between a?=:  o,anda7=  i- 

^         y  [1  — X  )      ° 

(3)  aydy  —  hy^dx  +  cxdx  =  o. 
t2.  If  AB  be  an  elliptic  quadrant,  CP,  CD  semi-conjugate 
diameters,  PF  perpendicular  to  Ci),  K  the  point,  in  which 
CD  produced  meets  the  circum«:ribing  circle,  and  KMQ  a  line 
perpendicular  to  the  major  axis  meeting  the  ellipse  in  Q,  then 
will  arc  BP  —  arc  AQ  =  CF. 

13.  The  square  of  the  area  of  any  one  of  the  faces  of  a 
triangular  pyramid  is  equal  to  the  sum  of  the  squares  of  the 
other  three,  minus  twice  the  rectangle  contained  by  the  product 
of  every  two  and  the  cosine  of  their  inclination. 

14.  Sum  the  following  series : 

(1) L- -, +   — ; — -f  ..arftw/". when n is  infinite. 

*  «+l*72+2  ^+8  ^ 

(2) h 1 >;•     o  +   adtnf. 

^  '     1.2        1.2.3.4.5        1.2.3.4.5.0.7.0  -^ 
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16.  Amongst  all  the  axes  passing  through  the  centre  of 
gravity  of  a  triangle  in  its  own  plane,  find  that  for  which  the 
momentum  of  inertia  is  a  maximum  or  a  minimum. 

16.  If  a  ray  of  light  QACS  be  refracted  through  a  prism 
IK  Lin  a  plane  perpendicular  to  its  axis,  and  if  the  vertical 
angle  KIL  zz  a,  QAK  =  6,  ACLz:z  ft  and  the  whole  deviation 
of  the  ray  =z  ^,  then  will 

tan(?  -  -J=  i 


a 

tan  - 
2 


17*  Find  the  different  positions  of  equilibrium  of  a  parabola 
floating  in  a  fluid  with  its  vertex  immersed. 

18.  If  the  longitudes  of  a  planet  in  three  different  points  of 
its  orbit  be  denoted  by  a,  6,  c,  and  its  latitudes  at  those  points  by 
«>  ^»  y  ;  then  will 

tan  ^.sin  (c — a)  zz  tan  a.  sin  (c  —  6)  +  tany  .  sin  (c  —  a). 

1^.  If  ^  be  a  very  large  number,  and  e  the  base  of  Napier's 
system,  then  will 

1.2.3.4 , . .  a?  z:  f  —  J    \/{si7rx)  nearly* 

20.  -df  and  B  are  at  play  together,  and  the  latter  having  lost 
p  stakes,  is  determined  to  play  till  he  has  won  them  again  ;  find 
the  probability  that  this  never  takes  place,  supposing  the  play 
io  continue  without  limitation ;  his  number  of  chances  b  for 
winning  any  assigned  game  being  less  than  a  that  for  the  con- 
trary. 

'       •.  . 

21.  If  the  force  a  t:^ —  t  then  the  time  of  descent  to  the 

aist. 

centre  =r  a  \/  — ,  where  a  =:  whole  distance,  and  m  = 

force  at  a  distance  1  from  the  centre.       ^     . 

22.  Required  the  curve,  which  within  its  own  arc,  its 
evolute  and  radius  of  curvature  shall  contain  the  least  area. 

23.  When  pulses  are  propagated  through  an  elastic  medium, 
the  several  parts  going  and  returning  by  a  very  short  reciprocal 
motion;  they  are  accelerated  and  retarded  according  to  the 
law  of  a  pendulum  oscillating  in  a  cycloid.  Newton^  Lib.  .9* 
Prop.  47. 
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84*  If  two  bodiei  be  projected  at  equal  fcnples  of  elevation, 
and  with  equal  velocities^  one  in  a  Bon*n9U8ting  fiKxiiuni,  and 
the  other  m  a  medium  whose  resistance  corresponding  to  the 
velocity  vzz  nv*;  alsOt  If  s^  be  the  arc  of  the  parabola*  and  s 
the  arc  of  the  other  curve  described  by  the  bodies  when  they 
are  moving  in  directions  making  equal  angles  with  the  hori2on» 
then  will  e»^  =  1  +  £»/. 

Tu£SDAY  Morning. — ^Mr.  Micman. 
First  and  Sccohi  Classes. 

%.    Find  the  greatest  term  of  the  expansion  of  (a+^J"* 

a*    The  product  bf  all  the  lines^  that  can  be  drawn  from  one 

oi  the  angles  of  a  regular  polygon  of. »  sidiss,  inscribed  in  a 

circle  whose  radius  is  tti  to  all  the  other  angular  pabitamiiis  "~^» 
a.    If  the   sun's  longitude  =c,  and   the  obliquky  of  the 

ecliptic  2=  9,  then  will  the  equation  of  time  arising  iiom  the 

obliquity  of  the  ecliptic 

tn  tan^—  sin  ftc—  —  tan*  -  sin  4c  +  —  tan'^  -  sin  6  c — &c^ 
a  fifths  a 

ad  inf.  converted  into  time. 

4«  A  beam  of  given  length  and  weight  is  placed  with  one 
end  on  a  vertical,  and  the  other  on  a  horizontal  plane ;  find  the 
force  necessary  to  keep  it  at  rest^  and  the  pressures  on  the  two 
planes. 

5.  Pind  the  perihelion  distance  of  the  Comet,  nM)vilig  in  the 
plahe  of  the  ecliptic,  that  stays  the  longest  time  within  the 
tarth's  Orbit. 

6.  If  P  be  any  rational  function  of  ;t,  in  Xvhich  the  highest 
power  of  X  is  less  than  n  ;  and  if  ^,  B^C^  D, K  be  the 

,  r  -      dp     d^P     d'P  .  d^'^^P        , 

values  of  P,  •—  ,  -j-.  ,   -.-^ p    when  x  =z  a, 

dx      dx^     dx*  i/t""" 

then    -.  =r  ^ ^  + — -^  +  - 


[X  -  a)""        {»— «/         {X  -  af^^      i.2.{x—af^^ 

7»     Exphbn  fully  the  motion  of  the  apsides,  and  the  variad^n 
of  the  eccentricity  of  P*s  Orbit.     Cor\  8  and  0*  J*f<9|>»  66* 
8*     A  sphere  of  given  weight  and  dimensions,  descends  itf  a 
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U;  find'ihe.pressure  on  thebpttomof  the  vessel  that  contain! 
it,  arising  from  the  action  of  the  sphere  on  the  fluid.         ., 

^    lifff.f -be  the  focal  lepgths  ,ot  any  number  of 

contiguoM^  feniies,  the  thickness  of  each  being.vcry  sm^ll,  and 
/.b?  the.^fip.cal  length  of  the  compound  lens,  then 

10.  If  in  the  spherical  triai^le  ABC,  c  and  C  be  consunt^ 
and  th«  other  angles  and  sides  variable,  then  will  AC  and  BC. 
be  the  corresponding  values  of  fl  and  9  in  the  differential 
equation  k       ' 

do                             d  Q  ,  «in  C 
zJl .1- ^  owhere^  =:  -; — '  • 

y  ( t  —t^  gin*  ^)  T  -/  ( 1  —  <5'  sin*  0)     '  sm  t 

11.  Putting  A  and  B  for  the  sector*  CAP^  CAp  of  a  rectan- 
gular, hyperbola,  whose  semi-^xis  CA -=.  i^  and  calling  the 
abfl^asas  CN^  Cn%  the  amnes^  and  the  ordinates  PN^  pn  the 
jincs  of  A  and  J3,  then  will  ., 

sin  (^  ±  B)  =:  sin  yf  cqs  B  ±  cos  -^  sin  B. 

and  cos  (A  ±  B)  =  cos  ^  cos  B  ±  sin  A  sin  iB. 

-     19.    If  a  body  xiescribiag  a  spiral  in  a  inedtum  whose  density 

u.  rr-^  y  cot  .4ihe  radios  vector  at  B  in  the  same  ansle  as  at  ^, 
dist.  , 

^a&d  wi|2i  a  velocity*  which  is  to  that  dx  A  ::  y/SA  :  a/J£  ; 
then  .will  the  distances  at  which  the  body  cuts  the  radius  vector, 
and  itbe.  times  of  successive  revolutions  be  in  geometric  prg* 
gression.  .JV!?iv(C9',  Cor.7.Prop.  ij.Xiib,  9* 

Tuesday  Aft£rnoon.t-Mr..Hioman'. 
Fifth  and  Sixth  Classes. 

t\  In*ev«ry  geometrical  progression  consisting  of  an  odd 
number  of  terms^  the  sum  of  the  squares  of  the  terms  is  equal 
to. the  sum  of  all  the  terms  multiplied  by  the  excess  of  the  odd 
terms- above  the  even.  '       - 

2.    Take  away  the  third  term  oi  the  equation 

a:'  —  64?*  +  Qa? — .20  =  0.' 

:  3^  'iCyi  a  lever  of  uruform  density^  every  inch  weighipg  %d 
iOZ^s^.weightof^Ji^oz.  is  suspended  at  a  given  distance  trbm  the- 
fulcrum' which  is  placed  at  one  extremity.  What  must  be  the 
length  of  the  lever,  so  ^k^  the  whole  may  be  supported  by  the 

VOL.   V.         /  '0 


jextrctmity  ?  . 

^.  "Pit  itiitial^dteeaecdemifeik^  aliodyi  4owto-avcirciriar  <rc  it 
to  thefdreeaccelerathg  it  down  the  ^bord  as  «  «»!  tthim«r«l]r. 

5.  If  5  =  mrfai^  ^  n  |M>ftien  ^f  the  timh  jraCiD.  ^ 
being  an  arc  of  the  equntor,  aid  AC^  BD  Iwo  arci  of  cirdei 
of  latitude;  ^i%o  if  M±zCf   AC^a,  Btfssb^    then  will 

.     tf  +  * 

tan  f   —  ^ .--  .  Ian  —  . 

a  ""  a  —  b  ^^ 

cot 

a 

§.  Uetermme  (hat  paint  pf  the  orfrical  -parajbola  ^facre^e 
curvature  is  the  greatest. 
7.    !f  in  in^dKpse  lihere  be^tSkenM^rte^Kds9»»  ii»  arithmetic 

•jyfo^ireftiiiot],  the  radius  ^^ctort  ^ra^n"C««n  the  ^b^m  to  -^ 
^netitmities^f  theordinates  at  tfao^epdHits^^iil^Isabe  in^wA- 
metic  progression. 

8.    Find  th<(  sum  of  %  +  -  +  -  +  ^  +  &c. 

^«/0^^,aSftc^'beiag  the  coeffickfitao£iitfaefeii|^»9tiMpfr(a4"J^}*. 
o.    Compare  the  resistances  on  a  globe  and  the  circum* 
'icmitng  eyfindcr  ^moving  in- a  fteW-wi*  -e^ual'velockiei  ^  Ac 
4irection  of  4he  axis  of  the  cylinder. 

10.    -A  given  weight  is  tuspended^bya  ^^srfwyaiid'UMntiaad 
*  In  a  trver:^hose  inclinatibn  t<y  the  horizon  jtf  known.    Having 
k*ierved  the  anglewhich  Ae  strifigniakct^Wi^  iv«rticall  line, 
it  is  required  to  determine  Aev^iotkyc^fvihestsniii. 
It*    Sum  the  series : 

til 
/«)      ,         + — I —  +  ^--i^j; .+ &^*to  « terms  by  increments. 

^  '     1.2.4       «.8«6       8**2 
>i4iv  Rniltheintegraisxi>f ^   /^m  i^^»and<rf^^d^iyfacrag=lfg4r. 

:    >U8.  ilf^the  fa^spf  iMW»t  jEayi»*^j^ 
the  axis  of  aa  elliptic  reflector,  find  thegfiQijaipim^llPiW^^^^f* 

fleeted  rays.  *.  -  .      ^ 

14.    If  jL  -^'^Jcnotc  ^ ^*gn«}ties  of  two  li^ts,  zMn^fiT 

the  numbcrtrf  lamina  of  jaigr ^bstahce»  through  which  whcft 

^*^e  1^^  are  viewed Oihey^i^ar-eqii^  .^Wcurc;  also> the 

vli^bt;!^  in  1^^       Af«»U|^  eaeh  l^mini^bci^  SBp{Niie4-f» 


IS-  In  consequence  of  the.  ibenation  of  light,  every  ttar 
ufflMn  til  itmSts  an  tllipve  io-  tb«  bciTeiui»  of  whicb  the  tnic 
pkco.oC  tW itir U MiQ cntre.  PcoKcthU,  and^mltHaxetof 
the  ellipie.  '^ 

t$L.  It  tbe  {K«e  i(a)^  inxcifeLy  ati  the  aquare  of  the.  diituice^ 
uil«  ^lotqc  at,  a  djiuncc  i,  auid  i-sKwut  rectum  of 'tb^ 

ciHiie  jection,  then  the  ater,  doKrilicd  io  i''  =  v  ^  • 

17.  Tri^M-  ihs  ciuvfi  whos^  equation  it  j;  =;:  «ec  *,  ihiw  a 
tvgiuti  tP'  v.,  anfl  find  its  ai:e«. 

^    Twdi  the  v4ue  of  Q  in  ^tio(en.  Prop.  4^1 . 

Tlf-ESQAY'   ArTERIfOOH.— Mit.   HUMO, 
nir^  A»i  Fourth  Classes- 

1.     Extract-AetquMroofofcoflb  4^  +  x/r^iiWh^  4l» 

s.  If  tBiigefininwntaanyitwo.poiat8  olaikoififWfliBCni^K^ 
other,;  ihew  that  thoir  lengtfan  are  iovcneiy  as  the  liow  q£,  t^ 
angler  whkll  thaymAa  with  tbsliaes.dfawii  toeiiAec  &k:i4% 

5.  There  are  four  numben,  the  firit  throe  o£  whifh  a;;*;  ip 
arithmeticalt  and  the  laK  three  in  harmonical  progression ;  it  u 
required  to  paom  that-  the  fint  hu  V>  th9  s^op4  ibe  came  ratio 
which  the  third  has  to  the  fourth. 

4,  M  r  S  b8  ^qnaLtathQ  ■Mm.oCttv  ■■^not^jflw^^an^, 
^,  B  the  angles  Ofi^potite  to  the  sides  a.  It,  ret^tively,  tneo  u 

.  siQ.»  —  :  iin.»  y  :  *  y  '  SUA*    Reqwwsft a  pwf* 

j.  The  beam  of  a  faiss  balance  being  of  umform  isiaity,  yod 
thickness,  it  is  required  to  sbevr  tbat  the  lengths  of  the  arms  are 
ir^p9(;U«cly  proportional  10  the  itftsraocea  betvreen  the  true  and 
apparent  weights. 

6.  In  the  equations* — px*+  ^x  —  ■  latth^ 
■ttnteCthcpiroductsoftheiooutfJid  their  re  1  three 
and  three  together  :  product  of  the  roots : !  1  f":  r*. 

y.    IiMR)r'rHhH»g]«dp)iinetn9i]|^e,prq  ^t\St 

ttCtblKiluc^balMq^areia  ^harnKHncaliDK  e  ddea 

CMtwninf  tlw  rJpit  anglf. 

«.     Sl»»  .1*  log.  K..  »  =  ^  -  ■^»  +  Sf  -   *C. 


j9  CAMBRIDGB  l>R0BtlM8»   l|s^« 

and  thence  (Reduce  the  siim  of  the  series       .    • 
.....  .1  —  :r  +  -*   +  ""  +  &c.  itt  inf. 

g.  Determine  the  angular  distance  of  a  body  from  the  vertex 
of  an  ellipse  whose  eccentricity  zz  f ,  at  which  the  velocity  z 
greatest  velocity  : :  i :  -v/3. 

10.  A  cylinder  of  given  length  is  just  immersed  vertically  in 
two  fluids  whose  specific  gravities  are  as  1  :  2,  and  the  pressures 
of  the  fluids  upon  the  convex  surface  are  as  .2  :  3;  find  the 
length  of  the  cylinder  immersed  in  each  fluid. 

1 1 4  There  are  three  plane  reflectors,  two  of  which  are  at  right 
angles  to  each  other,  and  a  ray  of  light  is  incident  upon  the  third^ 
and  reflected  successively  by  e^ach  of  them ;  it  is  required  toi^' 
•hew  that  the  angle  between  the  first  incident  and  last  reflected 
rays  is  equal  to  twice  ^he  angle  of  incidence  upon  the  first  surface* 

12.  'Determine  the  length  of  a  straight  line  drawn  through 
the  centre  of  gravity  of  a  given  isosceles  triangle,  making  a  given 
angle  with  the  base,.  an4  terminated  by  the  sides. 

13.  AN  and  NP  are  the  abscissa  and  ordinate  of  a  cissoid^. 
the  diameter  of  whose  generating  circle  is  AB^  AP  is  joined  and 
ffQ  always  taken  equal  to  i(.    Prove  that  the  whole  area  of  the 
curve  trsic^d  out  by  Q :  AB* :  ;  4  :  3. 

14.  Given  the  latitude  of  a  place,  find  the  tim^  of  the  year 

when  a  given  star  rises  at  a  given  boujr. 

»    -,     .  .  .  •' 

Tuesday  Evening. — Mr.  Hind. 

'    1     Extract  the  fourth  root  of  wi^.  (m**— 31^)  +  V-  (»*— jm*) 
+  4  .  (w— n) .  (m  +  7i) .  mnv/- *. 

2.  Proye  the  following  Formulae :.  ; 

:        n    A        2sin.<4  —  ^'w.aA.     , 

'    tan^   —  rz  ^-^. — y  ."    ^ ^i  and 

2         2  8in.^  4-  sin.  2  A 

tan  nA  =  ""•^+ ""-3^  + &^c.  .. ..  (n)  ^^^  ^^^^  ^^^ 

COS.yf  +  COS.Q/i   -f-  OCC.    

'       •  i.  ■  .      •       . 

former,  deduce  the  tan  of  15'.  * 

3.  Find  three  fractions  having  difierent  denominarors«  whos^ 
.fium  shall  tei|^.  .       ,  /         ,/ 

4..  If  three  roots  of  an  equation  be  nearly  equal  to  onet 
another,  and  much  less  than  all  the  others,  shew  that  an  2^ 
proximation  may  be  made  to  them  by  the  solution  of  a  cubic. 

^.  JBvery  prism  having  a  triangular  base*  may  be  divided 
into  three  pyramids,  that  have  triangular  bases,  and  are  equal  to 
one  another.    Euclid^  Prop*  j.  Book  12 • 


•   6v  i&xphiii  the  comtmetion^  wfjmtmipit^^  mi  use  of  -  tlie 
xettich  sector.  i 

7* .  Find  the  greatest  triangle  that  can  be  inscribed,  in  a  given, 
'circle.-  •  ••  '-• 

8.  Two  given  spheres  are  situated  at  the  extremities  of .  diQ 
diameter  of  a  given  circle :  determine  the  position  of  an  eyeia 
the  circumference,  where  the  surface  seen  is  the  greatest 
possible.       .    «  ■  f  '    *)}  . 

g*  A  triaiigfe  is  described  about  an  ellipse,  piiove  that* 
the  products  of  the  alternate  segments  of  the  sides,  made  by  the 
points  of  contacty-are  equal. 

so*  Prove  that  sin*  A  +  sin.  q  A  +  sin.  i  A  +  iScc  is  a» 
risciirring  series ;  find  the  scale  of  relation,  and  by  means  of  it 
the  sum  of  (f|)  terms, 

11.  P  descending  vertically,  draws  Q  up  an  inclined  plane 
by  means  of  a  string  passing  over  a.  pulley'  above^  it :  find  the 
velocity  acquired  by  P  in  describiha^  a  given  space. 
-  IS.-  Shiew  that  the  velocity  acquired  by  a  body  in. fallings 
from  infinity  to  the  earth's  centre,  is  to  the  velocity  of  9^ 
secondan'  at  the  earth's  surface : :  V^:  %• 

13.  Find  where  an  inferior  planet  will  appear  stationary, 
supposing  the  force  of  gravity  to  vary  inversely  as  the  cube  of 
the  distance^  and  the  orbits  of  the  earth  and  planet  to  be  circular^ 

14.  InCotes's  first  spiral^  it  is  required  to  shevf  that  the 
successive  distances  at  which  the  curve  cuts  the  apsidal  line 
may  be  represented  by  a  series  of  the  form 


c^  c' 


c*+i'  c*+i;  c«+7'  ••*•  ^««  +  1 

15.  Determine  the  pressure  upon  ^he  axis  of  any  vibrating; 
body  in  any  given  position. 

s6.  Investigate  the  nature  of  the  surface,  such  that  if  two 
lights  of  given  intensities  be  placed  in  two  given  points,  every 
point  in  it  may  be  prpportjonally  iUumiqated  by  each. 

17.    Integrate 

rv5»  and 


and  find  the  relation  of  x  and  y  in  the  equation 

s8«  Find  the  equatipn  to  ,^  qurve  surface  iij^whiq^  th^ 
nona^s  (rpm  every  point  meet  a  given  plane  in  i  given  ftra^ht 
line.  . 

19.    A  given  cylinder  filled  with   fl^idl    fevoIve«  round 


.• 


f  4  cMi»»ai«B=  tMiBBMiii.  «ii«i 


qaamity  of  fluid  will  escape  ifasnnll  orifice  be  mwln  itotht 
centisr  of  ib  baae^ 

to.  Determine  the  conditions  of  equilibrium  of  a  malerisl 
ptibi  sitaittcd:  in  a  canal  o{  iBdefinttcrf  Aivilii  dimeMtons  mi 
aeted  upon)  byv  any  oombtrol  fioreea 

#t«  I£  tho  for«0  of  ppamty  be  aniidmib  and  act  wrpeor 
diculariy  to  tbe  plane  of  the  horizon ;  it  is  required  to  de«i 
MMiin^ An  mstJon of  a nnqectile ttr aaMdianaiahMorQaistaQQP 
h propotaionai' totbe vm&ajst    .Nnvtea^Piqp^^.. Aook ^ 

aa*  If  a  prism  be  turned  round  ifes  aoiis;  wluclii  is  peipeow 
dKouIar  fa  ttie  intidmt  ra?a  of  tiic  sMnv  tiHl  the  spectrum  nenker 
aMcendi  oor  dbsoends^  mow  ilutt  tbe  ]iefractft>o»  ^al  tlie  paima 
of  incidence  and  emergence  are  equal. 

^fjf  To  datefmin^  i\»  Mait  madonr  q£  the-  asooit's  nodies. 
MMmK  Plop;  8fl.  Booh  g.. 

84*  If  three  pknes/  be  at  rij^  "^l^  ^  ^^^  other*,  find  tlii» 
0quaitt^n  to  the  suifoce  10  wUch  if  a  tangent  plana  bit  diaam, 
ih0  cofMol  of  Ak  solid  formed  hf  this  attd  the  ofclM  thase 
planes  may  be  constant* 


MP««P^>*4^«a^»«i^ 


■^y^ipi^iitWNy 


tHE  SJEJIATE  HOUSE  PROBLEMS, 

Proposed  by  ike  Two  Moderators^  tff  tie  Candidates  fir  ffonors, 
during  Examination  for  the  Degree  of  B.A. 


litoiiBAY,  Jikinuikftv  i4f  i8o4« 


t*y  f  t  'Tui'in    tfi< 


IVrj/  and  Second  Classes. 

t.    The  area  of  a  floor  is  403  ft.  7  in.  j^A  length  a/  ft. 
to  in*  find  the  width  by  duodecnmrisb 
9.    Find  tbe  value  of  A  in  the  equs^tion 

tan  ^  -I-  a  cot  2  ^  z:  sin  jf  f  t  4-  tan  A^Vesk  —  J  • 

3  Given  ihs^  direction  and  velocity  of  projection^  find 
tw  dlirecCion:  and  velocilty^  of  Ibi  prcfeiettie  at  ¥he  ettdi  o£  t^', 
and  its  fieigttt  above  the  hoiisontrf  platte  ptesfng  Iftrougli  fha 
point  of  projection* 

4.    A  ray  of  Rgbt  proceeding  trem  »  mof  cable' poiM^  is 


l«9ec^tbv  a  fiiced  plipe  minor  to  m  Mftm  ffibA^^  Jnd  the 
locui  pT  the  £m  ppiot  whefx  die  jpaiii  pF  tbe  lay  i^  of  fwqi 
length 

g.  Two  jeifual  cyJinleiy  b^IaDcetat  tbe  extqemkiei  /oF  egual 
Jtcms  of  a  Mrajght  levee*  wjbep  jmrncrsed  in  il{iid^  whoie 
4eQ3itie^  v^xy  as  die  depth*  Tlie  aurface  of  ooe  eciincides  wjji;^ 
ihal  of.  the  Quidt  and  tb«  licfih  of  t|ie  upper  aarfai:^e4)f  the  other 
it  equal  to  n  times  its  autitude.  Compare  th/e  dent iiie#  of 
iheflnMU  at  efual  d(|pt}u« 

jKi  Given  tbe  pnecewiion.  in^  right  aacension  x>f  a  atiur,  find  the 
f  one^ndii^ig  ehange  in  the  angle  of  position. 

7*  ^  Jfiwo  given  # pheiei  touch  each  xnber  internally;,  and  tjie 
iniejtjor  he  laken  away,  find  a  point  within  the  .reynainder 
jiuch  that  a  particle  wng  phieed  theie  shall  i;eniain  at  resu 

/Atlractipnpf  each  particle  «  jTTtJ.' 

8*    Pivide  a  given  paraboloid  into  two  parts  in  |he'  ratio 
of  m  :  fi»  hy  >a  plane  inclined  at  a  given  angle  to  the  axis. 
9*    Integrate  ydydx  =(x  +  a)iy*+  ads^. ' 

10.  Find  the  sum  of  the  m*^  powers  of  the  reciprocals 
of  the  roots  of  an  equation  in  terms  of  tbeinterior  powers. 

11.  A  and  B  axe  two  ma^al  points  connected  by  an 
infiexible  rod  without  weight ;  B  moves  on  the  horizooul  plane 
CBp  A  descends  along  the  inclined  plane  AC^  the  motion  m  the 
rrjA  beinr  in  a  vertical  plane.  Conipare  the  velocity  which  A 
has  at  the  jpoint  C  with  the  vcteaty  it  would  have  were  it 
|o  descend  freely  down  AC. 

n*    The  equation  of  the  cqrve  made  by  the  rntersectioo 
•f 'a  plane  with  ^  siurface  of  thp  second  d^ee  is  a  quadratic 
^uation* 

MoHPAY  AfXERKiOO*!.— Mb-  Huqhm. 

T^h  and  Sixth  Classes. 
%.    If  tf  he  gseater than  *,  a*-^  is  gteaterthan  nfi^^  («•-*)• 

and  less  than  114*^  (a^^^b). 

a«  If  two  equal  parabolas  have  « ^onmnon  iauus«  a  straight 
line  touching  the  mmsr  ¥^  homidnd.  by  the  exterior  will 
be  bisected  m  ahe^jpoint  of  contact. 

0.  Forte  va^iw:^  ^^  '"^^  find  the  angle  between  the 
s^nides. 


^.  InairiatigTc  whcie  gictes 'are /i,  ft,'. c,  arid,  if;  B,  C,  the 
^trigks  opposite;  having  given  B;  »,  and  the  area  of  the  triangle, 
^find  tl^e  remaining  sides  and  angles.     . 

$.  A  body  IS  projected  upwards  from  the  lower  extremity 
of  a  given  vertical  line  with  a  giyen  velocity  ;  after  what  time 
•must  another  be  projected  downwards  from  the  upper  extremity 
with  the'same  velocity,  so  as  to  meet  the  former  in  th^  middle 
^iat  of  the  Ime  ?  ' 

6.  A  cylinder  placed  with  its  axis  vertical,  in  a  fluid  rest! 
with  an  m**  part  immersed ;  when  placed  in  another  fluid 
it  rests  with  an  n*^  part  immersed ;  to  what  depth  would  it  sink 
in  a  mixture  composed  of  equal  quantities  of  these  fluids  ? 

7.  If  the  particles  of  two.  sj)heres  attract  with  forces  varying 
as  the  distance,  the  force  with  which  the  spheres  attract  each 
other  is  as  the  distance  between  their  centres. 

8*  Define  thecentre  of  a  lens,  and  prove  it  to  be  a  fixed 
poifit. 

9«  Trace  the  curve  whose  equation  is  (y  —  c)*=  (ae— a)*. 
(««— i),  and  determine  the  position  of  its  tangent  at  the  point 
where  a:  =  o,  -.  , 

10.  •  Integrate  -^^ .  ^^r^^, .  Cx^dx. 

XI*     Inscribe  a  semicirele  in  a  quadrant* 
,  ^  12.    If  a   pole  rests  with  one  end  on  the  ground  againsjt 
a* wall,,  and  the  other,  attached  .to  a  stripg  fixed  in  the  wall, 
£od  the  tension  of  the  string. 

tg.  The  altitude  of  the  mercury  in  a  barometer  placed 
in  a  given  cylindrical  diving  bell  is  observed  at  the  beginmng 
and  end  of  a  descent ;  find  the  depth  descended!  *  1.  ,  ;•  j 

14.  A  body  which  is  half  elastic  descends  along  tfie  arc 
of  .an  inverted  cycloid,  and  is  reflected  by  the  axis  which  is 
vertical ;  find  the  space  described  in  the  time  of  n  oscillations 
of  a  pendulum  vibrating  in  the  same  cycloid. 

15.  Find  the  height  of  a  lunar  mountain. 

'  j6,«    To  mak^  a  body  oscillate  in  a  given  hypocycloid. 

Monday  Afternoon,— Mr.  Higman. 
Third  and  Fourth  Classes. 


t  tt 


1.    If  a  be  the  approximate  square  root  of  any  number  «» 
and  «-a*=  +  i,  then  will  \/n  zrLa  +       ,^  «  very  nearly. 


CAMBRIDGB   PROALBMft,    l8«4.  57 

a.  Prove  the  properties  of  the  com^temental  triangle;  and 
from  these  pxoperties»  and  the  expressions  for  the  cosine  of  an 
angle  in  terms  of  the  sides,  and  for  the  cosine  of  a  side  in  terms 
of  the  angles*  deduce  Napier's  rules  for  the  solution  of  right- 
angled  spherical  triangles. 

3.  A  and  B  are  two  balls  whose  elasticity  =:  e,  and  A  striksa 
Bat  rest;  prove  that  if  B  be  infinitely  greater  than  A^  A^m 
momentum  before  impact  :  momentum  communicated  to  JS : :  i 

4.  '  If  two  lines  revolving  in  the  same  plane  round  the  points 
S  and  /f,  intersect  one  another  in  the  point  P  in  such  a  manner 
tljat  (i)AP*  4-  J?P*  =  constant  quantity,  (a)  that  SP'be  to  HP 
in  the  given  ratio  of  n  to  i ;  prove  that  in  each  case  the  locus 
of  the  point  P  is  a  circle. 

5*  In  the  second  case  of  the  last  problem*  suppose  raya 
diverging  from  the  point  iS,  to  be  incident  on  a  refracting  surface, 
generated  by  the  revolution  of  the  concave  circumference  of 
the  circle  round  its  axis ;  then  if  sin.  incidence :  sin.  teff action 
: :  n:  i,  and  ^  be  >  i,  all  rays  diverging  from  S  will  after 
refraction  diverge  accurately  from  H. 

6.  Find  the  time  of  the  Sun's  passing  the  vertical  wire  of  a 
telescope.  * 

7.  The  lower  end  of  a  barometer  is  immersed  in  a  bason 
of  mercury,  and  the  upper  is  suspended  from  the  extremity  of 
the  beam  of  a  common  balance;  what  weight  suspendes  at 
the  other  extremity  of  the  beam,  will  keep  it  in  equilibrium  ? 

8.  If  a^  /3,  y  be  the  angles,  which  the  resultant  of  three 
forces,  acting  at  right  angles  to  one  another,  makes  with  each  at 
them  respectively,  then  will 

COS.  2  a  +  cos,  2 13  +  cos.  2  y  =  —  i. 

9*  In  Newton's  second  Lemma,  if  the  ordinate  vary  as  the 
m*^  power  of  the  abscissa,  find  the  limit  of  the  sum  of  the 
areas  of  the  circumscribing  parallelograms. 

JO.    Explain  the  nature  of  centrifugal  force,  and  shew  that 

dlit? 
one  second  of  time. 

11*  Let  Q  be  a  point  in  a  semicircle  whose  diameter  is 
AB^  join  AQ,  and  in  AQ,  produced,  take  AP  a  mean  pro* 
portional  between  AU^  and  AQ,\  find  the  equation  of  the 
curve,  which  is  the  locus  of  the  point  P  ;  its  area ;  the  content 
of  the  solid  generated  by  its  revolution ;  and  the  radfus  of 
curvature  at  its  vertex.* 

VOl,.  V*  ft 


in  all  curves  it  1=  t— 3  where  h  =:  twice  the  area  dtscribed  in 


jt  ClMMtlllGE    PROBLEMS,   f8s4. 

13.    9roy9  that  the  curve  in  the  hst  problem  possesses  thtse 
propertie3« 

'  ( t)    That  a  panicle  placed  any  where  in  its  perimeter  aft  at  F, 
wilt  attract  a  particle  at  A,  in  the  direction  Ab^  with  a  conatanft 

fiartfe ;  auppoaiag  the  forcepf  attraction  to  vary  aa  -rr- 


ist.* 


,  f  ^    T\im,  a  In  kt  m9^i^  the  ^revolving  orbil;  in  the  mntb 

F 

^9fi|jpp  qf  NpwtPPi  aj)d  Q  =  -.  the  orbjt  trace4  Qftt  in  fi^ccd 

i^^e  win  l^p  the  lemniscate  of  Bernoulli. 


Monday  Eve^ino.-^Mr.  Higmam. 

1,  If  a  r|gl|t  cone^  whose  vertical  angle  is  oo^,  be  cut  by  a| 
J^h^P  vhich  IS  parallel  to  one  touching  the  slant  side^  pfoyq 
tpi^^  th^  latup  rectum  of  the  section  is  equal  to  twice  its  distance 
from  the  vertex. 

Sf    J^  a  l^p  the  distance  from  the  centre  of  fprce^  frqm 

which  a  body  must  fall  externally   to  acquire  the  velQciiy 

« 

in  a  circle  whose  radius,  =:  r  when  the  force  a  j^  ;  and  let  4  be 

the  dktttfi^e  to  f^Udi  it  mipat  fall  intevnaUy  to  acquire  the 
same  velc^cityr  ^  then  will  a^  r,  6  be  in  geometric  progesaion. 

g«  Descffibe  the  conic  section  whosB  equatiop  h  y^ «—  My 
•+Rar^*w-  8  a\  -f  i6  s  Q. 

4.  In  what  latitucle  is  the  angle  between  thp  3  aiid  4  ^'Chiek 
hour  lines,  on  9  harizontal  dial*  a  nuxwum  p 

^«  If  when  the  mercury  in  a  true  barometer  stapds  at 
au  altitude  q^  the  piercury  in  an  in^perfect  one  of  given  length 
stand  at  the  altitude  h  ;  what  will  be  the  height  of  the  mjereury 
in  the  true  barometer^  when  it  stands  at  an  altitude  c  in  the 
imperfect  one  ?•  ' 

X  X 

J  It- 

6.    Deduce  jthe  equation  to  the  catenary  fty  =  a  (e   +  «     )> 

where  a  =:  tension  at  the  lowest  point  ^  and  prove  tjiat  i^  radios 
of  curvature  is  equal  to  its  normal. 

7*  If  at  the  distance  a  from  the  centre  of  forc^,  a  bt>dy 
be  projected  at  an  angle  of  4^^    with  a  velocity,  which  is 

tp^  t|iat  in  2^  circle  at  the  same  dislaqce.  §§  ^'^  tp  yt^i 
and  the  force  =  ,.    ^  +  ..  '  3 »  requirefd  the  curve  described. 


CAM8RIDOK  FRO]»L£M$»  ^^H*  .  t9 

8.  Prove  that  the  locus  of  ''the  intersection  of  the  Unei  SP 
and  CQ^  which  cut  off  the  true  and  eccentric  anomalksis  an 
ellipse* 

9«  If  the  sides  of  a  triangle  jbC  he  bisected  in  the  points 
/)»  £,  P;  then  the  centre  of  the  circle  inscribed  in  the  trjan^e 
DEP^  is  the  centre  of  gravity  of  the  perimeter  of  the  trian^e 
AB  C« 

10.  The  sum  of  the  squares  of  the  coefiSciems  of  the  ^• 

pahsiofa  (jlta^tz  t/e^  «*• «  dit  ttiktU  bi^twcfett  *  ±:  d,  Aid  a?  it  *} 

k  being  as  log*  a^      . 

11.  If  the  radios  vector  aind  perpendicular  on  the  tangent, 
ia  any  curve  described  by  a  revolving  body^  be  denot^  by 
raadp;  and  in  the  cutve  of  a  star's  apparent  aberration*  at 
seen  from  this  body^  by  /  arid  p\  then  wiU  r  iptiY  :p\ 

12.  If  a  prism  be  laid  on  its  base  in  the  open  air,  and  the  eve 
be  placed  in  a  j^ropor  position}  the  base  will  app^  to  be 
divided  into  tw<>  parts,  the  one  nluch  brig^er  iban  the  Other* 
and  separated  from  one  another  by  a  coloured  bow,  concave 
tovrirds  the  eye.  (Hve  Newton's  explan^ibtf  of  the  6^stf 
of  this  phaeaomenon* 

jf      jj/      /jf 

13.  Let  -J,   -g-f   u*  **'*  ^^  '^^  ^'^»  *^»  3^»   ••..  *p- 

proximsitions  to  the  value  of  a  fraction,  wheti  the:  c'ontifided 
fraction  tcrminites ;  then  will  the  fracticto  =t  -j-*  +•  -=^  -** 

.  14.    Sum  the  series  s 

til 

_^  4. 4.  , — ^  4.  &c.  to  » terms  2 

X._X  +  A*- &c.to  infinity  » 
i»»       4*5       7*^ 

?L  —  ^    +  ~  —  i?  +  *«•  to  infinhy. 

15,    Fltid  the  iritegrals  of 

5 — ^ = — - — ;  a*  sm'  xds ; 

.t'— a:r'  +  «  . 

and  the  relation  between  x  and  y  in  the  equation 
d^ii         d^v         d^if         iv 


6o  CAMBRIOGli   PRdBtEMSy   1824. 

i6«  Prove  that  the  area  of  a  regular  polygon  inscriied  in  a 
circle,  is  a  geometric  mean  between  the  areas  of  an  inscribed, 
and  of  a  circumscribed  regular  polygon  of  half  the  number  of 
sides ;  and  that  the  area  of  a  regular  polygon  circumscriicd  about 
a  circle,  is  an  harmotnc  mean  between  the  areas  of  an  inscribed 
regular  one  of  the  same  number  of  sides,  and  of  a  circumscribed 
regular  one  of  half  that  number. 

17.  In  what  latitude  will  a  ring  surrounding  the  earth,  and 
parallel  to  the  equator,  attract  a  particle  placed  in  the  earth's 
centre  with  the  greatest  force  possible  ? 

i8«  A  body  acted  on  by  gravity  moves  on  the  surface  of  a 
cone,  whose  axis  is  vertical ;  find  tne  law  of  force  tending  to 
the  vertex,  by  which  the  projection  of  its  path  on  a  horizontal 
plane  passing  through  the  vertex  may  be  described*  and  hence 
deduce  the  angle  between  the  apsides  when  the  ofbit  is  nearly 
circular. 

19.  If  the  radius  of  the  anterior  surface  of  a  concave  glass 
speculum  of  inconsiderable  thickness  (c)  zz  a;  then  if  the  radius 

of  the  second  surface  =  a  +  -^,  the  image  of  a  disUnt  object 

formed  by  reflection  at  the  first  surface  will  coicicide  with  the 
image  formed  by  reflection  at  the  second  surface^  ^nd  '  by 
refraction  at  the  first. 

90.  A  rod  of  given  length  and.  weight,  and  of  uniform 
density  rests  with  one  end  in  water,  and  the  other  on  the  edge  of 
the  vessel  which  contains  it,  find  the  magnitude  of  the  part 
immersed,  and  the  pressure  on  the  side  of  the  vessel. 

ft !•  If  oe,  /3,  y, . . .  •  be  the  roots  of  the  equation  X  ^=^Ot  and 
j#,  jB,  C  ..••  the  results  when  these  roots  are  substituted  for  a: 

X  X 

in  the  limiting  one;  then  will  y  =  jiix^^  )  *  '^  Blx^B] *"*" 

X 

^  c  +    •  •  • .  be  the  equation  of  the  parabolic  curve 

M* — y) 

which  passes  through  points  of  which  «,  |8,  y ....  are  the  ab- 
scissas, and  tf,  6,  «  ....  the  corresponding  ordinates. 

as*  If  a  circle  whose  diameter  is  equal  to  the  whole  tide  in 
any  given  latitude  be*  placed  vertically,  and  s6  as  to  have 
the  lower  extremity  of  its  diameter  coincident  with  the  level  of 
low  water,  prove  that  the  tide  will  rise  or  fall  over  equal  arcs  in 

equal  times. 

ftg.    From  a  bag  containing  two  balls,  a  white  ball  is  drawn 
twice  following,  the  ball  having  been  replaced  in  the  bag 
after  the  first  drawing ;  required  the  probability  that  both  balls 
are  white,  and  that  the  ball   being  a  s^ond  time  replaced,  , 
a  white  ball  will  be  drawn  at  the  third  trial. 
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«4;  If  a  body^  whose  elasticity  *=  m,  descend!  from  i^st 
throDgh  an  altitude  k,  by  the  uniform  force  of  gravity,  in'  a 
mediomiwrhose  resistance  to  a  vchcity  »=  gkp\  and  impinging 
on  a  horizontal  plane,  rise  and  fall  alternately ;  prove  that 
the  whole  space  described  by  the  body- 

I 

Tuesday  Morning. — Mr.  Higmak. 

First  and  Second  Classes. 
1 

U  Prove  that  log,  x=  «(a:"—  i)  nearly,  when  n  is  very 
great. 

2.  If  two  lines  5P,  HP  revolve  about  the  points  S,  H,  so 
that5P  X  HP=zCS^  (C  being  the  middle  point  of  SH)  then 
the  locus  of  the  point  P  is  the  lemniscate  of  Bernoulli. 

^.  A  and  B  are  two  given  points  in  a  horizontal  line,  to 
which  are  fastened  two  strings  of  given  length:  the  string 
BC  passes  through  a  ring  at  C,  and  is  fastened .  to  a  givea 
weight  W;  find  the  position  in  which  the  weight  will  rest. 

4.  A  wineglass  in  the  form  of  a  paraboloid,  is  partly  filled 
with  water,  and  then  inverted  on  a  table ;  given  the  weight 
of  the  glass,  required  the  greatest  quantity  of  water  that  can  be 
contained  without  runniqg  out. 

£•  If  ^  ==  distance  of  a  plane  from  the  origin  of  the  three 
rectangular  co-ordinates.  i^Jif.^F,  AZ.;  and  if  a,  /3,  7  be  the 
arigles  which  B  makes  with  these  three  respectively,  then  will  the 
equation  to  the  plane  be 

a*  cos  a  4-  y  cos  fi  i-  z  cos  y  =  ^. 

6.  Supposing  a  Comet  of  the  same  magnitude  and  density  as 
the  Moon,  on  its  nearest  approach  to  the  Earth,  to  be  distant 
|hirty  radii  from  the  Earth's  centre ;  required  the  magnitude  of 
the  tide  raised  l)y  the  Comet. 

;^.  Describe  the  experiment  by  which  Newton  shewed  that 
the  more  refrangible  rays  are  the  more  reflexible. 

8*  If  a  body  describe  the  spiral  of  Archimedes,  the  force 
being  in  the  pole,  and  its  motion  beginning  from  that  point ; 
then  will  the  times. of  the  successive  revolutions  be  as  the 
differences  of  the   cubes   of  the   natural   numbers;    and   the 

excess  of  the  time  of  the  «+i***  revolution  above  that  of  the 
»**"=;  n  X  excess  of  the  a"**  above  the  i*^ 

9.    If  iS  be  the  Sun,  and  J,  B  two  planets  that  appeat 
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unuomry  it  om  motfaert  then  tan.  SB  A  :  tan^  SAB  :z  periodic 
line  of,  A :  periodic  tiAie  of  B^ 

to*  If  JV=^**  terra  of  th*  expantion  of  a**  determine  n 
when  the  series  reckdned  from  thatterm^  begidf  tocodvcrge) 
and  shew  that  the  sum  of  all  the  terms  wUcb  faUbw  N  is 

less  than i • 

1— «log.  a 

11.  If  a  be  an  approximate  valu6  of  x  in  ^ny  equation »  and 
b,  c  be  the  results,  when  a  is  substituted  for  dr  in  the  original  and 

in  the  limiting  equation ;  then  will  x  zz  a.-^  —  nearly. 

ift*  If  any  number  of  forces  p,  q^r  ^. ..  in  different  planes, 
act  on  a  point  making  the  angles  a,  /S,  y  •  •  •  •  w^l^h  the  reaultant^ 
then  will  f)  cos  «  +  y  cos  |^  +  r  cos  y  +  . . ,  •  be  a  maximum* 

Tv£9]>AY  Aftjbrnoon*— Mr.  Hioman. 

Fifth  and  sixth  Classes. 

u  Prove  geometrieally,  that  the  sid^  6f  a  ^^uare  U 
Incommensurable  with  its  diagotiat. 

2..    Draw  a  line  perpendicular  to  two  Sti*aight  lineu  riot  in  the 
iame  plane. 
^.    If  e  be  the  hypotheriuse  of  a  rigtt-iingleJ  ipifcerical 

triande.  prove  that  sin*  -  =:  giri*  ^  eos^--*  +  cosi*^  riit*  -. 
°       ^  ft  s  9  8  2 

.    4«    In  a  parabola  find  the  area  included  betWeeii  th^  cttrye*^ 
i^a  evolufie^  and  its  radtus  of  cnrvatttr^. 

5.  A  given  weight  P  draws  another  giv^o  W«%hl  W^^ 
indined  pUne,  of  a  given  height  amd  length,  by  means  of  a 
string  parallel  to  the  plane;  when  and  where  must  P  cease  to 

act  that  W  may  just  reach  the  top  ? 

6.  Prove  that  the  chord  of  curtatur^  r:  -^ . 

7.  In  a  given  latitude,  on  a  ^ven  day  of  tht  year,  d^ermine 
the  time  during  which  a  primary,  atnd  secondly  Tdinhc(w  may  be 
seen.  ' 

8.  IriveitTgate  the  expression  for  the  area  of  a  ^lahe  triangfcf 
in  terms  of  the  sides ;  and  apply  the  result  to  the  cade  where  the 
sides  are  24^  30,  i8. 

tan'  X 
Q.    Find  X  so  that  ^  -— -  may  be  a  maximum* 
^  tan  3  X 
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x^Jks  x^dx  dx 


10.     Find  the  inttgwU  of  ,;    7—; ^\ 


sin  17 


11.  If  the  periodic  time  of  a  body  revolving  in  h  circle 
round  the  cent  res  of  force  S  and  R  be  the  same,  compare  the 
force  tending  to  S  with  that  tending  to  R. 

in*  Fine}  the  centre  of  oscillation  of  an  isosceks  triangle, 
vibrating  about  au  axis  which  is  perpendicular  to  its  plane,  and 
passes  through  the  angle  contained  by  the  equal  sides  of  the 
triangle, 

13.  A  (:ircle  whose  plane  is  vertical,  is  just  immersed  in  a 
{jtiid ;  divide  it  by  9  horizonul  line  into  two  such  parts,  that  the 
pressures  on  them  may  be  equal. 

I4i>  .  Oq  ^  given  day,  in  a  given  latitude,  the  Sun  being  on 
t\kfl  meridian,  determine  geometrically  the  angle  at  which  a  rod  of 
given  length  must  be  inclined  to  the  bofi^n,  that  its  shadow 
may  be  the  greatest  possible. 

15.  Transiurm  8978  iroii\  a  local  value  11,  and  3056  from 
a  local  value  7,  to  a  system  in  which  the  local  value  is  12 ;  and 
multiply  the  numbers  together  in  that  system. 

i6»  Th^  image  of  a  circular  arc  concentric  with  the  reflector, 
subtends  the  same  angle  as  the  object  both  from  the  surface  and 
the  centre. 

17*  PSp  be  any  line  drawn  through  the  focus  iS  of  a  conic 
seetion,  meeting  the  curve  in  the  points  P  and  />,  and  SL  be 
the  semi-latus  rectum,  then  will  SP,  SL^  Sp  be  in  harmonic 
progression. 

i8w  If  jP^  be  2(  point  so  taken  in  the  radius  vector  SP  of  a 
parabola,  that  SP^  z^SY  the  perpendicular  on  the  tangent, 
then  will  the  locus  of  the  point  P^  be  the  elliptic  spiral ;  prove 
this,  and  compare  the  times  of  two  bodies  describing  AP^ 
axki  AP*  th^  ah$Q}uie  f  orc^  being  the  sanie  in  both  cases. 

Tuesday  Afternoon. — Mr.  Hughes. 

Third  and  Fourth  Classes* 

1.  1>  is  a  point  within  a  triangle  ABC:  having  given  AB^ 
AC  znd  the  angles  ABD,  ACD,  BDC^  find  BC. 

A.  Describe  a  circle  about  a  given  segment  of  a  parabola 
mdM  by  an  OFdinate  perpendicular  to  the  axis. 

3>  Gompare  the  pressures  on  the  upper  and  lower  halves 
of  a  hemi^henca)  vessel  fi4}ed  with  fluid. « 

4*  If  \i)  tie  the  angle  of  incidence;  of  a  ray  passing  through 
^  prism  in  a  pbne  ^pcfpendicutar  to  its  axis,  (e)   the  angle 
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of  emergence,  (a)  the  vertical  angle  of  the priwn,^  and  t  znzz 
sin  /  :  sin  A  out  of  the  ambient  medium  into  the  prism,  then 

•in  tf  =  -  sin  a  t/  {1  —  «*  sin*  i]  —  cos  a .  sin  1. 
n 

5*    A  hemispherical  vessel  rests  with  its  base  on  a  horizontal 

plane;  having  given  the  weight,  and  inner  radius  of  the  basin, 
find  the  specific  gravity  of  a  fluid  which  when  just  filling  it 
•ball  begin  to  run  out  of  the  bottom. 

6.  Find  the  velocity  acquired  by  an  inelastic  body  descen- 
ding tbrou^h  a  system  of  three  planes,  the  first  being  vertical, 
the  second  mclined  at  45®,  and  the  third  at  15"*  to  the  horizon 
respectively. 

7.  Find  the  isosceles  triangle  of  a  given  area,  which  vibrating 
abom  an  axis  passing  through  its  vertex  perpendicular  to  its 
plane  shall  oscillate  in  the  least  time  possible. 

8»    Integrate  x^dx  (log  x)',  —-^^ r ,  and  dy+  r  = 

zz  adx. 

9.  Prove  that  (1  +  jet)'"  may  in  all  cases  be  expressed  by 
a  series  of  the  form 

I  +  ax  4-  it'  +  &c. 

to.  The  altitudes  of  two  stars  as  they  cross  the  prime 
vertical  are  observed  and  the  difference  of  their  right  ascensions 
is  known ;  find  the  latitude  of  the  place. 

11.  If  a  body  describe  an  oval  round  a  centre  of  force, 
the  distance  at  which  the  angular  velocity  is  equal  to  the-  Hkcui 

angular  velocity  is  y^  — ,  where  A  is  the  area  of  the  figure, 

and**  =  3*i4i59* 

12.  Having  given  the  centre  of  gyration  of  a  circle 
revolving  about  a  diameter,  find  the  centre  of  gyration  of  an 
ellipse  revolving  about  either  axis. 

Tuesday  Evening.— Mr.  Hvghes. 


1.  Having  given  the  area,  the  base,  and  the  sum  of  the 
angles  at  the  base,  find  the  difference  of  the  angles  at  the  base. 

2.  A  vertical  cylindrical  tube  is  connected  by  a  horizontal 
branch  with  a  cubical  vessel  ot  water,  and  the  water  is  made  to 
ascend  in  the  tube  by   a  condensiiig  syringe  applied  to  the 

•top  of  the  vessel.    Having  given  the  dimensions  of  the  vessel, 


CAMBRIDGE   PROBLEMS,    1894.  65 

tube,  and  syringe,  and  the  elevation  of  the  water  in'  the  tube  and 
vessel ;  find  the  number  of  descents  of  the  piston* 

3.  A  body  half  elastic  moving  along  a  horizontal  plane 
is  reflected  by  a  hard  plane  inclined  at  an.  obtuse  angle  to 
its  course;  prove  that  time  of  flight  on  the  inclined  plane 
:  time  of  acquiring  the  velocity  before  impact  by  a  body 
descending  vertically  : :  tangent  of  plane's  inclination  :  radius. 

4*    If  u  be  a  function  of  a:,  and  in  the  equation —*- r=  b 

there  be  m  roots  equal  to  a,  and  n  roots  equal  to  b,  then  there 
will  be  one  minimum  valuerof  tifor  each  of  the  roots  a  and  b  if 
m  and  n  be  odd,  and  neither  maxima  nor  minima  values  wbcn 
they  are  even. 

^«  If  an  object  be  placed  between  two  plane  reflectors 
inclined  at  any  angle;  find  the  locus  of  an  eye  such  that 
the  length  of  the  ray  by  which  any  given  image  is  seen  may 
be  equal  to  a  given  line. 

A 

6.  If  -ij  be  a  fraction  in  its  lowest  tenns,  B  greater  than 

ji,  and  of  the  form  B\  2W.  5" ;  the  quotient  will  be  a  mixed 
circulating  decimal,  and  the  higher  of  the  indices  nr,  n  will 
be  the  number  of  figures  in  the  pari  which  does  not  recur. 

7.  ACB  is  a  quadrant  of  a  circle  whose  centre  is  C,  (ji^  CB 
its  radii,  AD^  BE  equal  arcs,  DE  the  chord  of  the  arc  DE  ; 
shew  that  the  solid  generated  by  the  revolution  of  the  circular 
segment  I)£  about  either  radius  is  equal  to  twice  the  sphere 

whose  diameter  is  V^a,  %\n\  DE. 

8.  An  imperfectly  elastic  body  revolving  in  an  ellipse  whose 
eccentricity  is  |  i«  reflected  at  the  mean  distance  by  a  plane 
coincident  with  the  distance,  so  as  to  move  after  impact  in  the 
direction  ^of  the  axis  minor ;  find  the  degree  of  elasticity,  and 

cosapare  the  periodic  times  in  the  two  ellipses   iF  oc  ggj. 

9.  A  cylindrical  tube  is  filled  with  fluid  and  closed  at  both 
ends  ;  compare  the  pressures  on  its  sides  at  the  Earth's  surface 
and  at  a  given  altitude  above  it  supposing  the  bulk  of  the 
fluid  from  change  of  temperature  to  be  diminished  an  n**» 
part,  and  the  axis  to  be  vertical  in  both  positions. 

10.  Stale  how  the  Sun,  Planets,  and  fixed  Stars  are  affected 
by  aberration ;  and  shew  that  the  part  of  the  aberration  arising 

r    ,        1  •  cos  SPT     OK-         *u 

from  the  motion  of  the  planet  varies  as      .— ^  ,  o   being    the 

Sun.  Tthe  Earth,  and  P  the  Planet. 
VOL.  V,  i 
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ai«    If  partielet  of  a  spherical  9^11 9UWi\  with  ior^es  varying 

at  •«;»  md  9  cylindrical  rod  ^f  ufiifbnn  df q#|ty  whose  length 

equals  n  times  the  ra4iu^  of  th^  qpbere  pa^s  thrpugb  the  shell ; 
find  the  ^essur€  on  the  shell  when  thp  rod  is  a(  re«,  the  pvt 
of  it  within  the  shell  being  eq^al  to  the  radius  pf  the  sph^e. 

la.  From  the  vertex  of  a  parabola  a  straight  line  is  drawn 
inclined  at  4^  to  the  tangent  at  any  point  (  fi^  ^e  equation  to 
the  curve  which  is  the  locus  of  their  intersections. 

*  < 

18*    If«*+-rf**^^ ^t"^  ...... T^Sx'  ......+ 

Tx  +  Fat:o  when  P  it  the  greatest  and  S  the  hst  negative  eo- 

efficien^i  tb^p  — P r-  IS  an  mfcrIo}r  Ihmt  of  the  porftivc 

roots* 

-  ^  rfjT  dx  . 

S4*        IfWf^W    "I*    Main     >     Ji4t     .Jut    ^     iiiWAi.»    ^   jfaXV  •     •'*" 

:S«iPy  s:  triisNiir  +  ttyd^'* 

t£.  A  hpdv  acted  on  by  gravity  descends  alongr  the  concave 
part  of  a  vertical  circle  from  the  extremky  of  the  ikiris^nul 
radius ;  find  its  initial  velocity  so  that  afl^  <^iiittiiig  tha  circuits 
ference  it  may  pats  through  the  centre, 

16.  Find  the  centre  of  gyration  ol  a  right  cane  nraoiving 
about  an  axis  passing  throu|^  itt  fi«ntr0  of  ^i^vMJT  par4l^l 
to  one  of  ks  tides^ 

iy.  To  find  the  hcurary  motion  «ff  (im  Moon'^  m4^  in 
a  circular  orbit. 

a  8.  Find  the  comtdion  dn^  ta  thfl  lenglh  of  a  fM^ndMtum  ifft 
the  thickness  of  its  axis* 

\g.  If  th^  inscribed  sphere  be  tal&en  away  from  the  J^msA^ 
£nd  the  time  in  which  a  particle  situated  in  the  plane  of  the 
Earth's  ecmalor  within  the  spaCe  occupied  by  the  inscribed 
sphere  will  reach  the  inner  surface  of  the  remitting  meaisctts ; 
the  Earth  being  supposed  an  oblate  spheroid  of  sn^HelKpticity* 

2o.  It  /  be  the  obliquity  of  the  ecHptic,  L  the  Stin's 
longitude^  ^  his  right  ascei^sion,  tjien 

AzzL-^  ^tan'— .-T — 77— tan*-,— —ri+tan'  -.» .■  ■  ;>  — «c,>* 

■  ^        a   S)ni  ft    sma''  2  sin  3"  > 

at*  Q  is  the  focus  of  incidence  of  a  pencil  of  rays  which 
passes  nearly  perpendicularly  throi^  tbf  skks  ot  t  pfi^O) 
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whose  vertieal  angle  A  t%  wmAX^  q  che  foeiii  of  emei^nt 
rays,  and  QC^  gc  perpendictilar  (o  the  firsi  and  seco^  tiirfiiKres 
respectively.  Having  jgtven  the  ratio  of  ajn  I:  sin  R  out  of  the 
ambient  medium  into  the  prism,  aiid  a^so  Q,C,  CA  and  angle  jt^ 
find  fC  atid  At. 

fiii«  P  and  Q  ^te  two  material  poima  connected  hy  an 
inflexible  line  F(ii  F  rtiovtSB  along  a  groove  add  PQ  bn  a 
*modth  hoWedmaf  ph^nt.  Uavitig  given  the  initial  J>08ilioii 
of  the  tai  atnd  the  «|uafitity  $kni  ditecsicRi^pf  the  molkni  ooitomi^ 
tticated  to  P,  find  the  angtilar  Velocity  of  tlie?rod  when  ii  co« 
incides  with  the  groove* 

23.  Re^isiaticd  varies  partly  Mi  thtt  velotjty  aiid  |^Iy  as 
thb  v^etey  squared  1  cotisifuet  for  tlie  time  whqi  i  ]K>d^  ii 
prdj<<elM  doWtiWaf ds  with  $  veiddty  gfcaldr  than  the  gi^attel  it 
tan  icqtiire  fioM  mis 

24.  Every  surface  bf  ttti  iecond  degree  tev  be  generated  By 
a  l^ir^llf  6f  y«fiable  radius  imnVing  paralJel  to  nielf,  the!  centre 
ttiofkl§  iUmg  a  diailietcr  cS  tbi  sfarilaci  Pioire  it  in  die  tese 
of  the  4\UpsMi. 

Pfopiudhy  th  ^too  Moderaiors.  to  tie  tjuhdidaiesfor  Hondti 
dunilg  Mc  Z^ammadanjor  ikt  Jiegfee  of  0.  A^ 


^^^^^^^Lj^J^2Siiii^^^i^ 


AlONDAY  M!oRNINU.-^Mit,dH£VAtLfik» 


t.    Rbpres£K9  a  vittHoii  ^eooAKng  td  the  cbodenary  acale 
of  notation. 
2.    pivide  2$^*  into  two  other  square  integer  numbess. 
3*    Required  the  sum  ot 

4-    +  &c.  to  n  terms* 


2.3.4.6         3*4^5*7 

4.    if  ^^  is^  the  area  of  a  given  logarithmic  spi^i  froM  a 

cKstnftce  r  to  the  cehure,  A^  the  correaporidiiig  arcfa  of  tbt  curve 

traed  out  by  the  pei^pehdictihr  uptm  its  tangent,  A^  thai  of  the 

i2 
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curre  traced  out  by  the  perpendicular  on  its  tangent,  and 
so  on  continually,  find  the  value  of 

A^  +  J^  +  A^^&c. 

5*  A  seconds  pendulum  is  carried  to  the  height  of  one 
radius  above  the  earth,  and  another  is  sunk  to  the  depth  of  half 
a  radius.     Compare  the  times  of  their  oscillations. 

6.  If  the  latitude  of  a  place  be  determined  by  observing 
the  altitude  of  the  Sun  at  6  o'clock,  and  the  tabulated  declination 
be  a&cted  by  a  small  error,  find  the  corresponding  error  in 
latitude. 

7*  A  weight  P  is  supported  hy  a  string,  which  passes  over  a 
fixed  puUey,  is  wound  several  times  round  a  cylinder  Q,  and 
attached  to  a  pin  on  the  other  side,  the  strings  being  all  parallel. 
If  the  string  be  now  cut  between  the  cylinder  and  this  point 
of  support,  required  the  motions  of  P  and  Q. 

8.  Given  the  radius  of  the  Moon  and  her  mass  compared 
with  that,  of  the  Earth,  to  find  the  density  of  the  atmosphere  at 
the  Moon's  surface,  supposing  it  to  be  similar  to  pur  own. 

9*  Shew  that  a  sphere  is  emptied  through  a  small  orifice 
at  the  lowest  point  in  Ws  time  than  any  other  spherical  segment 
of  the  same  capacity. 

10.  A  flood-gate  moves  upon, a  vertical  axis,  the  area  on 
one  side  of  the  axis  being  the  quadrant  of  a  circle^  and  on 
the  other  side  a  parallelogram  of  the  same  altitude.  Required 
the  width  of  the  parallelogram  so  that  the  g^te  vaxyjust  open  by 
the  pressure  of  the  water  when  it  has  risen  to  the  top. 

11.  Given  the  distance  of.  Jupiter  from  the  Sun,  his  radius, 
and  the  time  of  his  diurnal  at^d  annual  revolution,  to  compare 
the  aberration  of  a  given  Star  when  it. passes  the  meridian 
of  an  observer  in  his  equator  at  mid-day  and  at  midnight. 

18.  Prove  that,  in  the  direct  impact  of  perfectly  hard 
bodies,  the  difference  of  the  vires  t/it/^  before  and  after  impact 
is  equal  to  the  sum  of  the  vires  viva  of  the  bodies  moving  with 
the  veloeities  lost  and  gained  respectively.  J 

MomoaV  Afternoon.— Mr.  Chevallier. 

Fifth  and  Sixtk~  Classes. 

1 .  Required  the  present  worth  of  '£f^  due '  1 5  nionlhs  hence 
it  5  per  cent.  -  '  '     '   \      " 

8.  Shew  that,  if  the  sum  of  the  digits  in  the  odd  places 
be  subtracted  from  any  number,  expressed  in  decimal  notation, 
and  the  sum  of  the  digits  in  (he  even  places  be  added  to 
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the  Rame  number,  the  result  is  divisible  by  !!• 

'3.  The  difference  of  the  means  of  4  numbers  in  geometrical 
progression  is  8,  and  the  difference  of  the  extremes  is  7. 
Required  the  numbers. 

4.  Prove  that  sin.  75**   =        w  '    ^^  ^^^*  ^* 

5.  Find  tan.  5  -4  in  terms  of  tan.  ui. 

6.  Shew  that,  if  two  circles  cut  each  other,  and,  from 
any  point  in  the  straight  line  produced  which  joins  their  inter- 
sections, two  tangents  be  drawn,  one  to  each  circle,  they  shall  be 
equal  10  one  another. 

7.  Solve  the  equation  »*  — 6x*-h  \\x —  6  =  0,  the  roots 
being  in  arithmetical  progression* 

8.  Integrate    -r— r; ^  2 

dx 

9*  Trace  the  spiral  in  which  rzza.  cos.  9 ;  apd  find  its  area 
between  the  values  9  =  oand  9  =:  -• 

ID.  If  P  and  Q  are  two  weights  connected  by  a  strinjr 
passing  over  a  fixed  pulley,  and  acting  in  a  direction  parallel  to 
two  given  inclined  planes  having  a  common  altitude,  and  P 
descends,  find  the  space  described  in  t^^  and  the  velocity  acquired* 

11.  Explain  the  construction  of  a  Fire-engine. 

12.  Compare  the  resistance  upon  the  surface  of  a  cone« 
moving  in  a  fluid  with  a  given  velocity  in  the  direction  of 
its  axis,  with  the  resistance  upon  its  base. 

13.  In  a  given  latitude,  find  the  altitude  of  the  Sun  on  the  day 
of  tae  equinox  at  9  in  the  morning. 

14.  Trace  the  image  of  an  indefinite  straight  line  in  contact 
with  a  spherical  reflector. 

15.  Find  the  space  through  which  a  body  must  fall  externally 
that  it  may  acquire  the  velocity  with  which  it  moves  in  an 
ellipse  about  the  centre. 

i6.  If  the  mass  of  a  planet  is  four  times  that  of  the  Earth« 
and  the  distance  of  its  satellite  16  times  that  of  the  Moon  from 
the  Earth*  in  how  many  months  will  the  satellite  revolve  ? 

17.  Find  the  position  of  the  centre  of  gravity  of  the  area  of  a . 
semiparabola. 

18.  Find  the  time  in  which  a  straight  line  of  given  length 
will  oscillate  when  suspended  at  its  extremity. 
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Monday  AFtftttNo6N«-^MH.  W^RkJcif* 

Third  and  Fourth  Classes. 

!•  Find  one  of  the  roots  of  the  eqndtlon  3:^'—  26^^  + 
34X —  12  :=  o  by  the  method  Of  divisors. 

fi.  In  a  parabola,  in  the  (ocsll  distance  SP9  ip  is  uk^n 
equal  to  the  ordjig^e  PN*  Find  the  equation  to  the  curve 
traced  out  by  the  point  p* 

3*  If  a  body  oscillate  in  a  cycfoid  begianirig  at  the  highest 
point,  the  tension  of  the  string  at  any  point  arising  from  the 
centrifugal  force  equals  the  tension  arising  from  gravity. 

4.  Find  I  he  time  in  which  a  vessel  formci  by  the  revolution 
of  a  cycloid  about  its  axis,  placed  with  its  ^xis  vertical  and  its 
vertex  downwards,  will  empty  itself*  through  a  small  orifice 
at  the  vertex. 

j.    Find  the  point  of  contrary  fiextnr*  6{  a  spiral,  where  the 
angle  varies  inversely  as  the  n*^  power  of  the  radius  vector. 
,    6.     Express  a  circular  arc  in  a  series  in  terms  of  its  tangent. 

7*  When  the  centripetal  force  varies  inversely  as  the  s*^ 
power  of  the  distaticet  fi  being  gfesTter  thaft  3  ^  fiiid  the  equation 
to  the  spiral,  which  a  body,  projected  with  a  velocity  equal 
to  the  velocity  acquired  by  falling  from  an  infinite  aistance, 
describes ;  ana  determine  the  number  of  revolutions  which  it 
makes,  before  it  falls  into  thci  centre* 

8.  If  V  represent  the  true  anomaly  of  a  planet,  reckoning 
from  the  perihelion,  u  the  eccentric  anomaly,  and  e  the  ecceiuri*' 
city ;  wheri  e  is  small  o  •«  tt  x  e  sin.  u  nearly,    tteqaired  proof. 

9,  Compare  the  mean  addititious  force  with  the  force  hy 
which  P  is  retained  in  its  oi^it  round  T.  (Mewton>  Prop.  66* 
Cor.  17.) 

to.  State  the  ohaenomeiia,  from  which  h  appears^  that  the 
force,  by  which  the  Moon  is  retaified  in  its  orbit,  tendi  to 
the  Earth,  and  that  this  force  vdries  iavt rsely  a^  the  sqjuafe  of  the 
distance. 

11.  Find  ihe  centre  of  gyration  of  an  hyperholoid  rotofving 
about  its  axis. 

Monday  Eyekimg. — Mb.  Warren, 

'  1.  The  present  value  of  ai^  ^mnuitydf  £i  Ui  MntkMM 
years  is  £10,  and  the  present  value  e(  ah  annfitfity  dt  £1  to  Con- 
tinue 2  X  years  is  £16*    What  is  the  rate  (^  i^leyeft  f 

2.  The  roots  of  the  equation  x'—px'"^^  +  gjt"""*—  r;c*^+ 
&c,  r=  o  are  in  geometrical  progression  beginning  from  unity; 
given  p  =  15,  9  =  70.     Required  n,  r,  &Ci 


8*  If  c(»  it  c,  d  be  t|»«  $i4iss  of  3  quadrilateral  in$crib^  in  9 
circle,  and  S  =  — —  ;  prove  that  the  area  of  the 

quadrilateral  =:  y^(S-^a)'i  (^--6)  .  (S-— c).  (S-w*d). 

4.  Express  the  i;hord  i^f  |6^  to  r4ditt$  onUy  in  a  €oatinue4 
fractioQf 

5 ,  A  body  whose  elasticity  t  perfect  elaitieity :  s  if :  1 » projected 
from  a  horizontal  plape^  at  a  Eiv^^n  elevation,  with  a  given 
velocity,  impinges  against  a  perfealy  hard  vertical  plane,  whose 
distance  from  the  point  of  projection  is  given*  Required 
the  horizontal  range  of  die  body;  the  vertfcal  plane  oeing 
supposed  perpendicular  to  the  plane  of  the  body's  motion. 

Of  Explain  the  nature  of  the  stereographic  projection  of  the 
sphere,  and  shew  that  the  projection  of  atl  circles,  the  planes 
of  which  do  not  pass  tbrougn  the  eye,  are  circles* 

7t  A  body  describing  a  parabo1a»  by  a  uniform  force  acting 
in  parallel  lines*  leceives  an  impulse.  Oiven  the  line  which  tb^ 
body  would  describe  by  the  impulse  alone  in  9  given  time 
7' ;  and  ibe  chord  of  the  mmbolic  arc,  which  it  would  have 
d^cribed  in  the  same  time  T  if  no  impulse  had  been  eommuni* 
c^led  to  it ;  IQ  find  the  ch<Hvl  of  the  arc  which  it  actually 
tloes  describe. 

8,  Find  the  area  of  the  lea^  psirabola  which  can  circumsciibe 
a  given  circle* 

gt,  A  soBd  of  revoluti^nf  whose  axis  i«  perpendicular  to 
the  bprliK^P*  empties  itself  through  a  small  given  orifice*  Re* 
((uired  its  nature  whei^  the  velocity  of  the  descending  surface 
is  uniform* 

iQ,    A  paraboloid,  generated  by  the  revolution  of  a  parabola* 

whose  equsliMi  is  y*  m  <tt^*~^sr,  placed  with  its  vertex  down* 
iMifdsattd  its  ants  vercieal,  tmpties  itself  tfifoagh  a  smalJ  tui&ee 
at  the  vertex ;  aad  ihe  vahie^l  n  is  such,  tltat  if  a  sphere  empty 
itself  in  tlie  same  tfone  tiiat  the  parabaloid  does,  half  the 
sphere  will  empty  itself  in  the  same  time  that  half  the  pamboloid 
does:  compai^  the  distance  «il  the  descending  surlace  from 
elie  vertex  ^ea  half  the  paraboloid  is  emptied  with  the  distance 
at  fim, 

ai*    Sam  the  scries 
sin.  a  +  sin. (a  +  b)  +  sin.  (a  +  fi()  +  &c,  u>  n  terms. 

i.^_.i.   ^  m^  -*«+  &c»  to  infinity. 

se.  Determine  the  position  of  equilibrium  of  a  umform  rod» 
one  end  of  which  rests  against  a  plane  perpendicular  to  the 
horizon  and  the  other  on  the  interior  surface  of  a  given  hemisphere^ 
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13.  Supposing  the  force  of  gravity  to  vary  inversely  as  the 
»**»  power  of  the  distance;  by  what  law  does  the  density  of 
the  atmosphere  vary  ? 

1^.     Shew  that  the  length  of  a  parabola,  whose  equation 

is  ay  "  =  a*  ""*"  ,  where  n  is  any  whole  positive/iumber,  may  be 
found  in  terms  of  the  abscissa  in  a  finite  algebraical  form. 

tg.  Shew  how  the  polar  equation  to  caustics  formed  by 
reflection  may  be  found  generally  ;  and  apply  the  method  when 
the  reflecting  curve  is  a  circular  arc,  and  the  radiating  point  in 
the  circumference  of  thecircle» 

i6«  Find  the  equation  to  the  curve  surface  in  which  tbe 
tangent  plane  at  any  point  intersects  the  axis  of  z  at  a  distance 
from  the  origin  equal  to  m  times  the  corresponding  value  of  2. 

tj.  A  corpuscle  placed  within  a  circle  is  attracted  to  every 
particle  in  the  circumference  with  a  force  that  varies  inversely  as 
the  square  oi  the  distance:  prove,  when  the  distance  of  the 
corpuscle  from  the  centre  is  smalt,  that  the  attraction  on  tbe 
corpuscle  varies  nearly  as  its  distance  from  the  centre,  and 
draws  it  from  the  centre* 

i8«  In  the  loth  Letnma  of  the  1st  Section  of  Newton, 
where  the  abscissa  AD  represents  the  time,  the  ordinate  DB 
the  velocity,  ^nd  the  area  ABD  the  space  described;  if  a 
straight  line  be  drawn  touching  the  curve  AB  in  B  the  extremity 
of  the  ordinate,  the  tangent  of  the  angle  which  this  line  makes 
with  the  axis  will  represent  the  force.    Required  proof. 

19.  An  arch,  where  the  equilibrium  is  jpreserved  by  the 
weights  of  the  voussoirs,  ii  so  constructed,  that  the  centres 
of  gravity  of  the  voussoirs  are  in  a  catenary  curve  and  the 
joints  perpendicular  to  the  curve.  Required  the  equation  from 
which  the  length  of  the  voussoirs  may  be  obtained. 

so*  Investigate  the  formula  of  lunar  nutation  in  ri^ht 
ascension;  find  the  longitude  of  the  Moon's  nodes  when  it  is  a 
maximum,,  and  thence  its  maximum  value ;  and  by  means  of 
these  values  express  tbe  nutation  in  right  ascension  in  a  more 
simple  formula. 

21.  Given  the  ratio  of  the  periodic  time  of  the  Moon  to  the 
time  of  the  Earth's  revolution  about  its  axis  and  the  ratio 
of  the  mean  distance  of  the  Moon  to  the  mean  semi«diaineter  of 
the  Earth,  to  find  the  ratio  of  the  polar  and  equatorial  diauitptert 
pf  the  Earth  nearly. 

22.  A  weight  P  raises  up  another  weighty  Q  by  means  of 
a  string  passing  overa  fixed  cylindrical  pul(ey }  given  P,  Q»  and 
the  weight  of  the  pulley,  to  compare  the  tensions  of  the  two 
pans  of  the  string ;  the  weight  of  the  string  and  the  friction  at  the 
axis  of  the  pulley  being  neglected. 
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23.  A  bodjr  oscillates  in  9  cycloid  in  a  resisting  medium, 
where  the  resistance  is  as  the  square  of  the  vclbdty ;  find 
the  resistance  at  any  point  of  the  body's  motion  (NcMrton* 
Prop.  29,  Book  II.). 

24.  Prove  from  the  preceding  proposition  ;  if  a  space  S  be 
t^ken  so  as  to  be  represented  by  the  rectangle  of  the  hjrpcrbola  in 
Newton's  figure  on  the  sam^  scale  that  the  cycloidal  arc  is 
represented  by  the  hyperbolic  area,  and  F  be  the  velocity  acquired 
in  falling  through  S  by  the  force  of  gravity  in  midio  non  resisMU; 
that  F  is  the  limit  of  the  velocity  which  can  be  acquii^d  in  the 
resisting  medium  by  the  force  of  gravity. 

Tuesday  Morning. — Mr.  Warren. 

First  and  Second  Classes • 

I  •     Draw  a  perpendicular  tp  two  given  straight  lines  not  in 
the  same  plane. 
2ii    Sum  thfe  series 

t  +  2*0?  +  3'a:*  +  4'ap^  +  &c.  to  n  terms, 

^ 1 ^  &(j,  to  innnity. 
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3.  Express  cos.  n  A^  in  terms  of  cos.  A^  at  bejng  a  w\^?\p 
number. 

4.  When  a  chain  fixed  at  two  points  is  ^c^ed  upon  by 
a  central  attractive  or  repulsive  force^  the  tension  at  any  poiiit  4s 
inversely  as  the  perpendicular  let  fall  from  the  centre  of  force 
on  the  tangent  at  that  point.     Required  proof. 

g.  Determine  the  point  in  the  curve  surfiape  ^n  wb^c)^  a 
semiparaboloid  will  rest  on  an  horizontal  plane. 

6.  Having  given  the  refracting  powers  of  tWQ  medlufns ; 
find  the  ratio  of  the  focal  lengths  of  a  convex  and  .cQjic^vp  |ens 
formed  of  these  substances*  which  when  united  prodvL/ce  iipag^i 
nearly  free  from  colour. 

7.  Compare  the  time  in  which  a  sphere  slides  ^^^vrp  an 
inclined  plane  with  the  time  in  which  it  rolls  down  jthe  sfime  plasf . 

8.  A  given  uniform  rod  moves  in  the  same  |4(ine  ii^  a 
hemisphere.    Determine  its  lootion. 

9*    Shew  how  the  complete  integral  of  the  di0ereiji4?^  equ^^tion 

is  to  be  obtained,  when  A^  B,  C*  D,  &c.  are  constant  quantities, 
and  X  function  of  ^. 

10.     Given  the  height  of  the  spring  and  neap  tides,  to  conapare 

VOL.  v;  6 
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the  densities  of  the  Sun  and  Moon  ;  their  apparent  diann^teM 
being  considered  as  equal. 

1 1.  Explain  the  cause  of  aberration  of  light ;  shew  how  it  i$ 
to  be  measured,  and  distinguish  accurately  between  the  aberration 
of  the  hxed  stars  and  the  aberration  of  the  planets* 

sft.  Determine  generally  the  resisunce  of  a  medium,  so  tlut 
a  bcKly  acted  upon  by  a  centripetal  force,  whose  law  is  known, 
inay  move  in  a  givien  curve,  ^nd  thence  find  the  resistance 
when  the  force  is  uniform  and  ;^cts  in  parallel  lines,  so  that 
the  corve  may  De  a  circular  arc, 

Tuesday  Afternoon.— IVIr.  Warren. 
Fifth  and  Sixth  Classes. 

u  If  the  terms  ot  an  equ^aion,  all  whose  roots  are  possii)le, 
be  multiplied  by  tlie  tenns  of  the  arithmetical  progression 
o,  t,  B,  3,  ^c.  the  resulting  equation  will  be  a  limiting  equation 
to  the  former,  )vith  this  exception,  that  no  root  of  the  limit  will 
lie  between  the  positive  and  negative  roots  of  the  proposed 
equation. 

£•  The  centre  of  an  ellipse  coincides  with  the  vertex  of 
a  common  parabola,  and  the  axis  major  of  the  ellipse  is  perpen- 
dicular to  the  axis  of  the  parabola.  Required  the  proportion 
of  the  axis  of  the  ellipse,  so  that  it  may  cut  the  parabola  at  right 
angles. 

3.  Several  bodies  are  projected  from  a  given  point,  with  the 
same  velocity,  in  different  directions,  being  acted  upon  by  the 
force  of  gravity.  Find  the  focus  of  them  all  at  the  end  of  a  given 
time. ' 

4.  Explain  the  method  of  drawing  asymptotes  to  spirals,  and 
apply  it  to  the  hyperbola  considered  as  a  spiral  having  the  polp  in 
the  locus. 

5*  Find  the  elasticity  of  two  bodies  A  and  B  and  their 
proportion  to  each  other,  so  that  when  A  impinges  uppn  B 
at  rest,  A  may  remain  at  rest  after  impact  and  B  move  on  wiih 
an  n^^  part  of  A*s  velocity. 

6.  Given  two  sides  of  a  triangle  and  the  difference  pf  th^ 
angles  opposite  to  them.    Required  the  other  angle. 

7.  Fmd  the  geometrical  focus  of  a  small  pencil  of  rays 
diverging  from  a  given  point  in  the  axis  and  incident  nearly 
perpendicularly  on  an  elliptic  reflector. 

8.  Determine  at  what  angle  the  wind  must  strike  against  the 
sails  of  a  mill,  so  that  the  effect  to  put  them  in  motion  may 
be  the  greatest  possible. 
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9*     Given  the  latitude  of  the  place  and  the  declination  of 
the  Sun.     Find  the  time  that  the  Sun  is  above  the  b6r:tidn* 

lo.  ExpUin  the  principal  advantages  oi  Brigg's  system  of 
logarithms. 

It.  The  equation  .r' — 7x2+160:  — 12  =  0  has  twd  equal 
roots.     Find  all  the  roots. 

12.  Find  the  law  of  the  force  tending  to  the  pole  of  the 
logarithmic  spirah 

13.  The  sum  of  the  threse  angles  of  a  spherical  triangle  is 
greater  than  two  right  angles  and  less  than  six  right  sttigles. 
Kequiretl  proof. 

14.  The  whoU  surface  of  a  cone  is  three  times  the  area  of  the 
base.     Find  its  vertical  angle. 

^  «5«  When  the  force  varies  inversely  as  the  «**»  power  of  the 
distance,  compare  the  velocity  acquired  by  falling  from  an 
infinite  distance  with  the  velocity  of  a  body  revolving  iri  a  circle. 

16.  Given  the  hypothenute  of  a  rieht -angled  triadgle  and  the* 
side  of  an  inscribed  square.     Required  the  two  sides  of  the 
triangle. 

17.  Investigate  the  difTerential  expression  for  the  radius 
df  curvature,  afid  apply  it  to  find  the  radius  of  curvature  of  the 
logarithmic  curve. 

TuESDAV  Afternoon. — Mr.  ChevallIer. 

Third  and  Fourth  Classes. 

i.  What  is  the  present  value  of  a  freehold  estate  of  £.  tgo 
a  year  allowing  the  purchaser  6  per  cent,  compound  interest  ? 

2.  Shew  that  the  greater  two  consefcuttve  numbers  are,  the 
less  is  the  difference  between  their  logarithms* 

3.  Compare  the  curvature  of  an  ellipse  at  the  extremity 
of  the  major  and  minor  axis. 

4*  A  given  weight  is  to  be  supported  at  a  given  point  opon 
a  straight  lever  ot  uniform  density  by  a  power  acting  at  its 
extremity,  on  the  .same  side  ot  the  iulcrum.  Required  the 
least  power  which  will  support  ^he  system,  and  the  corresponding 
length  of  the  lever. 

g.  Find  the  point  in  a  given  hyperbola  where  the  velocity  of 
a  body  acted  on  by  a  force  tendmg  to  its  focus  is  twice  as 
great  as  the  velocity  in  a  parabola  at  the  same  distaQce. 

6.  If  a  solid  cylinder  and  a  thin  hollow  cylinder  of  the  same 
weigAl  and  radius^  roll  together  from  rest  down  a  given  inclined 
plane,  how  far  will  they  be  separated  after  a  given  time  ?  . 

7.  If  the  Earth's  motion  about  its  axis  were  to  cease,  how 
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inueh  would  a  clock Ic^^ping  trde  ^titne  in  a  giveh  latimdicgarA  in 
Q4  hours  ? 

8.  'Given  the  IiiWfe  of  Stfh-rrte  ^rid  the  ^Wtufte  :6f  the  Sun 
wben  due  east  on  the  same  day,  to  find  the  latitude  of  'the  pffikre 
and  the  decfinatron  o^'the  Sun. 

9.  State  what  advantage  Is  obtained  by  substituting  a  glass 
rectanguW  pnsm  for  a  plane  reflector^  in  the  construction 
of  Newton's  telescope  :  and  trace  the  course  of  k  pencil  of  rays 
on  thsit  supposition. 

lb.  A  ispherical  biibhre  coitiposed  of  inatter  the  specific 
gravity  of  which  it  S,  and  filled  with  gas  of  the  specific  gravk/ 
J,  just  iloats  in  air,  specific  gravity  (t«  Requifdd  the  dhickness 
of  the  bubble. 

H»     Solve  the  equation  ir**  +  1  =  0. 

19.  !Oiven  the  dectihation  of  the  Moon,  to  'find  the  dui^tion 
of  the  superior  or  inferior  tide  occasioned  by  h^  actidn  aloile. 

Tuesday  Evening* — Mr.  Cheyallier. 

-*    *  ■  '        . 

-  ^.    The  ^utn  of  two  humbers'i8^69  and  the  sum  of  their  cubes 
72.     Reqired  the  numbers. 

s  Upon  a  given  straight  line  as  an  hypothenuse,  describe  a 
right-angled  triangle  which  shall  have  its  three  sides  in  continued 
proportion. 

3.    Find  a  series  6t  fractioYls  'Cdhvei|[ing  to  — . 

%;    ^uin  the  following  ^series : 

-    ^   '-  *h  t  +  &c.  to  8  terms. 

'—   +    ^    4-    -^  +•&<:.  ton  terms. 
*-3         ^•4         3-5 

7-Sr^  4-  >>,  J'l.   +   ^r^TT^  +  Scc.to»rterm«. 
1.2.^,4    "    tt.S.4.5         3*4'5*^ 

g.  A  circular  hoop  is  supported  in  a  horizontal  position,  and  3 
Weights  6f '4,  if,  and  ^6  pounds  respectively  are  suspended  over 
its  ctrcumferenoe  by  3  strings  meetii^g  in  the  centre.  What 
must  be  their  (position  so  that  they  may  sustain  one  another  ? 

^6.  'A^cylinderbf^givclli  altitude  has  its  lower  half  filled  with 
nbercury  and  the  rest  with  water.  Find  the  time  in  which  it  will 
empty  itielf  through  a  small  orifice  in  the  base. 

7.  The  N.  Pw  p,  of «  Aquilae  being  8l^  38%  25'',  and  its 
observed  zenith  distance  when  on  the  meridian  43^  j|0^  45^\ 


find^helalitude  of  dbeflaoe:  and  state  tke  severll  coinrectiant 
which  fBust  be  applied  10  oWinran  accurate  result. 

8*  Find  the  focal  length  of  ^a  ^double  convex  glass  lens  ol 
inconsiderable  thtcckaess  when  tibe  radii  of  the  surfaces  are  e^il^ 
and  sin,  / :  fttn.  iZ  : :  3 :  &• 

9.  Shew  that  a  horizontal  dial,  constructed  for  North  ilatitude 
t^  vfiW  beta  verbrc^  meridional  dial  for  South  latitude .(90 — /). 

ftp.  Two  bodies  are  projected  trom  the  same  :point  in  s. 
horizontal  plane  with  equal  velocities,  and  have  the  same 
faoriDomafl  Dange.  Required  the  directions  of  projection  so  that 
the  anea /included  between  the  parabdlas  descnbed  may  be  the 
greatest  )pGssible« 

tit  •  Find  the  time  in  'which  a  pendulum  would  oscillate  in  a 
hypocycloid  within  the  earthy  the  diameter  of  the  wheel  being 
half  the  earth's  radius. 

18.  .P  descends  drawing  Q  over  a  fi'xed  pulley.  Find  the 
apace  described  in  a  .given  time,  the  string  being  conceived 
to  have  weight. 

13.  If  an  ordinate  be  drawn  to  the  axis  of  a  cycloid  from  any 
point  P,  cutting  the  .circle  described  upon  the  axis  in  i>., 
and  horn  PandD  there  be  drawn  tangents  to  the  cycloid 
and  circle,  intersecting  one  another  inT ;  Required  the  curve 
•which  is  the  locus  of  T,  and  the  area  which  is  .contained 
between  it  and  the  cycloid. 

14*  A  straight  bar  of  given  length  is  made  to  oscillate  in  its 
own  plane  about  an  axis  situated  in  a  line  which  bisects  it  at 
right  angles.  Required  the  point  of  suspension  so  that  the  time 
of  oscillation  mayi)e  the  least  possible. 

15.    Integrate  the  equations 

(a?*  H-  ya?)  dy  =  (a?  —  y)rfa\ 

(ay^ap  +  3y')  ^^  +  (aa?*y  +  g^y"^  +%')  dy  =  o. 

x^  dx^  +  dy^  zz  axdx*  dy. 

i6.  If  seven  balls  be  drawn  from  a  bag,  in  which  are  four 
white  balls  and  eight  black,  what  is  the  probability  that  three 
white  balls  will  be  taken  ? 

17.  Required  the  nature  of  the  curve  which  cuts  perpendi- 
cularly a  series  of  similar  concentric  ellipses. 

i-S.  A  weight  being  suddenly  removed  .from  the  deck  of 
a  vessel,  the  area  of  which  at  the  surface  of  the  water  is  giveij, 
she  is  observed  to  make  a  small  vertical  oscillation  in  t^\ 
•Required  the  weight  of  the  vessel. 

.19.  There  is  a  fixed  centre  of  force  which  varies  inversely 
as  ihe  square  of  the  distance;  and  about  this  as  a  focus  an 
ellipse  is  described,  the  axes  of  which  are  to  one  another  in  the 
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proportion  of  |/a  :  i.  A  perfectly  elastic  body  (alls  ftorti 
a  distance  equal  to  the  axis  major  in  the  direction  of  the  radius 
Vector  passing  through  the  extremity  of  the  axis  minor,  and  im- 
pinges on  the  ellipse.     Required  the  motion  after  impact. 

so.  The  earth  being  supposed  a  sphere  revolving  about  its 
axis  with  a  given  angular  velocity,  find  the  curve,  in  a  meridional 
plane,  which  is  the  locus  of  a  body,  the  centrifugal  force  of 
which  opposed  to  gravity  is  every  where  equal  to  the  force 
of  gravity  acting  upon  iu 

ai.  State  the  methods  by  which  the  masses  of  all  Che  planets 
and  of  their  satellites  may  be  compared  with  that  oi  the  Sun. 

fi2.  If  a  body  be  revolving  in  an  ellipse  about  the  focus^ 
and  the  force  be  suddenly  made  to  vary  inversely  as  the  cube 
of  the  distance,  the  actual  force  at  the  mean  distance  being 
unaltered,  what  will  be  the  curve  described  ? 

934  Find  the  curve  described  by  a  body  projected  in  a 
medium,  the  resistance  of  which  varies  as  the  velocity^  and 
acted  upon  by  gravity. 

24.  Prove  that  an  arc  of  a  circle  which  does  not  exceed 
6q\  is  a  curve  of  quicker  descent  than  any  other  curve  which 
can  be  drawn  within  the  same  arc :  and  the  arc  of  90^  is  a 
curve  of  quicker  descent  than  any  other  curve  which  can.  be 
drawn  without  the  same  arc. 


THE  SEI^ATE  HOUSE  PROBLEMS, 

Proposed  ly  the  Two  Moderators^  to  the  Candidates  for  Honors^ 
during  the  Examination  for  the  Degree  of  fi.  A. 


Monday,  January  16,  1826. 

Monday  Morning, — Mr.  King* 

First  and  Second  Classes. 

1  •     FIND  the  equations  to  a  straight  line  drawn  from  a  given 
point  perpendicular  to  a  given  plane. 

8.     In  the  cubic  equation  x^— jar— mo  where —  <    — , 

4  «7 

shew  that  the  solution  may  be  effected  by  means  of  a  table 

of  natural  sines,  and  explain  why  the  accuracy  of  this  niethod 

cannot  be  depencied  upon  in  practice^ 


pherical  triangle  where  c  is  ttie  hypor 
idcs,  prove  that 

c—a  ,6 

8  *   2* 

small  oscillation  of  an  oblique-angled 
itf  own  plane  about  an  axis  passing 
points. 

n  a  horizontal  plane  any  number  of 
lamc  vertical  plane  with  such  velocities 
t  the  areas  of  the  parabolas  described 
noiher  i    find  the  curve  which  shall 

,                 .       .      .       x'  —  bx* 
nose  equation  is  y  ==    -__-- ,  and 

singular  points. 

^h  and  uniform  density  is  supported 
irhich  varies  as  the  depth,  by  a  string 
}int;  find  ihe  position  of  equilibrium, 
f  the  rod  coincident  with  the  surface. 

of  the   heavens,   Z  the    zenith  an4 
he  antle  ZSP  increases  fastest, 
ing  differentials ; 

■,    e*.  sin-  mx  .  dx. 


-  —  Uc.adinf, 
i.B   3.4-5     4  ■^ 

J3  +  334  +  &c.  to  n  terms, 
line  which  can  be  drawn  touching 
cepted  by  the  tangents  dtuwn  at  the 
the  ellipse. 

I  to  the  curve  surface  in  which  the 
cuts  from  the  axis  of  z  a  poftion  equal 
oint  of  contact  ftom  the  origin   of 

TERNOON. — Mr.  Kinc, 

jnd  Sixth  Classes. 

for  finding  the  least  common  multiple 

d  apply  it  to  find  the  least  common 
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«•  Having  given  the  n}^  term  of  an  arttlimelic  series,  and  also 
the  sum  of  n  terms»  find  the  series* 

3*     Having  given  the  sine  of  ia%  find  the  sine  of  48^ 

4.  Two  circles  are  situated  in  the  same  vertical  plane ; 
determine  analytically  and  geometrically  the  straight  line  of 
swiftest  descent  from  one  to  the  other ;  and  thew  that  the  two 
results  agree. 

5.  Ac  what  hour  on  a  given  night,  in  a  given  latitude,  will 
the  vertical  circle  passing  through  a  known  star  cut  the  equator 
in  a  given  angle. 

r     !?•  J    1.       1        f  wn.  2x  +  2  sin.  xl*  —  2  sin,  pc       , 

o.    rmd  the  value  of ,  when  x 

1  COS.  X 

r:  o. 

7*  Two  straight  rods  inclined  to  each  other  at  a  given  angle 
are  immersed  vertically  in  a  fluid  in  a  given  position;  find 
the  angle  formed  by  their  images. 

8.  Trace  the  curve  whose  equation  is  d^y  z:  ^ ^ « 

9.  The  resultant  and  sum  of  two  forces  are  given,  and  ^Iso 
the  angle  which  one  of  them  makes  with  the  resultant ;  it  is 
required  to  determine  the  forces  and  the  angle  at  which  they  lact. 

10.  Having  ^iven  two  conjugate  diameters  of  an  ellipse  and 
the  angle  contained  hetween  them;   find  the*  magnitude  and 

position  of  the  axes. 

1 1.  Find  the  resistance  to  a  cycloid  moving  in  a  fluid  in  the 
direction  of  its  base. 

12.  Enumerate  the  arguments  by  which  the  diurnal  rotation 
of  the  Earth  round  its  axis  and  its  annual  motion  round  the  Sun 
are  established. 

1 3.  Transform  the  equation  re'  —  px^  4-  90?  —  r  =  o,  whose 
roots  are  «,  jS,  y  into  one  whose  roots  are  «*  +  (8*,  a*  +  y  %  /3*  +  7*. 

14.  Investigate  the  equation  to  the  orbit  in  which  the 
centripetal  force  is  always  n  rimes  as  great  as  the  centrifugal, 
and  find  the  time  of  one  revolution. 

25.  Determine  that  point  in  an  ellipse  described  round 
ia  centre  of  force  situated  in  the  focus  where  the  linear  wjocUy 
is  n  times  as  great  as  the  paracentric. 

i6.  Find  the  moment  of  inertia  of  a  rectanjgle  revolving 
in  its  own  plane  round  an  axis  passing  through  its  centre  of 
gravity. 

17.    Sum  the  following  series  : 

1 .2*  -h  2.3"  +  3.4*+  &c.    to  nterms. 

.+  ~~Z   •"   — ©  +  *^*  ^  infinity. 


«•«  3-4'      ^•^  7-8 
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1 8,     Integrate  the  following  difTerentiaU: 

y/x  .  dx  4-A/y^.  dx  zz  s/y  .  dy. 

Monday  AFTERNOO>f. — Mr.  Hind. 

Third  and  Fourth  Classes* 

1.  K  sum  of  money  P  is  left  among  A,  B  and  C,  in  such  a 
manner  that  at  the  end  of  a,  b  and  c  years,  when  they  respectively 
come  of  age,  they  are  to  possess  equal  sums;  required  the 
share  of  each  at  compound  interest. 

ft.  Prove  that  i ,  3, 5,  7,  &c.  is  the  only  arithmetic  progression 
beginning  from  1,  in  which  the  sum  of  the  first  half  of  any  even 
number  of  terms  bears  to  the  sum  of  the  second  half  the  same 
constant  ratio,  and  find  that  ratio. 

3.  Shew  that  vers.  («r— ^)  =  2  vers.  ( 'J  vers.  ( j 

to  a  radius  =:  1 . 

4.  Two  equal  parabolas  have  a  common  axis ;  prove  that 
the  area  included  between  one  of  them  and  a  straight  line 
touching  the  other  is  a  constant  magnitude. 

5*  From  the  top  of  a  tower  two  bodies  are  projected 
with  the  same  given  velocity  at  different  given  angles  of  elevation, 
and  they  strike  the  horizon  at  the  same  place.  Find  the  height 
of  the  tower* 

6.  Determine  the  magnitude  of  a  sphere  of  given  specific 
gravity  which  will  rest  just  immersed  in  a  fluid  whose  density 
varies  as  its  depth. 

/•  Find  the  principal  focus  of  a  reflector  ^etierated  by 
the  revolution  of  a  cycloid  about  its  axis,  and  determine  the 
relation  between  the  distances  of  the  conjugate  foci  from  the 
vertex. 

8.     Find  all  the  angles  in  which  the  curve  whose  equation  is 

(i.jy  =  ,..(±-t) 

cuts  the  axis,  and  determine  the  value  of  its  greatest  ordinate. 

9*  If  a  body  describe  a  logarithmic  curve  by  a  force  acting 
perpendicularly  to  its  axis;  prove  that  the  force  at  any  point 
varies  as  the  body's  distance  trom  the  axis,  and  the  velocity  as 
the  square  root  of  the  chord  of  curvature  parallel  to  it. 

VOL.  V.  I 
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r  tan.  Q  .,d(^ 

,o.    Integrate  ^_^^^,^. 

St.  Three  given  points  are  taken  in  the  circumference  of  a 
given  circle;  find  its  vertical  position  on  a  horizontal  plane^ 
that  the  sum  of  their  altitudes  may  be  the  greatest  or  least 
possible. 

12.  In  any  latitude  fmd  when  the  time  of  the  rising  of  the 
Sun's  disk  bears  the  least  [ratio  to  the  time  of  its  crossing  the 
meridian, 

13.  If  a  bo<iy  describe  a  circle  by  a  force  in  the  circum- 
fejreace.  and  at  the  same  time  the  circle  revolve  about  the  centre 
oC  force  in  its  own  plane  with  an  angular  velocity  varying 
inversely  asi  the  square  of  the  body's  distance;  prove  that 
the  path  traced  out  in  fixed  space  is  the  spiral  of  Archimedes, 
and.  find  the  law  of.  force  by  which  it  may  be  described. 

14..  Construct  and  graduate  a  clepsydra  in  which  the  weight 
of  the  fluid  discharged  measures  the  time. 

Monday  Evening. — Mr.  Hind* 

1 .  Express  the  secant  anil  cosecant  of  the  sum  and  difieresce 
of  two  arcs  in  terms  of  the  secants  and  cosecants  of  the 
simple  arcs. 

12.  Shew  that  t1  e  nurrrber  of  permutations  of  (m)  things 
taken  (n)  together  is  equal  to  ii» .  (to  —  1)  •• . .  (m  —  r  +  f ) 
times  the  number  of  permutations  of  (m  —  r)  things  taken 
(n  —  r)  together. 

3..  In  how  many  different  ways  is  k  possible  to  pay  ^10.  in 
crowns,  seven  shillings,  and  moidores  ? 

4.  Two  balls,  of  given  magnitude  and  elasticity,  not  affected 
by  gravity  are  projected  at  the  same  instant  from  given  pomts 
with  given  velocities  in  opposite  directions  in  the  same  straight 
line ;  find  when  and  where  their  impact  takes  place,  and  their 
positions  at  the  end  of  any  assigned  time  after  impact. 

5.  The  vertex  of  a  parabola  is  -/f,  and  the  axis  AN;  and  in 
the  ordinate  NP  a  point  Q  is  taken  always  equidistant  from 
A  and  P ;  find  the  equation  to  the  curve  which  is  the  locus 
of  d;  trace  it,  and  determine  the  angles  in  which  it  cuts  the  axis 
and  the  arcs  of  the  parabola. 

6.  If  (t)  be  the  length  of  a  part  of  tfie  catenary,  whose 
weight  isi  equal  to  the  tension  at  a  point  whose  abscissa  is  x 
9i^d  corresponding  arc  s ;  prove  that 

7.  The  abscissa  and  double  ordinate  of  a  commcrn  parabola 
are  a  and  b,  and  the  diameters  of  its  circumscribed  and  insciibed 
circles  D  and  d;  prove  that  (/>  +  rf)  =  (a  +  i). 
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8.  Find  the  time  of  emptying  the  iirustcim  of  a  ooni*,  tSie  raciii 
of  whose  bases  are  R  and  r,  and  altitude  (A),  tbroogh  43M  orifice 
i:-i  its  sn^alierend, 

9«  If  a  quadrantal  arc  be  divided  into  two  parts  in  tive  ratio 
of  a  7f :  1,  of  which  B  is  the  less;  prove  tb^t 

sin.  6  .  sin.  3  Q  .  sin.  5  Q  .^  ..i, .sin.^sn  f  i)d  1=  -^. 

10.  Rcguired  the  law  of  force  when  the  space  due  externally 

to  the  velocity  in  a  circle  :  spa^je  dpe  internally  2 :  v^  e  ;  1  ;  c 
being  the  base  of  the  hyperbolic  system  of  logarithms. 

11.  The  quantities  a,  b^  c^  d,  ice.  are  in  arithBietical  pro- 
gression ;  prove  that  the  terms  of  any  order  of  the  differences 

n        h        4* 

of  the  quantities  jr,    -♦    ^1  &c.  increase  or  decrease  according 

9S  the  progression  decreases  or  increa^es. 

12.  It  any  number  of  hyperbolas  have  a  common  centre, 
and  at  distances  proportional  to  their  major  axes  douhle  ordinates 
be  drawn;  shew  that  bodies  acted  upon  by  tlie  same  absolute 
force  situated  in  the  centre  will  describe  any  of  che  arcs  thus  cut 
off  in  equal  times. 

13.  Prove  that  Des  Cartes'  solution  of  a  biquadratic  equation 
succeeds  when  all  the  roots  are  possible  and  two  of  them  equal, 
and  apply  it  to  solve  the  equation  a*  —  60:^  4-  8  a*  *4-6  x— 9  s:  q. 

14.  An  ellipse  whose  seqii-aT&es  are  (a]  aiKi  (4j,  cmdeccenw 
triciiy  {e)  revolves  about  its  aiajor  a^^iv  ;  shevf  thtat  ihfi,  sqrf^c^ 
of  the  soKd  thus  generated  is 

z=z2itb<b-\---.A>\A  being  a  circular  arc  whose  sin.  5=  < 

to  a  rad.  =  i* 

45.  Three  straij^ht  lines  revolve  about  three  given  pqini«. 
not  in  the  same  straight  line  and  intersect  one  another  in, 
three  points ;  prove  that  if  the  loci  of  two  of  these  intersections. 
be  straight  lines  the  locus  o(  the  third  will  be  a  conic  section. 

16.  A  pencil  of  parallel  rays  incident  ujpoo  a  transjpareat 
medium  bounded  by  parallel  plane  surfaces,  is  p^tly  r^il^ctcid 
at  the  upper  surface,  partly  refracted  by  the  medium,  «nd  after-> 
wards  reflected  at  the  lower  surface;  prove  that  ali  the  ray«  of 
the  emergent  pencil  are  parallel,  and  nnd  the  aqgle  of  incidence 
that  its  breadth  may  be  the  greatest  possible. 

17.  If  the  force  be  repulsive  and  vary  as  the  distance  from 
the  centre  of  the  globe ;  prove  that  the  oscillations  in  an  epi- 
cycloid are  isochronous  ;  and  having  given  the  radii  of  the  globe 

1^ 
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and  wheel,  find  the  velocity  at  any  point,  and  the  actual  time 
of  an  oscillation. 

18.  n  cos  (X  +  c)  :  COS  (X  —  c)  t :  1  :  3  where  X  is  the 
latitude  of  the  place,  and  B  the  declination  of  the  Moon  ;  prove 
that  the  time  of  the  ebbing  or  flowing  of  the  superior  tide  :  the 
time  of  the  ebbing  or  flowing  of  the  inferior  tide  : :  2  :   t . 

19.  If  the  roots  of  the  equation 

x^'^px'^^  +  ^x"-*  — &c.  ...  +  0x2—  Px  +  X:=  o 
be  in  harmonical  progression,  then  will  the  greatest  and  least  be 

n  v/«  -H  .  Z 

%/^^:rr.P  — v/3.(n-  tr^F'^  —  bn. {71—1)01' 

and 

n\/n  -h  t  >  L 

\7nTT.  P  +  \/q  .  (II—  i)^F^  — 6«  .  («—  i)(lL 

Required  a  proof. 

(sec  fl— tan  Q) .  d9        ,      / .  sin  m^  .  M 

20.  Integrate      ,_^  .  ._.      .  and j ^^ ; 

sec  e^  -f  tan  »  1  —  2«  cos  mS  +  e 

and  find  the  relation  of  x  and  y  in  the  equation 

SI*  A  globe  of  given  weight  and  magnitude, after  descending 
by  the  force  of  gravity  (a)  feet  in  air,  passes  into  another  me- 
dium whose  density  is  (n)  times  as  great ;  required  the  relations 
between  the  space  described,  the  velocity  acquired,  and  the  time 
of  motion, 

S2.  Find  the  motions  of  two  equal  balls  connected  by  an 
inflexible  rod  without  weight,  one  of  them  being  attached  to  a 
given  weight  by  means  of  a  string  passing  over  a  fixed  pulley, 
and  the  other  moving  on  a  perfectly  smooth  horizontal  plane. 

23.  If  (r)  be  the  radius  vector  of  an  ellipse  from  the  centre, 
and  B  the  angle  which  it  makes  with  the  major  axis ;  it  is  re« 
quired  to  express  (r)  in  a  series  of  the  form  ^^  +  ^^  cos  0  + 

jl^  cos  29  +  &c and  to  show  particularly  how  A^,  A^^ 

^2  i^ay  be  determined. 

24.  A  straight  rod  which  is  always  parallel  to  the  horizon 
descends  freely  by  the  force  of  gravity,  and  at  the  same  time 
revolves  uniformly  about  one  of  its  extremities ;  required  the 
equations  to  the  surface  traced  out  by  it^  and  to  (he  tangent  plane 
at  any  point. 
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Tuesday  Morning. — Mr.  Hind. 

tirst  and  Second  Classes. 

1,  Find  the  sura  of  the  projections  of  the  three  sides  of  9 
plane  triangle  upon  three  planes  at  right  angles  to  each  other. 

2,  A  body  is  projected  perpendicularly  upwards  and  the  time 
between  its  leaving  a  given  point  and  returning  to  it  again  is 
given ;  find  the  velocity  of  projection  and  the  whole  time  of 
motion. 

3,  Given  [a)  the  area  corresponding  to  any  rectangular  co- 
ordinates in  the  figure  of  secants ;  to  find  the  content  of  the  solid 
generated  by  its  revolution  round  the  axis. 

4«     Suni  the  series 
sin^fl  +  sin*(a  +  h)  -V  sin*  (a  -+-  at)  +  &c.  to  [n)  terms* 

5.  Through  any  point  in  the  straight  line  joining  the  centre, 
and  intersection  of  the  tangents  to  any  two  points,  of  an  ellipse 
two  straight  lines  are  drawn  respectively  parallel  to  its  diameters, 
passing  through  the  points  of  contact ;  prove  that  the  triangles 
formed  by  these  lines  and  the  tangents  are  equal. 

6.  If  \  be  the  true  latitude  of  a  place,  and  d  the  latitude  on 
Mercator^s  chart  constructed  to  a  rad.  r:  1 ;  prove  that 

2  tan  X  =  (tf    —  e     ). 

7.  A  globe  of  given  weijiht  and  radius  rolls  down  the  sur- 
face of  a  hemispherical  bowl  from  rest ;  find  the  velocity  acquired 
at  any  point  of  its  descent. 

8.  A  chain  suspended  at  its  ei^tremities  from  two'tacks  in  the 
same  horizontal  line  forms  itself  into  a  cycloid;  prove  that  the 

density  at  any  point  X)  sec^  (  "*  ) »  *"^  ^^^^  weight  of  the  cor- 

ponding  arc  a  tan  {-- )»  ^  being  the  arc  of  the  generating 

circle  measured  from  the  vertex. 

9.  A  small  orifice  is  made  in  the  side  of  an  upright  cylitr- 
drical  vessel,  and  the  vessel  revolves  about  its  axis  wiih  a  given 
uniform  velocity  ;  find  the  path  traced  out  by  the  fluid  on  the 
horizontal  plane. 

10.  The  bias  and  velocity  of  projection  of  a  bowl  are  such  as 
to  cause  it  to  describe  a  given  logarithmic  spiral ;  find  the  direc- 
tion  of  projection,  so  that  after  having  described  a  pat1>  of  given 
length,  it  may  irapell  the  jack,  in  a  given  direction. 

11.  Prove  that  the  force  by  which  a  body  may  describe  any 
«f  the  conic  secdons  round  a  centre  of  force  in  the  vertex  varies 
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inversely  as  the  square  of  the  distance,  and  directly  as  the  cube 
of  the  secant  of  the  angle  which  it  rnake^  with  the  axis. 

12.  Find  the  interval  between  the  heliacal  rising  and  setting 
of  a  given  star,  to  a  spectator  in  a  given  latitude. 

13,  The  velocities  of  the  different  parts  of  a  river  vary  a$ 
their  distances  from  the  bank;  required  the  path  described 
by  a  boat  moving  in. a  course  inclined  to  the  stream  at  an  anjjle 
of  4^** :  also  the  velocity  at  any  place,  and  the  tixpe  of  reaching 
a  point  at  a  given  distance  from  the  banl^« 

Tuesday  Afternoon. — Mr.  Hinp. 

ft 

Fifth  and  Sixth  Classes. 

1.  Required  the  discount  of  <£ioo  dqe  three  years  hence,  at 
5  per  cent,  per  annum,  compound  interest. 

8.     Find  the  values  of  jr,  y  and  z,  which  satisfy  the  equations 

xy  zz  a.(x  •{-  y), 

xz  zz  b  .  {x  ^  z), 

yz  =  €  .(y  -h  z). 

3«  If  a  fraction  in  its  lowest  terms  be  converted  into  a  ret 
curring  decimal,  prove  that  the  number  of  figures  which  recur 
i%  always  I^ss  than  the  denominator  of  the  fraction. 

4.  Shew  that  the  parameter  belonging  to  any  diameter  of  a 
parabola  varies  inversely  as  the  square  pf  the  sine  of  the  angl^  at 
^htch  the  corresponsing  ordinates  are  inclined  to  it. 

5^  Divide  the  angle  A  into  two  parts^  so  that  their  versed 
^ines  niay  be  in  the  given  ratio  o{  m  in. 

6.  A  body  projected  in  the  direction  of  the  action  of  a 
constant  force,  describes  P  ^nd  Q  feet  in  the  p^^  and  9'^  se- 
conds; find  the  magnitude  of  ihe  force  and  the  velocity  of 
liToiections. 

{§. 

7.  J iirce  the  qurvc  whose  equation  is  \/y  =  -y=  +  \/x, 

and  determine  the  position  of  its  asymptote* 

8.  A  parabola  with  its  axis  vertical,  has  its  vertex  coinci- 
dent  with  the  surface  of  a  fluid  in  which  it  is  immersed,  divide 
it  by  line^  parallel  to  the  surface  into  four  parts,  so  that  the 
pressures  upon  th^mi  i|nay  be  equal. 

9.  Differentiate  -r-; —  4-  7-- •  loff.  (^ — ^Y 

ana  n^d  the  vame  01  -; "■  ^  '^  •'.'■•■ — ^-^ — .  vrhen xzx  o^ 

f*  •  vc^s  r«  —  «*  .  tan  ex' 


lo*  Civen  one  of  the  angle*  and  the  perimeter  of  a  pkine  tri- 
angle, to  find  the  sides,,  when  the  area  is  the  greatest  possible. 

i  X.  Prove  that  the  semi-axes  major  and  minor  and  the  semi- 
latus.  rectum  o£  an  elliptic  orbit  are  respectively  an  arithmetic, 
geometric,  and  harmonic  mean  between  the  aphelion  and  perihe- 
lion distances. 

»2.     Integrate    sin  d  .  cos  0  ,  vers  0  .  d9. 

13-  Two  bodies  beji» in  to  descend  at  the  same  instant  down: 
two  given  inclined  planes  from  given  points  in  the  same  vertical; 
line;  find  their  distance  from  each  other  at  the  end  of  any  as- 
%ned  time. 

14.  In  any  recurring  equation  a?*  —  ^x*""^  +  qx^*^^  —  &c. 
=  O^  wliose  roots  are  a,  h^CrScc;  prove  that 

«•    ,    ^*       fl«        c*       ^  _ 

i^  "^  r«  "*■    ?    "^    ~a  +&C-  =  {P*-2^-|-V^«).(j»*-29-\/»J. 

15.  A  body  projected  in  a  given  direction  with  a  given  ve- 
locity and  attracted  towards  a  given  centre  of  force,  has  its  velo- 
city at  every  point  :  the  velocity  in  a  circle  at  the  same  dist.  : : 

t  :  \/a;  find  the  orbit  described,  the  position  of  it*  a^se,  the 
raagnitniieof  its  axis»  and  the  feiw  of  force* 

16.  Prove  that  the  iniage  of  a  straight  line  formed  by  rayt 
i^racted  through  a  sphere  is  a  conie  section ;  and  find  the  mag- 
nitodes'  and  positions  of  its  axes  and  the  latus  rectum, 

17.  Find  the  sum  of  the  series  : 


+    — +    +  &c.  in  infinitum. 


1.2.3  »*3-4  3-4-5 

and  of     ^^'      +  !LL(^Zli>^V  ^-<^-^)d'?^^^iE!  +  &c.to 
1.2*3         ^•^•3*4  i.2*3.4.5 

(n)  terms. 

i8.     Find  that  section  of  a  sphere  which  attracts  a  particle 
placed  at  a  given  point  in  the  axis  produced  with  the  greatest 

possible  force.     Force  of  each  particle  a  yp,  • 


Tuesday  Aftern^oon. — Mr.  Kikc. 

Third  and  Fourth  Classes. 

1 .    Insert  6  harmonic  means  between  1  and  20, 
d.     Find  sin  d  from  tbfe  equation 

sin  3O---2  sin  %&  +  sin*  d  4-4  sin'  b  zz  o* 
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3.  If  ^,  B  and  C  be  the  angles,  and  a,  h  and  c  the  sides  of  a 
spherical  triangle,  and  if  ^  4-  ^  =  »»  prove  that 

sin  2 J}  -f  sin  2C  =  o.  ' 

4-  Hdw  far  must  a  give  frustum  of  a  sphere  be  immersed  in 
a  fluid,  with  its  axis  vertical,  that  the  pressure  on  its  two  ends 
may  be  equal  to  n  times  the  pressure  on  its  curve  surface  ? 

5.  An  eye  is  situated  in  a  given  point  of  the  straight  line 
joining  the  centres  of  two  given  spheres,  but  not  between  them; 
find  the  visible  surface  of  each, 

6»  P^  and  F^  be  two  sums  due  respectively  at  the  end  of 
times  t^  and  /^ ,  prove  that  the  equated  time  of  payment  is  ex- 
pressed by 

where  r  is  the  interest  of  .£  1   for  one  year. 

7.  Having  given  the  radius  of  a  circle,  find  the  area  and 
perimeter  of  a  regular  octagon  inscribed  in  it,  and  compare  ihcm 
with  the  area  and  perimeter  of  the  circumscribing  octagon. 

8.  Having  given  the  contemporaneous  ahitudea  of  the  Sun 
and  a  known  Star  on  a  given  day  and  also  the  angular  distance 
between  them ;  find  the  latitude  of  the  place  and  the  hour  of  the 
day. 

9*     An  uniform  rod  is  made  to  vibrate  about  a  point  so  that ' 
the  time  of  its  oscillation  is  a  minimum  ;  find  the  force  exerted 
on  the  point  of  suspension  in  any  given  position. 

lO.     Trace  the  curve  whose  equation  is 

a:*y* —  a*j*  4-  ^'  =:  o,  and  find  its  area. 

1 1  •     Integrate  the  following  differentials  : 

dx  .  \/a*  -f  x^       sin  A 1*  •  dx 

.  A'  cos  X  ,' 

(a«y  f  x^j.dx^-k-  (6'  +  a^x)  .  dy  =  o. 
12«     If  a  body  describe   an  equilateral   hyperbola,  round  a 
centre  of  force,  situated  in  the  centre,  and  if  Q  be  the  angle  de- 
scribed by  the  body  from  an  apse  in  time  /,  prove  that 

sm  29  —      .   .- , 

the  force  at  distance  1  being  represented  by  k. 

Tuesday  Evening.— Mr.  King* 

!•     Find  the  least  whole  numbers  which  satisfy  the  equation 

ii;r  —  i8y  1=.  63. 


b)r  1  •  9  •  2  ..&c.^ «.,  ♦r  +  4«  Ji  heiiiig  9  fvhole  number. 

3.  Determine  4»  Iqcim  qIF  a  jpoint  so  jitivit«d  within  a  plane 
mli^ei  ilhat4te.8uni  of  ^he  isquarel  of  ,the  stsaight  linrs  drawn 
£riibi  4t  lid  'fbe  ai^iilar  .pouM^ft  i^  cpii^taat (  ijF  .^e  piiryo  }w  A  cen* 
in^  dalesmiibeiu  position. 

4*  Determine  when  the  sum  of  the  zeui^  .dist^utfesjof  livio 
laneiwn  «tacs  tin  a)fiiveiilatitude.is.a  qia^ 

gw  «Ooe^QB4  pfa  beam  k  4Co^i)(eiG;tfed  4P  va  JiorisQiUal  jplaxie  hy 
m^hiii^ 'about  wfaiah  tkie  beam  is»su0ccei.to^evQlvje  in  a  vertica) 
•plane ;  >tbe  dtl^f  .^nd  is^ttached  to  a  fweight  by  means  Qf>a  strin^jg 
passing  orer  a  pulley  in  the  same  vertical  jplane;  find  the  posi<^ 
cion  of  equilibrium. 

5*  A  parabola  and  hyperbola  have  the  lame  vertex  and  the 
aittii6 iEikii ;  Anair  a^tadgettttoUie^fiMnMririiich  Khali  ciit  tbeiat- 
ttt- lA  a  giiwen  aii^e-. 

r;^.  A  ^!oife  eoiYtainin^  ^*  gli^e^  ^^ittit^  Df  iBuid  hM  iis  asris 
int^lYitsd  t6  tffe  %oHlfon  nit  a  j^iveii  atigil?;;  tfindotiiMime  cf^emipty^ 
jng  through  a  small  orifice  4)iks  i^eitex^ 

8.  "H^avi^g  gitF^  ri%  St(tti^ht1fnes>  «<  which  each  ia  less^han 
the  stmi  of  my  two  derer^iine  how  many  tetrahedrons  can  be 
fdtmed,  di  ^hith  the^  atrarght  Hoes  «re  the  edgas 

9.  Two  to<h  ^  g^eh  teq^tfi  ate^  efTiedited  fi^^dicjular  to  a 
igwth  iphatit;  find  the  loctis  (yfan  tyt  in  «tet  plane  to  which  the 
•aaik)  df 'their  aqp^eat  iMgisitades  wJU  always  be  the  aatne. 

10.  U  At  ^.and  Cbe  the  angfes  of  a  i^pharical  tdsuigle,  a» 
b  and  c  the  opposite  sides,  and  S  the  distance  of  a  pomt  on  the 
awface  .of  tive  ^ere  equally  distajoi  iaom  the  angular  points; 
|Hiove^|hat 

tan  •  — .  tart*  -  ^^  a  taft  —  .  tan  -  eos  B 
tan" 0  —  .nil  1   ■!  ■> .  ^  A ■>.■■, —  • 


1 1.  A  semicircle*  iht  plane  of  Which  is  "vertical  and  base 
horizontal  lias  an  uniform  cnain  of  given  lenMh  placed  in  a  given 
position  upon  its  circumf^ence ;  find  the  velocity  of  the  chain  at 
the  end  of  a  given  time; 

tiB.  If  at/*  +  bxy  +  ex*  +  dy  +  e»  +/:=  o  be  tfie  iet{(i». 
tion  to  a  curve  of  the  second  otder ;  prove  chat  the  angles  which 
sts4)rincipal  diameters  malce  withtfae  axis'of  a?  mayb^'&textniiied 

from  the  equation  tan  ad  =  •— -•• 

13.  It  is  required  to  graduate  a  hOriaontal  dial,  the' style 
of  which  is  in  the  ^lerj^ian*  and  inclined  totlie  horizon  at  a 

VOL.  V.  •  m 
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g^veoaogle,  fo  that  on  a  given  day  if  shall  shew  tho  aqpparent 
time  in  a  ^ven  latitude. 

14.  Find  the  centre  of  pressure  of  the  sector  of  a  circle^  the 
axis  of  the  sector  being  supposed  to  be  vertical. 

15.  Find  that  point  in  the  surface  of  a  given  paraboloid 
through  which  if  two  planes  be  drawn,  one  perpendicular  and 
the  other  parallel  to  the  axis,  the  sum  of  the  areas  of  the  sections 
shall  be  a  maximum. 

i6.  Apply  flie  differential  equations  of  motion  to  determine 
the  density  ot  the  medium  so  that  a  body  may  describe  a  given 
curve  about  a  given  centre  "of  force :  and  the  law  of  the  density 
when  the  curve  is  a  circle  and  a  force  is  situated  in  circum- 
ference varying  as  -^  • 

17.  Two  given  weights  are  connected  by  a  string  passing 
through  a  hole  in  a  horizontal  plane ;  one  of  them,  is  projected 
in  any  direction  in  the  horizontal  plane,  the  other  descends  ver- 
tically by  the  action  of  giavity ;  find  the  motion  of  the  bodies 
and  the  curve  described  on  the  plane. 

t8.  If  a  body  be  projected  in  a  medium  the  resistance  of 
which  varies  as  the  velocity  and  be  aeted  on  by  gravity,  and  an- 
other be  projected  in  vacuo  at  the  same  angle  and  with  the  same 
velocity,  and  acted  upon  by  the  same  constant  force,  and  if 
t^  and  ^2  be  the  time*  of  describing  two  arcs  in  the  medium  and 
in  vacuo,  so  related  to  each  other  that  the  tangents  at  their  ex* 
tremities  shall  cut  the  axis  at  the  same  angle;  then  {t'^^  —  i}=i^2> 
k  being  the  resistance  to  velocity  i. 

19.  If  a  body  describe  an  elhpse  uniformly  round  two  centres 
of  iorce  situated  in  the  foci ;  prove  that  the  forces  at  any  point 
of  the  ellipse  are  equal,  and  inversely  proportional  to  the  square 
of  the  corresponding  conjugate  diameter. 

20.  Find  the  locus  of  the  vertices  of  all  right-angled  spheri- 
cal triangles  haying  the  same  hypothenuse,  and  from  the  equa- 
tion obtained  prove  that  the  locus  is  a  circle  when  the  radius  of 
the  sphere  is  infinite. 

ai.  Three  points  move  with  equal  velocities  in  three  rect« 
angular  axes;  one  of  them  commences  its  motion  from  the  origin, 
the  other  two  from  two  given  points  equally  distant  from  the 
origin;  find  the  equation  to  the  surface  to  which  the  plane  pass- 
ing through  the  contemporaneous  positions  of  the  points  shall 
always  be  a  tangent.  .         . 

fts.    Integrate  the  following  differentials : 

a^dx  dx 

{X  -i-  a]  («•  -4-  b')  •   x^  4-  a«*  +  3*  * 
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«  — ^x  —  yy  =  3a  .  ^* .  9*.  where  p  =  (jj),  and  f  =  (~  j. 
i>3.    Sum  the  following  teriet: 

^  "     ■  -f  '■  +  — « h  &c.  to  n  terms  and  to  infinity. 

^•3-5       3-5*7       5-7^9 

I*  ft*  2« 

|a^]^, .  coi  d  +  -J— p  •  cot  a8  4-  rirr«  -coisO+fcctoinfimty. 
84.     Integrate  the  following  equation  of  differencei : 

'.+1 


U    .  ,  — tftt_  z=  *•. 


THE  SENATE  HOUSE  PROBLEMS, 

Prepased  ly  ihe  Two  Moderaiorst  to  the  Candidates  for  Honors^ 
during  the  Examination  for  the  Degree  of  E.  A* 


Monday,  January  22, 1827. 

Monday  Morning, — Mr.  Maddy. 
First  and  Second  Classes* 

u  There  were  5  Sundays  in  February,  1824,  in  whal 
year  will  this  happen  again  ? 

2*  If  C  be  the  centre  of  an  ellipse^  and  in  the  normal  to  any 
point  P,  PQ  be  taken  equal  to  the  semi-conjugate  at  P,  Q  will 
trace  out  a  circle  round  C* 

3«  A  cord,  the  ends  of  which  are  joined^  is  suspended  freely 
over  two  pegs  in  the  same  horizontal  line,  so  as  to  form  two 
catenaries,  of  which  the  arcs  are  fts  and  2^,  and  the  tensions  at 
the  lowest  points  a  and  a' ;  prove  that 

s — /  :  a'  —  a  : :  a^  +  a  :  s  +  s\ 

4*  Draw  through  a  given  point  in  the  side  of  a  spherical  tri- 
angle, an  arc  of  a  great  circle>  cutting  off  a  given  part  of  the 
triangle* 

j.    If  tf  be  a  homogeneous  function  of  4r,  y,  2^  &c.  ofndi- 

mensionsi  and  ^,  ^,  r,  &c«  the  values  of  -r-^   ^^f  Sec, 

(n^^t)  duzz  xdp  +  ydq  +  &c. 
^  tit  2 


*  6.  The  ciuvif  surface  <4  a  cpnical  vessel  qf  wat^,  placed 
with  Its  axis  vcftk^  and  base  upptfm6$t^  h  Compcuid  of  aa 
iafinite  number  of  triangular  sectors,  admitting  of  revolution 
pouitd  bf&§e»  St  llie  vertex  of  ihe  cqno*  atud  confined^  1^  a  Hrmg 
passing  round  the  base ;  find  the  tension  of  this  string. 

7.  Find  when  the  inclination  of  the  ecliptic  to  the  horkeon 
iaoreases  fastest* 

8.  ff^an  equation  has  n  equ^  rootf,.  she  e^ua^op  fon||c4.h]r 
multiplying  the  terms  by  the  terms  of  an  aritlunetical  progression 
haA(«-^i;«fth«A. 

9*  A  ray  of  light  which  passes  through  two  media,  bounded 
by  parallel  plafie  surfaces,  IrUt  eiHei^ge  pamtiel  c^  lis  first  diftfc- 
tioh,  if  the  deviation  in  passing  eiu  of  gne  medium  into  another 
under  a  given  angle  of  incidence  be  supposed  proportional  to  the 
difierence  of  the  densities  of  the  media. 

10*    A  body  projected  from  a  given  point  in  a  plane  is  atr 

tracted  by  fei*^s  ^  in  the  dkeeiloBt  of  «»  and  £^   in  the  dir 

X  y 

veotiosi  of  y ;  brove  that  if  lh<^  veiocilky  and  direfitjon  of  pre* 
jection  be  rightly  asfNimed^  it  vUl  deaeribe  a  circle  round  the 
origin  as  a  centre,  and  find  how  the  areas  described  in  equal 
times  vary. 

ii«  There  ar6  two  heaps  of  cajrds»  one  of  which  contains 
three  black  and  four  red  ones,  and  the  other  five  black  and  two 
red  ;  what  is  (he  probabilfty  that  a  person  who  ukes  up  one  card 
will  draw  a  red  one* 

18*  What  proba1)ie  and  adequate  caUse  has  been  assigned 
ist  the  sepondary  planets  always  iilrnii^g  thf  same  fae?  tow^ds 
their  primaries  ? 

13.  If  all  possibiel  ellipsoids  be  described  of  wbkh  the  a^es 
4,  fc,  $  are  subject  to  the  enndttioii  (?:#  :;  4\k  ::  i:ci  givei| 
line  (n) ;  shew  how  the  equation  to  the  Surf^S  ibey  al)  tei^eil 
foay  be  fband$  and  findthe  equations  ^l  the  curve  in  which  it  is 
SAttched  by  any  one  qi  the  ellipsoids*  and  of  the  curve  which  ia 
itae  locus  of  the  intersections  of  all  such  i»urves>  The  ceatre  an4 
tlie  directions  of  the  axes  being  the  same  in  alt  the  eUips0id5« 

MONPAT  AfTRHNOPN.-t-Mk,  MAPPYt 
tijth  and  Si^th  ChsHs^ 

u    Sum  the  seriei  15  +  ^  4-  ^  +  <^c  . .  td  i6  tcrm<, 

3        S^^ 

x^  ^-^  ax  +  -7«  —  &c.  ♦  •  to  » terms, 
and  find  the  value  of  the  tt^wxtix^  decimal  1.33^34  •  •  •  • 


«,    If »  hfdy  fee.  9rqf«<|t^  c^puwd*  utith  »  »YW  vel ^ty, 

3.  Find  the  differebtiaU  of  log  (sin  x)  and  V'(*+*'')^  ^  „p^ 

tlie  integrals  of 

_^=^,   4:^,  aad  ^^*i», 

4.  Solve  the  equations  (o*)*  —  (6*J»  =  «  ? 

5*  A  body  weighs  four  ounces  in  vacuo,  and  it  another 
hoAy  which  weighs  tbiee  ouBoes  in  water  be  i^itached  to  ft^  the 
whole  in  water  weighs  two  ounces  and  a  qiiaitery  find  the  specific 
gravity  of  the  former  body, 

6.  Compare  the  ^fference  ja£  the  forces  is  the  fixed  and 
poveabk  orbttf ,,  with  the  fosfie  in  a  civob  M  the  same  distance 
described  with  the  same  singular  velocity. 

9*  Tbete  are  tw^^  air  pumps^  one  with  a  receiver^  and  bar. 
rer  JB,  the  othrF  wiih  a  receiver  M  and  barrel  A ;  compare  the 
quantities  ofw  ej&bausted  by  them  in  i  turns* 

8.  If  a  star  whose  right  ascension  is  19°-  Ajf  P***  ^^^^'  ^^ 
meridsan  a^  18^  of  sidereal  time  before  the  &un»  what  is  the  Sun's 
fight  ascension  when  on  the  meridian  ? 

9*  >  Given  the  ba^,  the  vertical  angles  and  the  difier«nqe  of 
the  sides  of  a  pUae  triiuigle ;  find,  the  remaining  angles* 

10.  If  y  Z2  ;y^  •^^  ax^  4-  a:  4:  4,  find  the  maxipium  and  mini- 
mum values  of  y,  distinguish  them  fram  each  other,  and  shew 
that  they  are  not  the  greatest  and  least  values  that  y  admits  ot. 

1 1 .  Trace  the  i:urve  whose  equation  is  y  s?l  v   rtn    y^   4?t 

«ndfindikftar$9^4  th^  spI  id  formed  by  }t»  r?vplutiq^  from 
X  =  o  to  ^  ==  a* 

J 2,  Ejfpand  sir  ^  in  powerf  of  x,  st^tf  whether  in  your  re- 
sult jc  is  expressed  in  seconds  pr  \^  partjs  of  tb^  radius,  ?n4  coq^ 

¥uri  ii  into  tbf(  oiH^f  ^  .  1        j 

1  %.    Givw^  the  radius  yp:^  ?t  ^y  ppint  of  ^  parabola,  ^nd 

the  angle  it  makes  with  the  curve ;  find  the  latus  r^Ctqip  ?i)4  W 

14.  Find  the  pressure  which  ^  given  power  exert!  by  mc^W^ 
of  a  common  vice,  the  dimensions  of  which  are  given > 

1  fi.    Extract  the  square  roots  of  7  +  4  V^i  ^^^  «  V'^  •"  *' 
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i6.  Prove  that  an  object  seen  through  the  astronomical  tele- 
scope appears  inverted^  but  may  be  made  erect  by  two  additional 
glasses,  and  find  the  magnifying  power  of  the  telescope  thus 
formed* 

17.  Explain  the  Moon's  phases,  and  why  part  of  the  disk  is 
always  visible. 

18*  To  what  depth  will  a  siven  paraboloid  placed  with  its 
axis  vertical  sink  in  a  fluid  of  three  times  the  specific  gravity 
of  itself  ? 

MgTnday  Afternoon. — Mr.  Coddington. 

Third  and  Fdurth  Classes. 

1  •  According  to  what  law  must  the  centripetal  force  vary, 
that  tht  areas  aato  tempore  in  all  circles  uniformly  described 
about  the  centre  may  be  equal  ? 

a.  What  are  the  lines  traced  by  the  vertex  and  the  focus  of  a 
parabola  rolling  on  another  equal  to  ir,-  the  vertices  coinciding 
in  one  position  ? 

3.  At  what  distance  from  a  luminous  sphere  must  a  point  be 
situated  so  as  to  receive  the  greatest  quantitv  of  light  from  it  ? 

4.  How  is  the  multiplication  of  two  high  numbers  facilitated 
by  a  table  of  squares,  or  by  one  of  cosines  ? 

gp  Prove  that  a  spheroidal  mirror  may  be  made  to  reflect  di« 
verging  rays  accurately  to  one  point :  and  by  the  help  of  tliis 
proposition  find  the  common  formula  for  a  spherical  mirror. 

6*  The  times  of  the  Sun's  rising  and  setting  being  calculated 
for  a  certain  place,  what  correction  is  necessary  to  make  them 
serve  for  another  place  not  far  distant  from  it  ? 

7.  Prove,  that  vrhen  a  mass  entirely  free  is  struck  at  any 
point,  the  motion  of  a  translation  is  the  same  as  if  the  direction 
of  the  impact  passed  through  the  centre  of  gravity,  and  that 
of  rotation  as  if  the  centre  were  fixed  by  an  axis.  By  this  pro- 
position find  the  distance  of  the  centre  of  percussion  from  a 
fixed  axis. 

8.  Compare  the  volume  of  a  sphere  with  that  of  the  least 
cone  that  can  be  described  about  it. 

Q.  The  style  of  a  horizontal  dial  being  bent  down,  its  edge 
coincides  with  the  9  o'clock  honr  line.  For  what  latitude  was 
it  constructed  ? 

10.  Supposing  the  Sun  to  remain  above  the  horizon  a  given 
number  of  days,  nnd  the  latitude. 

1 1 ,  Pifferentiate  the  continued  fraction  —      x*        « 

1  —  •«• 
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!■•    Find,  gcBmetricallyt  the  inclination  of  the  path  of  a 
projeclile  to  the  horizon  at  a  given  time  after  the  beginning'^ 
of  its  motion*  and  prove  by  that  means  that  th<B  trajectory  is  a 
parabola. 

Monday  Evening. — Mr.  Coddington, 

!•  Explain  the  method  of  geometrical  analysis,  and  by  it 
solve  the  problem :  Ijn  a  given  square  to  inscribe  another  square 
having  Its  side  equal  to  a  given  straight  line.  To  what  limitation 
is  this  line  subject  ? 

9.  In  how  many  ways  can  an  equivalent  for  thirteen  dollars, 
at  three  shillings,  be  given  in  English  crowns  and  seven  shiU 
ling  pieces  ? 

5«  Shew  that  in  general  a  parabola  may  be  found  which  shall 
have  a  much  more  intimate  contact  with  a  given  curve  than  any 
circle  whatever. 

.  4.  If  L  be  the  length  in  miles  of  an  arc  of  a  great  circle 
of  the  Earth,  D  the  depression  of  it  below  a  tangent  drawn  at 
the  other,  D  =:  iL^  nearly.. 

5*  The  voussoirs  of  a  bridge  being  very  small,  and  the  equi- 
librium maintained  by  a  vertical  pressure  of  the  masonry  above 
them,  of  what  portion  of  a  circle  must  the  intrados  consist,  that 
the  ascent  of  the  bridge  from  a  level  road  may  be  continuous, 
supposing  the  thickness  of  the  arch  at  its  summit  to  be  the  to  ra- 
dius  of  the  intrados  as  1  to  5  j.  ? 

6.  Prove  that  Brinkley's  forrbula  for  the.  mean  refraction  is 
reducible  to  the  same  form  as  Bradley's. 

ifm  Shew  that  Saturn's  ring  cannot  be  a  homogenous  and  re« 
^    ar  solid  of  revolution. 

'8*  Given  the  position  of  tbe  Moon's  nodes,  and  the  inclina- 
tion of  her  orbit  to  the  ecliptic,  to  find  when  her  latitude  and 
declination  are  equal. 

9.  An  uniform  elastic  string  being  of  such  a  length  that  when 
it  hangs  vertically  if  an  equal  quantity  were  appended  to  the 
lowest  point  it  would  stretch  it  to  twice  that  length,  what  weight 
must  be  appended  at  the  middle  point  that  the  increase  of  length 
may  be  three  quarters  of  the  original  ? 

io«    In  a  chart  on  Mereator's  projection  the  length  of  the' 
meridian  from  the  parallel  of  30^  to  that  of  60^  is  to  tbe  radius 

of  tbe  sphere  as  the  natural  logarithm  of  — 3 — y—  to  1  * 

11.  Show  that  with  any  four  lines,  each  of  which  is  greater 
than  the  sum  of  the  others,  it  is  possible  to  construct  a  trapeeium 
which  may  be  inscribed  in  a  circle. 


1 B.  Howmay  the  tqmre  of  jo^tB  ^^  foimd  approkimaitljr 
by  a  table  of  «qttar^  of  tvhote  tminbers  fttim  i  to  to6o? 

i3«  If  AB  be  rhe  diameter  of  a  circle^  Ctbe  centre^  ^fl4& 
a  tangent  at  A^  ^CF  one-third  of  a  right  angle,  and  FG  triple 
of  the  radius,  £G  being  joined  will  be  very  nearly  equal  to  the 
half  circumference. 

14.  Compare  the  probabilities  of  taking  an  odd  or  an  evea 
aumW  ^  balls  from  a  heap  containing  a  given  iiuiiibar« 

15.  How  must  the  equidisunt  seats  of  a  leetntre  l?oom  be  ccA* 
structed,  so  that  persons  of  equal  height  aittiAg  on  tbrniv  and  dU 
reeling  their  eyes  to  the  same  given  point  majr  be<ei(|aalty  able ^9 
tee  over  each  other's  heads  ? 

t6.  Find  the  disturbing  forces  ^f  Venus  dn  the  £bnh  mhcm 
their  heliocentric  longitudes  differ  by  4^^ 

17.  If  the  refraction  of  light  be  the  effisct  of  am  causes 
which  act  throughout  a  cenatfi  tltstance  fr^n  the  tfur«ice  ot  a 
medium,  and  the  intensity  of  which  depends  solely  on  i^be  dis* 
lafnce  from  that  Iturftce,  the  ratio  of  theMn^-af  iafcidetfccand 
refraction  must  be  constant. 

18.  Supposing  the  latitude  of  a  star  to  be  60°,  lis  longitude 
19^^,  and  that  of  the  Sun  6j%  what  is^he  ^berratien  in  longitude? 
In  what  4ense  is  40^^25  the  max<irmnm  of  abei^'ation  i 

19.  In  a  stereograpbic  projection  of  the  tphereitis  inquired 
to  draw  a  great  circle  through  two  given  potntt. 

20*  Explain  the  manner  of  using  Guhtiet**s  logafiLhaue 
scales. 

fti*     Solve  the  eq«!iation  ^ac*  r:  (p  (-^ic)  +  ^« 

fl2.  Find  two  whole  nutubera  of  wUch  the  {>r€fduot  ^hall  4ie 
divisible  by  the  sum. 

83.     Given  z  =  ;c  +  ^*.     Required  z  in  termsof  a:. 

«4.  Explain  the  division  6f  a  string  which  ipvoducida  tho4se- 
vera!  notes  of  the  diatonic  locale.  What  al^ration  would  be^made 
in  the  general  pitch  by  assuming  256  instead  of  i^o  for  iiie-auaa* 
her  of  Tibraticms  constituting  the  tenor «C  ? 

Tuesday  Morning. — tJiu  'CobDiNcyoK. 
First  and  Second  tHasi^f^* 

i.  EicpWn  the^merhod  6f  finding  the  Wfricififlfg  *pd#er«f  % 
soft  substance  by  p4adng  it  between  glass  lenses. 

a.  Of  all  conical  frurfaces  of  equal  altitude,  "det^fliiinft  ihtit 
which  exerts  the  greatest  attraction  on  a  panicle  at  its  verte^x.    . 

3.  A  circle  being  described  on  the  axis  m^or  of  an  ellipse, 
and  a  tangent  drawn  to  each  curve  at  the  .points  wliere  an  ordi- 


y 


Hate  to  die  axis  meets  them,  fiml  where  the  angle  between  these 
tangents  is  greatest :  and  show  what  is  the  ultimate  point  oFcon* 
tact  in  this  case,  when  the  ecc^Mricitjr  of  the  ellipse  is  diminished 
^fu  limit.  ' 

4«  Prove  the  rule  for  multiplying  decimali  together  without 
any  reference  to  vulgar  fractions. 

5.^  If  two  bodies  5  and  P  attracting  each  other  with  fortes 
drying  inversely  as  the  square  of  the  distance,  revolve  about 
each  other,  S  being  much  greater  than  P,  the  actual  time  of 
One  revolution  will  be  less  than  if  5  were  tmmovcabte  in  the 

P 

ratio  of  1  to  t +  -75. 

6.  On  the  supposition  of  a  homogeneous  atmosphere,,  the 
Refraction  may  be  expressed  by  the  formula 

r  =  -: — jpy  tan  (  z  — ^  rr — ' — ,  /  ■  .'  u  ^  J. 
sin  t^'  V         (fn  —  i)(i+a)     / 

i  htiTig  the  ratio  of  the  height  of  the  homogeneous  atniOsphere 
to  the  radius  of  the  Earth. 

7*  Find  the  equation  to  a  conical  surface  in  general,  and  de<* 
duce  from  it  that  of  a  common  right  cone. 

8*.  In  a  plane  triangle  ^JBC,  when  the  side  &  is  much  less' 
tiiaii  a,  the  angle  B  may  be  found  by  the  formula 

u  _h       sinC  6*      sinaC         b^     '  sin  gC         \ 

a      sin  i^''        aa*     sin  a^'^  "'    ja*     sin  3'^ 

Q.  What  curve  is  that  in  which  the  perpendicular  from  the 
ofigiri  on  the  tamgenC  is  always  equal  to  the  abscissa  ? 

10.  Find  the  value  of  the  fraction  3:Q'9*   7***,^  when  itt 

.   2  .4 •  o«  lO  ••  ••,. 

numehKor  and  denlbmJriator  are  continued  'sine  iimttc 

11.  If  £  be  half  the  sum  of  the  sides  of  a  spherical  triangle^ 
D  its'tfreia, 

tan  —  =1/  -?tan  -7  .  tan  — - — .  tan  ■■        .  tan >  . 

4       r     ^      sf  si  9  a     ) 

• 

la.  Supposing  the  orbit  of  a  comet  to  lie  in  orie  plane,  if  the 
force  attracting  it  towards  the  Sun  vary  as  that  power  of  the 
distance  whose  index  is  2  ^  ^  [i  being  a  small  fraction)  tha 
heliocentrie  an^Ie  between  two  sucqesfiye  perihelia  wil}  b# 
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:  4*    iPmwgmnt^cdify  that  if  44«  B  he  ^  two^c^  rad  x 
t6s  (^  —  JB)  zz  cos  i4  .  cos  J}  +  sin  w|  ^  sia  ISL 

.«^  Tlu^  lei^tb,  of  a  jloor  hcing  lo  foet  6  idcIiqi,  and  tbe  breadth 
jl  feet  3.iacfa«s,  find  ihe  1^e«  Vy  duodecimal  mui^plicatipoft  wd 
i^fine  ^|ie  several  tornri  of  the  j>roduct. 

'3..  The  second  and  third  ifrm^of  a  gedtiietTical  progression 
are  together  equal  to  24.  and  (he  two  neM  to  216  :  what  is  the 
first?  . 

4.  investigate  the  rule  of  Alligation,  !ti  which  the  prices  of 
A%  iilgy(6d^nC6%i^  of^h^wixiufe  areigi  to^findtthe^ropiDF- 
tions  of  the  former. 

j.  Given  a,  b,  c  the  sides  of  a  plane  trianglQ,  find  the  radius 
of  the  insdribed  7:n^l&. 

6.  Draw  a  straiglit  line  touching  a  circle  at  ajjiven  point, 
without  any  pth^f  ih^Crutnents  'besides  a  pat^llel  ruler  and  a 
pencil,  ^ 

'  7<    iBy  What  moflrfic^tion  may  fohtiul^  Yor  -spherical triangles 
be  adapted  to  plane  on^s  ? 

t.  tt'h  tJe  arty  prime  tium1)er  gtrktet  than;3,  #-*-*  1  is  divi- 
sible by  12. 

9*  ^iven  ibe^dtitudes  of  ttro  known  stars  sit^the  same  instant 
of  time :  reqixtrsd  the  latitude  «f  •  the  pWe.  f|c^w  *may  this  pro- 
fajlein  ^4^-«olved  geometrical Ijy  on  a  sphere  ? 

lOi  If  two  elastic  bjils  in  the  ratio  of  1  to  3  meet  directly, 
(he  larger  one  will  remain  at  re^t.   ^ 

;  rid  *    Cdntitiae  in  both  ^irectionc  the  harmonic .progressioa  of 
which  4  and  6'^e.aeljatent  terms. 

Prove  geotaiefcticaily  that  f((y(to*-«-.ar«(y):  is  ^heelemeatof  a 
s^l^rial' sbdi  jatout'thteorij^n-of  ^ 

13.  Compare  the  force  at  a  given  point  of  an  elljjpiCt  de« 
icribeU'about  the  fdci»fr,''with  that  i)i  a  cirde  at  ihi^  same  (tisunce 
described  :with  the  vetpcityiW  the  ellipse  at  iMt  poii^t; 

14«    Two  given  weights  being  attached  to  given  points  in  the 
SitcHmfmnt&tff  k  "^t^U  ^1ihd'lhe'pdilftton>«il  whccbche-grcatcst 
ti^ig}ltM!l*bfeiillJp6ttcfltm»itef^a«^^         .     ;  '.    - 
'  U^^  i^fOtfc  tftfeTOllOW'itig'iFormufe  kit  sl»slbire»» 

i6.  A  pair  of  conjugate  hyperbolas  being  giveuj  %nd  tliesur 
centre. 

17*  If  '  "I  +  — -~A  =  o»  find  an  algebraical  value 
of  y  in  terms  of  ar. 
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TUrd  and  Faur^A  Chuies.  .    ., 

•  •     •  .   '      '      ' 

t.    Convert  if  25'  8'f  mQ  timf  9^  ik<  ra|c  qI  i^*  to  one 

fl»  If  Co.z:. i:o« «  .  cpi & 4  CQ^C. . , .»  C. 7  th^  siii^i qf  ijbe 
products  of  aU  the  cosine^  but  n  XQ^UipUf4  by  ih^  si^t  (»f 
those  « 

cos  (a  +  ft  4-  <?  4^  &c,)  =  C  — 1«  +  C4  -^  &c. 

sift  (a  +  ft  -h  c  -f  &c.^  ar  C^  -r-r  C3  +  Cj  *-t  &c. 

3.  Find  at  what  angle  a  plane  must  be  inclined!  to  th^  si^e 
of  a  cone  in  order  that  the  section  may  be  a  rectangular  hyper- 
bola; and  determine  the  least  vertical  ^ngle  of  the  (:one  for  which 
the  problem  is  possible. 

4.  Shew  that  a  body  projected  on  a^  imrliocd  plane^  hu%  not 
io  ibe  direction  in  which  it  weuld  natu^illy  falli  4cs<;ribes  a  para- 
bola, and  find  its  latus  rectuni,  havijng  given  the  inclination  pf 
the  plane,  and  the  velocity  and  direction  of  projection, 

5* .  .In  the  ordinate  PN of  a  paraboU  vNis  t^ken  proportional 

to  the  curvature  of  the  parabola  at  P ;  find  the  whole  area  of  th^ 

corvie  which  is  the  locus  of  if* 

I 
4*    If  un  6  be  assumed  ss  -*  • 

a 

V^i^r;/^  r=  (4^  +  i^)**  I  cot  1  +  tin  i 

J.  Find  where  the  space  due  externally  to  the  velocity  ia  ^ 
^U^se,  force  in  focus^  is  thrice  the  space  due  intcrniily. 

8f,  Trace  the  curve  whose  equation  «  ^  y  =?  (4P-^a)*l/*; 

9.  What  must  be  the  fom  of  a  surface  of  revojuttion  in  wbi<:b, 
when  filled  with  water,  which  runs  out  by  a  smalt  orJ£ce  aC  the 
lowest  poinii  the  surfiice  descends  from  ks  greatest  altitude  ^ith 
an  iinifi^rmly  accelerated  motion  ?  :   ^ 

so.  A  tm^l  pencil  of  rays  parallel^  to  the  axis  ^.a  biini* 
tphere  of  denser  mediiim,  is  incident  nearly  perpcusdiiCul^ily  1^ 
the  convex  surface;  find  the  geometrical  fiocus  of  teiefgoi|t 
cays* 

11.  If  ordinatcA  sri|  yi«***sri,  be4«avn,  at eqiia)  uMfl^tbt 
begiimiog  Cram  4he  origin^  to  the  cptenory  wlhoaa^quatii^n  i| 

I'  =r|.  («*  4-  f^^J;  prove  that 

tl  a 


•o>    Xftlcgvalie  the  diffMremiali  tad-dtSefeinial  e^uAion^ 
M»    Sttm  th«  scrk»€oi  jr*^€ot4ix  ->-  ocm3«««**&c..  ad  in* 


—  +  &c.  to  n  terms. 
«-8-5       8*5-9       5-9^<7       9*«7*33 
iild  find  tbe  integral  of  a'  •  (i  -t-  xf. 

t^  If  Jt  and  y  be  co-ordinates  of.  amy  point  of  the  sirortest 
liM  drawn  between  two  given  points  on  a  surface  formed  by  the 
.rcvoluticHi  of  a  v}»Oft  curve  round  the  axis  Qf  z^  and  d$  the  dif- 
feiemial  of  ihe  Jine»  prove  tbat  xdn  «-*  ]|dx  s:  cds^  c  betag  scHoe 
conitam;  and  find  the  equations  to  the  line  wheo  the  surfiice  is 
•  pinboioid* 

S3.    If  the  particles  of  a  hollow  elastic  cylinder  be  so  vranged 

■t  oa  ks  being  subjected  to  a  given  internal  pressure  they  may 
•tt  lie  ui  the  same  given  degree  of  dilation,  shew  that  iu  order 
fir  the  strength  of  the  cylinder  to  increase  in  arithmetical  pro* 
gKaaioil  its  thickness  must  increase  in  gieOmetrical. 

a^  Prove  that  there  are  generally  either  two  homogeneous 
§ttia  apfaeroida  of  equiltbTimn  or  none,  for  the  same  time  of  ror 
tatkm,  and  supposing  the  eccentricity  of  the  one  spheroid  very 
imall,  fi^  the  ratio  of  the  axes  in  the  other^* 
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Jahuary  as,  18^7, 


^fcil— M^wii*— ^^1    I   ■  t^^^mi^^^m^^^ 


-    Five  J^durs  nUowed. 
[R  is  txpectedlhat  the  numerical  calculations  mil  it  c^mpUi€dt\ 

t.    Psiovfetbat 

*  J,       .   a    '  '    12    d^       yao   dx^      30240  Ar* 

^  ka  Jtt  bblatc  iq|>!Ker6id  vtose  minor  axis  is  b^  eccentricity  e,  and  deni!^  ft^  the 
—  an  a  particle  at  the  pplc  and  at  the  equator  arc  respectively 


$9kb   ^-T-sin^i   e  ^^  .. 


^kt  oosSiicientt.  ibemg  tbe  .^imt  a$  those  in  :tbe  ^qppnsioii  of 
^5 -:  and  Awm  the  series 

«i       «j       «9 

I.  By  the  observatioQg  ^  Capiuiin  Sabine,  the  l^tigtb  of  th<^ 
seof^d'a  pendulam  at  Sicsira  JLeoiie,  Uitud^  S""  ^  %S^\  is 
9^^997  incbos;  ihat  9^i  Drpncheim^  latitude  ^i""  2^  6^\  n 
t9*^74£6  incfaeft.    Calculate  from  thi»e  data  the  cUipticitjr  qf 

g»  Gwenthe  diiqptersive  now^ers  of  two  ynds  of  gla» ;  find 
the  relation  between  the  focal  lengths  of. two  lenses,  whoee  com- 
bination' will  produce  an  adhromatie  object-glass,  i^  when 
the  lenses  are  in  Contact,  2nd  when  they  are  sepai9&cd  by  a 
given  interval. 

4*  Express  differences  in  terms  of  differential  coefficients, 
and  calculate  to  7  decimals,  the  1st,  2nd,  3rd,  and  4th  dt(« 
fereaces  of  the  common  logarithm  of  1 000. 

5*  Explain  why  the  gnomon  of  a  dial  must  be  parallel  to  the 
Ea^h's  a^is« 

6.  A  vertical  dial  for  latitude  ^2^  12^  43'' N.  faces  a  point 
of  the  horiron  15^  west  of  the  south  point :  nnd  the  angle  made 
ty  the  hour-line  of  .4**  P.  M.  with- the  vertical. 

7*  State  what  is  meant  by  the  great  inequality  of  Jupiter  and 
Saturn:  and  mention  the  peculiarities  in  the  motions  of '  tlxite 
planets  to  which  it  is  owing.  *  - 

..  8*     Prove  that  the  portion  pf  the  sky  seen  within  the  primary 
rainbow,  caieris  paribus,  is  brighter  than,  that  seen  without  it. 

9.  Explain  the  transformation  of  the  independent  variable : 
and  transform  the  equation 

where  jv  is  the  independent  variable,  into  one  where;  2  m  ttie  in* 
de^ndem  variable,  z  being  =  common  log.  jr. 

to.  The  obj^t-glass  oi  ati  astronomical:  telescope  lias  /•  fart 
focal  length :  its  eye-piece  consists  of  two  lenses  of  1  and  ^ 
ittthes  focal  length  respectively,  separated  by  an  interval  of  a 
tiiches:  the  kns  of  3  inches  tocal  length,  which  ts  neaneilM 
the  object-glass,  is  distant  from  it  6  feet  lof  inches ;  lifl4  tbe 
magifying  pdw«n 

II.  Explain  what  is  me^nt  by  the  variation  of  paraawMm^^uod 

apply  it  to  solve  ibe^e^ualion  -jp  —  ^y  =:  a'« 


it»4  «AMllKiDOB  PKOBLKMS,   itt^. 

'  .it.  The  N.  P.  D;  of  Regolui  is  77^  1 1'  40'^;  bU  right  u- 
cension  9^  59'  ii'^4  :  his  corrected  altitude  33®  l7^  £.  of  the 
meridian ;  as  seen  at  Cambridge  Observatory,  whose  latitude'  =: 
fa®  12^  43^^.  Find  the  right  ascension  of  the  point  of  the  equa* 
tor  on  the  meridian  a£  the  initant  of  the  observiition. 

f  Q.  In  the  example  above,  find  the  ^rfor  produced  in  the 
tesuit  by  an  i^or  of  1  i^^  in  the  altittide.. 

14.  Explain  the  precession  of  the  equinoxes,  and  the  nuta- 
tion of  the  Earth^S  axis,  without  analogical  reference  to  the 
disturbances  produced  by  the  Sun  in  the  Moon's  motion  Saftd 
point  out  a  method  of  calculating  theoretically  the  coeffidetits. 

tg.     Prove  the  process  fof  takirig  an  integral  between  limits ; 

and  find  the  value  of  / — r- —   between  the  limits  x  c=  o» 

JT  n    f.         ,^ 

x6»  In  an  air-pump,  similar  in  cehstruction  t6  the  coriimott 
water-pump,  an  interval  is  left  between  the  piston  and  the 
lower  valve  at  the  lowest  position  of  the  piston;  find  the  deii* 
lity  of  the  air  in  the  receiver  after  n  strokes,  and  after  an  infinite 
number. 

17.  In  finding  the  sine  of  half  an  arc,  shew  that,  when  9  is 
small,  a  large  error  may  be  expected  in  applying  the  formula 

A                /  t  _  cos  Q 
sin  ~  =    V    »  ^"^  ^  small  one  in  Usiftg  the  formula 

%m  —  zz  \  y/ 1  i  sin  fi  —  1  v/i  —  sin  d. 
2         ^  ■ 

1.8  Give  the  method  of  determining  the  variation  of  the 
elements  of  the  planetary  orbits  arising  from  the  mutual  attraction 
of  the  planets 

19.  Find  the  alteration  of  gravity  at  the  top  of  a  conical 
mountain  3  miles  high,  sind  24  fniles  in  diameter :  the  Earth 
being  supposed  a  uniform  sphere  whose  diameter  =  8000  miles. 

20.  In  throwing  a  quoit,  it  is  tound  necessary  to  give  it  a 
motion  of  rotation  in  its  plane,  i:-i  order  that  it  ooiay  preserve  its 
parallelism  during  its  motion./  Explain  this  on  mechanical 
principles.  ^  ^  - 

21.  Every  point  of  a  fluid  is  acted  on  by  equal  and  constant 
forces  directed  to  two  centres :  find  the  figure  .which  it  will 
assume. 

22 .  The  evolute.of  a  curve  is  similar  to  the  curve  itse]f :  find 
an  equation  to  the  curve. 

aa.  Give  the  necessary  theorems  for  constructing  Mercator't 
chart  for  an  oblate  spheroid  of  small  ellipticity. 

24.  Investigate  theoretically  the  quantity  of  astronomical  re« 
fraction^  the  density  of  the  atmosphere  being  variable* 
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14.  The  height  of  a  homageneous  atmosphere  is  the  same  for 
whatever  distance  above  the  Earth's  surface  we  find  it* 

15.  Compare  the  resistance  on  the  arc  of  a  plane  curve 
moving  in  a  fluid  in  the  direction  of  its  axis,  with  the  resistance 
on  the  base ;  and  apply  the  formula  to  the  case  of  a  semicircle* 

16.  Given  three  altitudes  of  a  known  star  observed  very  near 
the  meridian,  and  the  difierences  of  the  times  of  observation ; 
determine  the  latitude  of  the  place. 

17.  Describe  the  manner  in  which  Bradley  discovered  Aber- 
ration, and  in  which  he  distinguished  f^utation  from  it. 

i8*  U  z  be  the  true  Zenith  distance,  P  the  horizontal  paral- 
lax, p  the  parallax  in  seconds, 

.    o      sin «  .  •  o    sin  2i2   .     .  ,  „    «n  S*    ,    o 

Biti  t'  sm %'  sm  3 

Evening  F^roblems. 

1  •  If  to  the  square  of  any  number  not  divisible  by  3  the  num* 
ber  a  be  added,  the  result  will  be  divisible  by  3. 

8.     Reduce  a\/ — 1  +  b\/^^  to  the  form  of  «  4- /3  V^—  1 . 

g.  Two  straight  lines  are  inclined  to  each  other  at  a  given 
angle,  find  the  area  of  all  the  circles  which  can  be  described  touch- 
ing each  other  and  the  two  given  lines,  the  position  of  the  centre 
of  the  last  ciircle  being  given. 

4*    Find  the  w^^  differential  coefficient  of  v/cos  x. 

5.  Find  that  point  in  the  surface  of  a  spherical  triangle  from 
which  if  straight  lines  be  drawn  to  the  angular  points  the  pyramid 
thus  formed  shall  be  a  maximum. 

6.  Find  the  equation  to  the  curve  from  any  point  of  which  if 
two  tangents  be  drawn  to  a  given  ellipse,  the  angle  contained 
between  them  shall  be  constant. 

7*  Having  given  the  latitude  of  the  place,  find  the  day  ot  the 
year  on  which  the  shadow  of  a  given  ellipse  placed  perpendicular 
to  the  meridian  with  its  major  axis  vertical  will  be  an  ellipse  of 
half  the  excentricity. 

8*  The  interval  between  the  passages  of  a  known  circumpolar 
star  through  the  plane  of  a  vertical  instrument  with  a  given  azi- 
muth is  observed ;  find  the  latitude  of  the  place  and  the  area  ot 
the  spherical  surface  contained  between  the  vertical  circle  and 
^he  apparent  path  of  the  star. 

9*  A  uniform  rod  is  at  liberty  to  move  freely  in  a  vertical  plane 
about  a  horizontal  axis ;  find  the  nature  of  the  circumference  of  a 
wheel  which  revolving  uniformly  about  a  given  horizontal  axis 
shall  cause  the  rod  to  revolve  uniforpily  also:  the  point  of  con. 

voc.  V.  ]l 
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tact  of  the  wheel  and  the  tod  being  always  at  the  szmt  distance 
from  the  point  of  suspension. 

to*  Peq>endiculars  are  drawn  from  a  given  point  upon  an 
infinite  number  of  planes  all  passing  through  another  giveh 
point;  find  the  locus  of  the  intersections  of  the  perpendiculars 
with  the  planes* 

11.  Apply  the  differential  expression  for  the  volume  of  any 
solid  referred  to  three  rectangular  co-ordinates  to  find  the  volunve 
of  a  portion  of  a  paraboloid  whose  equation  is 

cut  off  by  a  plane  whose  equation  is 

Bjf'^Czzz  o. 

12.  A  heavy  piston  descends  by  its  own  weight  in  a  close  Cy- 
linder filled  with  atmospheric  air ;  find  the  velocity  at  any  point 
of  its  descent  and  shew  how  to  approximate  to  the  whole  length 
of  the  oscillation. 

13.  The  particles  of  a  fluid  mass  are  attracted  to  two  equal 
constant  centres  of  force  and  a  uniform  motion  of  rotation  is 
given  to  the  mass  about  the  line  joining  those  cientres ;  find  the 
eqttfltian  t^  tfaesurtate  which  the  fluid  will  assume* 

t^  A  hexagonal  pyramid  whose  sides  are  isosceles  triangles  is 
fluid  with  its  base  on  the  plane  of  or  and  y  (  find  the  sum  of  the 
pngeccions  -oi  its  sides  on  the  three  corordinate  planes. 

1^.  A  ring  slides  down  a  perfectly  smooth  rod  revolving  uni-* 
formly  in  a  vertieal  plane ;  find  the  motion  of  the  ring.    . 

16.  An  oblique  parallelopiped  oscillates  about  one  of  its  edges 
which  is  in  a  horizontal  position ;  determine  its  motion  and  ibe 
pressure  it  exerts  against  the  axis  of  suspension  in  any  position. 

X*        V*         «• 

17.  If  an  ellispoid,  whose  equation  is -^  +  %^  -f  *^  ra  1, 

be  cut  by  a  plane  passing  through  the  origi«  pferpendictilar  4o  the 
ptatie  ^  jcp,  tprove  tha<  the  normals  iia  the  surface  drawn  from 
every  fmm  of  ti»  ioterseiztion  of  the  ^«ie  witii  the  ellipsoid 
will  nut  the  plane  of  jr  jr  in  a  stivigbt  line,  arid  find  iiie  equation 
to  that  line. 

1%,  Sxplffin  the  ase  of  obaervaition^  loade  by  refiexion  on  the 
Fokr  Star  in  adjtfstii^aifnEisit  instruraetit. 


19*    Pk)V«  thai  1  »  e  » St  &o*  pcq^  %^a^^  ' t"^/   ^^ 


near? 


Jy  when  x  is  large,  and  shew  the.  utility  of  this  formula  in  tlie 
solntion  of  the  following  problem. 

20.  In  a  pstck  pf  ^2  cards,  c<>ntainin^  an  etjual  number  of 
red  and  black  cards,  determine  th?  probability  that  in  drawing  any 
even  number  of  cards,  tliere  shall  be  an  equal  number  of  rea  and 
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black  cards  :  supposing  that  the  probability  of  drawing  any  even 
number  is  the  same.     A  numerical  result  i»  W(}«ired. 
81.    Solve  the  following  equation  of  differences, 

u    .  o  +  ^<»«^  »- 1  +  ^*  '^^  =  -^^  +  ^^  ***  ^* 
89.    A  particle  is  placed  ^ny  where  within  a  triangle,  the  side* 
©f  which  are  composied  of  particles  attracting  with  forces  varying 

as  ~  ;  find  the  direction  in  which  it  will  begin  to  move, 

8g*  If  a  body  oscillate  in  a  cycloidi  in  a  medium  the  resist- 
ance of  which  varies  as  the  velocity,  and  s  be  the  first  arc  of  de- 
scent, prove  that  the  whole  space  described  by  the  body  before 
the  n^otion  ceases 


»*%  «i^' 


i +» 

_,. J_ 


t    m         '     <w 


.where  «i  =  resistance  to  velocity  1 ,  j-  ::r  gravity,  2a  sa  diahicter 
of  the  generating  circle,  and  tt  ^  tfic  setni-cijrcumtcrence  of  t^ 
circle  the  radius  of  which  is  1. 

24.  Shew  ho>v  very  small  secular  me^ualities  in  the  mean 
motion  of  two  planets  niay  be  introduced  when  their  mean  mo- 
tions  arc  nearly  coi^ip^n^'urjjile, 

MORMINO   PrOBI-EMS* 

i,,    If  9  b$  greater  than  St  s^^  that  y^n  >  t/«  +  |. 

ft*  If  any  two  circle?,  the  centres  of  which  are  given,  inter- 
sect each  other^  the  greatest  line  which  can  be  drawn  through 
either  point  of  intersection  and  terminated  by  the  circles  is  inde- 
,pead<em  of  the  diasieters  of  the  circle^. 

3,  If  a  and  t  be  the  semi-a^es  of  an  ellipse,  aod  9  and  ^  the 
ani^les  which  any  two  conjugates  i|iak^  w^th  the  iinajor  a^is^  provft 

that  tan  d,.  tan  f  =i  -»,. 

&c^ 


Sum  «he 
1         « 

series 
«-4* 

2*      3-5 

• 

esfi— 

1 

t  eOtfi6*f  -?••  cos 

3« 
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5*  Given  tBt  radius  of  the  circumscribed  circle  and  the  three 
angles  of  a  triangle ;  find  expressions  tor  the  three  sides, 

6.  Develope  sin  a  •{•  fix  ^  yx^  in  9  series  of  the  form 
ji^  Bx-^Cx^-b  -P*'  +  &c. 

7.  In  an  ellipse  in  which  the  semi-axes  are  CA^  CB,  and  t|ic 
abscissa  and  ordinate  CM  and  MP;  in  MP  take 

Turn  gfl^ 

tfi^ce  the  curve  which  is  the  locus  of  Q ;  find  its  maximum  and 
pinimuni  ordipates,  and  the  angles  made  by  its  (wo  extremities 
with  the  axes. 

8.  Integrate  the  difierentials 

xl^dx  Bin^xdx         ^.         ^     , 

.     ■       =",      A-      ,       ^* .  cos"»za2:, 

v/2ax— a:*         cos* 

and  the  diiferenti^l  equations 

x/xdx-hy/ysdyzzX/xy  .dy,        ^  +  j,  ==  «^  "i- 4 a> 

9.  Give  a  construction  depending  upon  the  cycloid,  for  de? 
termining  an  arc  equal  to  its  cosine. 

1  p.  State  the  most  recent  and  approved  experiments,  whereby 
it  is  ascertained  that  the  decrement  pf  velocity  arising  from  fric* 
lion  is  the  same  for  all  velocities. 

SI.  A  bent  lever*  of  w^ich  the  ^rms  are  a  and  b  and  the  an- 
c\p  df  makei  sniall  oscillations  in  it$  own  plane ;  the  length  of  the 
isochronous  simple  pendulum  is 

3  *  \/a^  •+-**+  «a*^*  ♦  cos  0 

1 2.  Find  the  actual  velocity  of  the  point  P,  (Newt.  Sect,  vij. 
Prop.  30.)  the  force  tending  to  €  being  supposed  to  vary  directJy 
as^he  distance. 

13.  The  force  in  an  orbit  qp   — ^-^ ^  f  where  r  is  the  rat 

dius  vector ;  find  the  angle  between  the  apsides  whpn  the  orbit  i| 
^iieairly  circular. 

14.  Why  dooljects  appear  further  off  and  smaller^  when 
viewed  through  the  wrong  end  of  a  telescope  ?' 

I  j.  A  given  hemispherical  vessel  filled  with  fluid  is  whirled 
round  its  vertical  axis»  so  that  the  surface  oi  the  fluid  whicl)  re- 
mains, touches  tt^e  Iqwcst  point  of  the  hemisphere;  find  the  an- 
gular velocity,  and  the  quantity  of  fluid  remaining.  '  " 
*  i6.  Compare  the  portion  of  the  surface  of  the  Earth  illumi- 
nated by  the  $un  iii  perigee  with  th^t  illuminated  in  aiK>gee } 
taking  into  account  the  magnitude  of  the  Sun* 
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17*  A  given  quantity  of  matter  is  to  be  formed  into  a  cones 
iind  its  form^  that  its  attraction  on  a  particle  at  its  vertex  may  be 

>     amaximum»  the  attraction  of  each  particle  varying  at  -y^-. 

18^  It  the  true  centre  of  the  Moon's  orbit  move  uniformly  in 
a  circle  about  the  mean  centre,  the  result  is  a  change  of  the  Moon^s 

place  of   the  form  m  .  sin  a  •  (  D  —  0 )  —  A^  where  A  is  tlie 
Moon's  anomaly. 

Monday  Afternoon,  1  o'clock  103^ 

First  and  Second  Classes. 

i .  Explain  the  method  of  drawing  a  tangent  plane  at  ady 
proposed  point  of  a  given  curve-surface,  and  find  the  equation  ta 
trhat  plane  in  the  case  of  an  ellipsoid. 

a.  Explain  the  relation  which  exists  between  the  curves 
which  the  complete  integral  of  any  diiFerential  equation  of  the 
first  order  represents,  and  that  which  is  defined  by  a  particular 
solution  of  that  equation  ;  and  shew  how  the  particular  solution 
may  be  deduced  from  the  complete  integral.     Exemplify  in  the 


*« 


case  where  y  =  a: .  tan  a  -*•  —7 5^  is  the  complete  iiHegral, 

An  9 cos  tf 

(a)  being  the  arbitrary  constant. 

3,  Prove  the  following  theorem  in  finite  differences ; 

and  apply  it  to  find  the  sum  of  x  terms  of  the  series 

i.^.^a  —  a  .3.40^  +  3.4  •  5^'  —  *^- 

4.  State  and  explain  D'Alembert's  principle,  and  apply  it  to 
determine  the  pressure  on  the  axis  about  which  a  body  revolves 
when  acted  on  by  a  single  force  in  a  plane  perpendicular  to  the 

axis. 

"5.  Give  Newton^s  construction  for  determining  the  path  of 
a  projectile  acted  upon  by  gravity  in  a  medium  whose  resistance 
a  velocity,  and  apply  the  differential  equations  of  motion  to 
determine  the  actual  equation. 

6.  Shew  from  Newton's  construction  for  determining  the 
horary  increment  oi  the  area  described  by  the  Moon  in  a  circu- 
lar  orbit  round  the  earth  at  rest,  that  the  velocity  generated  by 
the  tangential  ablatitious  force  between  quadrature  and  syzygy  is 
to  thai  which  would  be  generated  in  the  same  time  by  the  mein 

'  jiddititious  : :  3  :  tt.  «  _   ^ 

7.  Investigate  the  general  equatiofn  of  cqurlibnum  oi  any 


fluid :  and  shew  from  the  equaiion  that  ihe  resuluni  of  the  forces 
«t  any  point  in  the  surface  of  a  fluid  incompr^sttble  and  perfectly 
free,  is  a  normal  to  the  surface. 

8*  If  the  whole  force  at  the  pole  of  an  oblate  Spheroid  ht  to 
that  at  the  equator  as  the  equatorial  radius  to  the  pplar,  and  to 
any  point  within  the  spheroid  canals  of  any  form  be  drawn,  the 
Jrressure  on  that  point  will  be  the  same  whatever  be  the  form  or 
direction  of  the  canal. 

9*  Apply  Lagrange's  Theorem  to  the  determination  of  the 
three  first  terms  of  the  series  expressing  the  true  anomaly  in  terms 
of  the  mean,  the  series  ascending  by  powers  of  (e)  and  the  anomaly 
being  measured  from  the  perihelion. 

Monday  AftERNOOM,  i  o'clock  to  3. 

Third  and  Tonrth  Classes. 

1;  Shew  that  the  limiting  equation  has  at  }east  as  many  pos«. 
•ibie  roots  as  the  original  equation,  wanting  one ;  and  determine 
the  natiite  of  the  roots  of  the  equatioti 

:i'  —  a^  Jt"  4-  c^  :r:  o.     , 

a.  State  Napier's  rules  for  the  solution  of  right-angled  spheri- 
cal triangles,  and  prove  the  two  cases  in  which  the  comptemetit 
^of  the  hypothenuse  is  the  middle  partf 

3«  Shew  generally  how  to  find  the  evolute  of  any  curve  whose 
equation  isgiven^  and  find  thatof  the  common  parabobu 

4.     Solve  the  diffiorential  equation 

(a  4"  ^^  4-  cy)  dor  =s  («'  ^  Vm  +  c»  4f. 

j.  When  any  isu^iber  of  bodies  mav^  uniformly  in  straight 
lines  in  dxffoieat  planes,  their  centre  of  gravity  also  moves  unir 
ionnly  and  in  a  straight  line* 

6*  Having  given  the  moment  of  inertia  round  any  axis  pas9- 
illg  through  the  centre  of  gravity  of  a  body^  to  determine  that 
round  any  axis  parallel  to  the  former. 

*f^  To  determine  the  horary  motion  of  the  Moon's  nodes  in  a 
circular  cNrbitft    (Newtoji,  Book  III,  Prop«  go*) 

9«  }f  the  object  placed  before  a  spherical  reflector  be  a 
straight  line,  the  image  will  be  a  conic  section*  Prove  this,  and 
aliew  'how  ihe  difierem  parts  of  the  image  are  formed^  when  the 
object  is  placed  between  the  principal  focus  and  the  surface  of 
•the  reflector* 

^    A  4^be  is  prqiected  vertically  upwards  with  a  given  ve- 
.  loctty  fig  in  a  aiedium  where  the  re&isunce  is  ^  il  x  (vel)S  ^' 
is  acted  on  by  gravity ;  determine  the  relation  between  the  time» 
.  qpace^  and  vtiodty. 


lo.  Given  three  distances  of  a  planet  from  the  Sun,  and  the 
corresponding  arguments  of  latitude,  to  find  the  place  ot  the  peri* 
helion,  and  the  true  anomaly  at  the  first  observation. 

TvK^DAY  MoJ^NZNGt  9 o'clock toiu 

First  Class. 

» 

t  •  Given  a  sol  ution  of  a  differentia}  equation  of  the  first  ori^er^^ 
find  whether  it  U  included  in  the  complete  integral. 

2.  Given  the  solution  of  the  equation  j-j-   +  «  s:  o,  solve 

5-5-  +  <^  +  a  •  cos  o  =  o 

by  the  method  of  the  variation  of  parameters, 

3.  Determine  A^  «^  in  a  series  involving 

4.  When  any  number  of  forces  act  on  a  body,  sbe^  that  tl*e 
plane  on  which  the  sum  of  the  projections  of  the  moments  h  9 
maximum,  is  perpendicular  to  the  planes  with  respect  to  which 
this  sum  is  o» 

5«  find  the  attraction  of  a  spheroid  of  finite  eccentricity  %^ 
a  particle  in  its  equator. 

6.  £xplain  iully  the  principles  on  which  Newton  calculates 
the  correction  in  the  motion  ot  the  nodes  due  to  the  unequable 
description  of  areas,  and  shew  that  the  mean  decrement  when  the 
nodes  are  in  quadratures  is  equal  to  i  decrement  in  syxygy. 

7*  A  body  may  revolve  in  the  equiangular  spiral  in  a  medium 
of  which  the  density  is  inversely  as  the  distance  from  the  centre 
by  a  force  varying  inversely  as  the  square  of  the  distance  from 
the  Centre,  (Newton,  Book  11.  Prop.  15.)  Prove  this  geometri- 
cally and  analytically. 

B.  If  a  uniform  force  act  upon  a  body  tending  to  give  it  a 
motion  of  rotation  about  an  axis  always  perpendicular  to  the  axis 
about  which  it  is  at  each  instant  revolving,  and  always  in  the  same 
plane,  the  angular  velocity  rs  unaltered.  Shew  hence  that  the 
angular  velocity  of  the  £arth  is  not  affected  by  the  action  of  the 
Sun  and  Moon. 

9.  Construct  for  the  place  of  high  water  in  a  given  position 
of  the  Sun  and  Moon,  and  fkid  an  expression  for  the  actual  height 
of  the  compound  tide. 

10.  Mention  the  facts  from  which  it  appears  that  the  pheno- 
]aenax>f  the  extraordinary  ray  in  adoubierefracung  crystal  can 
be  accounted  for  on  (the  supposition  ot  a  repulsive  force  emanatioj^ 
from  the  axis. 
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Tuesday  Morning,  9 o'clock  to  1 1 • 

Second  and  Third  Classes* 

t.    Approximate  to  the  greatest  root  of  the  equation 

*'  — 7JC  =  1. 

ft.  Having  given  the  equation  to  an  ellipse  referred  to  its  prin- 
cipal axes,  transform  it  into  one  in  which  the  axes  are  inclined  at 
an  angle  d,  and  in  which  the  axis  of  y'  makes  with  that  of  y,  a 
given  angle  ^*  Find  also  the  relation  between  (p  and  9  when  the 
transformed  equation  is  of  the  same  form  with  the  original  equa- 
tion, and  shew  that  in  this  case  each  of  the  new  axes  is  parallel 
to  the  tangent  drawn  at  the  extremity  of  the  other. 

f.     Shew  that  in  a  curve  surface  the  sections  of  the  greatest 
least  curvature  are  at  right  angles  to  each  other. 

4.  Shew  that  every  recurring  series  may  be  resolved  into  a 
certain  nuniber  of  geometric  series,  and  exemplify  the  method 
by  resolving  the  following  series,  and  finding  the  sum  of  any 
number  of  its  terms 

1  +  4  +  184-80  +  356+ 

5.  If  gravity  act  upon  a  system  of  bodies  m\  m^'^ ....  and 
A',  K\  • , .  •  be  the  vertical  spaces  described,  and  v\  v'\ ....  be 
the  actual  velocities  of  the  bodies,  prove  that 

m'v'^  +  m"r>''^  +  . . . .  =  ^g\m'W -^w!' V'  +  ....). 

6.  Required  the  geometrical  focus  of  a  thin  pencil  of  rays  af- 
ter being  refracted  at  a  curved  surface. 

7*  Find  the  place  of  a  body  in  a  parabolic  orbit  at  any  as- 
signed time.     (Newton,  Book  I.  Prop.  30.) 

8.  Find  the  horary  variation  of  the  inclination  of  the  lunar  or- 
bit to  the  plane  of  the  ecliptic.    TNewton,  Book  III.  Prop.  34.) 

9.  Shew  how  to  determine  the  altitude  of  mountains  by  the 
barometer,  and  explain  the  corrections  to  be  applied  in  conse- 
quence ol  a  change  in  temperature. 

so.  The  centre  of  gravity  of  the  Elarth  and  Moon  describes 
an  orbit  round  the  Sun  much  more  nearly  elliptical  than  that 
described  by  the  Earth  or  Moon. 

Tuesday  Morning,  9  o'clock  to  11. 

Fourth  Class. 

!•     Prove  the  rule  for  transforming  a  number  from  one  scale 

of  notation  to  another.     Transform  1828  to  local  value  3. 

1 
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THE  SENAtE  H6tJS£  tXAMl^fAT^6N. 


Moi>fiaATOKS^ 

Mr.  Whewell,  Trinity.        Mr.  King,  Queen's* 

Examiners, 
Mr.  Mii^RTiN^,  Triiift}».        Mv.  Mb^vixl,  Si.  Peter*& 


Friday  Morning. — January  ii^  i^aS* 

f  tVj/^  Second^  Thirds  and  Fourth  Classes, 

1.  In  a  gi\reif  circle  to  iri$cribe  an  eqiirhteral  atideqniangiia 
pentagon. 

2.  tr  £our  quantities  of  the  same  kind  H^  proportional,  she 
greatest  and  least  together  are  greater  tHafn  tfte  othert'v^O'. 

g.  Wbatis^the.amountof  37cwt.  2qrs.  i4lbff.,  at^£*r  I'd*-  9^- 
per  cwt.  ? 

4  •    Find  V  sv/^  +  «v^6^  ^'^  ^^^  f'^'"^  ^^  ^  Binomial'  strrdi 

5.  Find  an  expression  for  the  sum  of  a  decreasing  geometric 
series,  and  explain  clearly  the  possibility  of  an  infinite  number 
of  terms  having  a  fi'nite  sum'. 

6.  Find  the  valae  of  an  annuity^of  £100  to  commence  10 
years  hence  and  to  continue  for  ever,  allowing  compound  interest* 

j)^  Betermiae  the^nnmbeh  of  permutations  of  n  things  taken 
sdtogftfaer,.  supposing:  the  same  quantities  t6  recur. 

8.    Prove  the  binomial  theorem  when  the  index  is  fractional. 


Apply  it  to  expand  (a^ -«*)'  to  flvfe  terms. 

^.  Gtveti  the  sines  and-  cosines  of  two  arcs,  find  the  sine  of 
their  sum  and  difference. 

lb.  In  the  equadonr  a*'-P  9x^''^  j»*  —  «  —  10  =  Oftafcc  away 
the  second  term,  and  then  find  the  reducing  cuhic. 

Irk.  Find  the  sum^  of  thfe  sixth' powers  of  the  lool^  of  the 
cqu^ioit  *'  — ar- —  1  =  a. 

12.  Shew  that  Cardan's  solution  applies^  only  to  those  oase» 
\i\  which  the  equation  has^  two  impossiole  roots,  unless^two^of 
the  roots  be  eqiial;  • 

tk.    Titfisform  the  continued  fraction  «« int 

^  1 

c  +  &c. 
a  series  of  converging  fractions,  and  prove  that  each  of  the  lat- 

VOL   V.  0 
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ter  approaches  the  value  of  the  original  fraction  more  nearly  than 
the  preceding. 

14.  If  two  chords  of  a  parabola  move  parallel  to  themselves 
intersecting  each  other,  the  rectangles  of  their  segments  are  in  a 
constant  ratio. 

15.  In  the  ellipse  all  the  circumscribing  parallelograms  are 
equal. 

16.  Define  the  radius  of  curvature  and  {?rove  that  in  an  el- 

lipse  it  =:  -py . 

17.  Find  the  algebraic  equation  to  the  cissoid  of  Diodes, 
trace  the  curve,  and  deduce  the  polar  equation,  the  cusp  being 
the  pole. 

t8.  Ill  a  spherical  triangle  the  sines  of  the  angles  areas  the 
sines  of  the  opposite  sides. 

•  1-9.  Prove  without  the  use  of  the  integral  calculus  that  the 
solid  content  of  a  cone  is  one-third  that  o£  a  cylinder  of  the  same 
base  and  altitude. 

20.  What  is  the  logarithm  of  any  number  ?  Why  is  the 
common  system  selected  ?  What  is  the  base  ?  Explain  and  prove 
the  rule  Tor  proportional  parts. 

Friday  Afternoon,  Half-past  12  to  3; 
First  J  Second,  Third,  and  Fourik  Classes. 

1.  If  a  point  be  kept  at  rest, by  three  forces  acting  upon  it  at 
the  same  time,  any  three  lines  which  are  in  the  direction  of  those 
forces  and  form  a  triangle  will  represent  them. 

2.  A  body  is  placed  on  a  horizontal  plane;  find  when  it  will 
be  supported. 

3.  By  what  experiments  is  the  third  law  of  motion  established  ? 

4.  Two  bodies  of  given  magnitude  and  elasticity,  impinge 
directly  upon  each  other  with  given  velocities ;  find  the  velocity 
of  each  after  impact. 

5.'  A  body  is  projected  from  a  given  point  in  a  given  direc- 
tion with  a  given  velocity,  and  acted  upon  by  gravity  >  find 
where  it  will  strike  a  given  plane. 

•6.  How  is  it  shewn  that  fluids  press  equally  in  all  directions  ? 
Apply  this  principle  to  the  explanation  of  the  Hydrostatical  Para- 
dox and  Bramah's  Press. 

7.  Find  the  density  of  the  air  in  a  common  condenser  after 
(/)  descents  of  the  piston. 

8.  When  different  planes  move  in  directions  perpendicular 
to  their  surfaces  in  different  fluids  and  with  different  velocities^ 
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the  resistances  will  be  as  the  squares  of  their  velocities  x  densities 
of  the  fluid  X  areas  of  the  planes. 

9.  If  parallel  rays  be  incident  nearly  perpendicularly  upon  a 
spherical  refracting  surface,  the  distance  of  the  geometrical  focus 
of  refracted  rays  from  the  surface,  is  to  its  distance  from  the  cen- 
tre, as  the  sine  of  incidence  to  the  sine  of  refraction. 

10.  Prove  that  the  image  of  a  straight  line  formed  by  a  plane 
refracting  surface  is  a  straight  line,  and  having  given  the  incli- 
nation of  the  line  to  the  refracting  surface,  find  the  inclination 
of  the  image. 

11.  Construct  the  Solar  microscope. 

12.  Construct  Gregory's  tekscope,  find  its  magnifying  power, 
and  its  greatest  field  of  view. 

13.  Define  coatin.upus  curvature,  and  shew  that  the  arc, 
chord,  and  tangent  of  any  curve  of  continuous  curvature  are  ulti- 
mately equal. 

1 4.  Enunciate  and  prove  Newton^s  eleventh  Lemma, 

15.  If  equal  areas  be  described  by  a  body  in  equaj  times 
about  a  given  point  in  a  given  plane,  the  body  is  urged  by  a  force 
tending  to  that  point.     (Newt.  Book  I.  Prop.  2.) 

16.  If  a  body  be  projected  from  a  given  point  in  a  given  di- 
rection with  a  given  velocity  about  a  centre  of  force  varying  as 
the  distance,  shew  that  it  will  describe  an  ellipse  having  its  centre 
in  the  centre  of  force,  and  find  the  magnitude  and  position  of  the 
axes.     (Newt.  Book  I.  Prop.  10.  Cor.  1.) 

17.  Find  the  law  of  the  force  tending  to  the  focus  of  an  hy- 
perbola.    (Newt.  Book  I.  Prop.  12.) 

18.  State  the  principal  arguments  for  the  diurnal  rotation  of 
the  Earth  round  an  axis,  and  itsannual  motion  round  the  Sun. 

19.  Explain  the  theory  of  the  aberration  of  light,  and  define 
clearly  the  plane  in  which  it  takes  place. 

20.  Having  giving  the  right  ascension  and  declination  of  a 
star ;  find  its  latitude  and  longitude,  and  adapt  the  iormulae  to 
logarithmic  computation. 


Evening  Problems. 

1.  The  sums  of  the  coefficients  of  the  even  and  odd  terms  of 
any  power  of  a  -+-  ^  are  equal. 

2.  If  the  side  of  a  pentagon  inscribed  in  a  circle  be.  i,  the 

radius  is  — *^       ^ ^  . 

\/io 

Prove  this,  and  hence  find  the  sine  of  36*^  to  5  places  of  de- 
cimals. 

0  2 
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'  3.  A  box  is  fuU  of  tmail  tplierical  ibot :  wbct  pomion  df  the 
space  is  empty  ? 

4*  A  ladder  of  uniform  Sickness  rests  wkii  ks  lower  end  on 
a  horizontai  plane,  and  its  upper  end  on  a  tlofe  inciined  60^  to 
the  tiorizon.  The  ladder  makes  an  angle  of  ^o^  witii  tfke  iiori« 
zon ;  find  the  force  wbicti  must  act  hortzootally  at  tiie  foot  to 
prevent  sliding. 

5*  Find  the  velocity  and  direction  4)f  projecti<Mi  of  ^  bail,  that 
«t  may  be  100  feet  above  ground  at  1  mile  distance  and  may  strike 
the  ground  at  3  miles. 

6.  If  a  right  cone  of  which  the  semi-anglt  is  y  be  cut  by  a 
plane  making  ^n  angle  )  with  its  axis,  the  eliipse  thus  obtainedl  will 

have  minor-axis  ;  major-axis  : :  \/sin  {S  +  y)  sin  {8— y) :  cos  y. 

7.  If  a  line  be  drawn  through  the  focus  of  an  ellipse  making 
an  angle  6  with  the  major-axis,  and  tangents  foe  drawn  at  the 
extremities  of  this  line :  these  tangents  will  make  an  angle  f , 

,     .  ,        2^  sin  9 

such  that  tan  f  =  — = — r  • 

8.  What  mvist  h^  the  relation  of  the  dijitapces  Ifom  the  Sun, 
of  a  superior  and  ^n  inferior  pUMiet»  that  their  iiynodical  r^plu* 
iiops  o^ay  be  equal  B 

9.  A  telpscope  consists  of  3  cop  vex  len^a  vbose  foc^  lengtbi 
are  gofls,  3^,  ^»  ^^e  ty^o  latter  being  at  ?  dif^iMSce  91^  Fjnd  its 
magnifying  power,  and  ti^e  dists^pce  of  the  ^ wo  first  l^oaesi.  Tsace 
the  cpiir«e  of  the  r^ys. 

lo*    Find  the  n  quantities  x^x^x^...  .x^^irom  the  n  eq^diions. 


and  obuin  symmetrical  expressions  for  x^  a?^,  &c. 

11.  Shew  that 

1  t 

ia  4-  J?)*"  —  i^  "^  *  '^'*"^*  ^^  ^^®  expansion  of  {a  +  «)-», 

'^•  j^  t.  gui  X  m  terms  of  the  expansion  of  (.^  -t-  j^— ^^^J-TTi. 

12.  Draw  the  curve  whose  equation  is  y  =:  sin  ;t  -f*  s  sin  9«. 
Find  all  its  points  of  maximum,  flexure,  and  intersection ;  and 
shew  after  what  values  ^  x  its  form  will  recMr. 


ij)«    lutegate 
and  sutn  the  series 


a    ^  a. 8  ft. 3-4 

14.  In  a  given  spb^e  rests  a  given  plane  triangle  ^  nmf^na 
thickness  ;  fiod  ^  angle  which  it  makes  with  the  horiton* 

%fi*  find  the  form  of  a  uniform  chain  suspended  from  amy 
two  points  on  die  surface  of  an  upright  con$,  and  restiog  on  tfae 
curve  surface.  Find  the  tension  when  it  becomes  a  horizonul 
circle. 

i6*  On  a  given  triangle  a  pyramid  is  to  be  constituted  of  a 
given  content^  Determine  it  so  that  its  surface  may  be  the  least 
possible. 

17.  jtf  diiovs  6  dice,  X  throws  lu,  C  throws  iSt  Compare 
the  chances  of  A  throwing  one  six^  J  two  sixeiii  imd  C  three 
.flixtts. 

i6«  Three  stars  A.  B^Ctn  very  nearly  in  a  great  dfcit^  the 
an^rle  made  by  A  and  C2X  B  being  180  —  3»  where  /3  is  small, 
fihew  tlm  if  I  be  the  time  which  elapses  between  AB  and  BC 
being  vertical, 

—        sin  z  fi 

*"  COS. a  cos/  *  15* 

where  z  is  the  zenith  distance  and  a  the  azimuth  of  Bt  and  /the 
latitude  of  the  place. 

1 9*  A  style  projects  from  the  vertex  of  an  upright  cone ;  trace 
the  hour  lines  on  the  suf^ce  of  the  cone;  and  find  the  time  in 
each  day  during  which  the  dial  will  serve. 

20.  In  a  steam  engine  working  expansivefy^  the  influx  of 

steam  is  stopped  when  it  has  filled  *->  of  the  cylinder,  and  the  pis* 

ton  is  afterwards  driven  by  the  expansion  of  the  steam.  Com« 
pare  the.  eifc^ct  ^f  a  givin  (Quantity  of  steam  so  employed  with  its 
effect  when  it  is  not  stopped ;  the  effect  being  measured  by  the 
force  X  space  moved  through. 

21.  A  straight  rod  moves  on  a  smooth  horizontal  plane,  iBub« 
ject  to  the  condition  of  always  passing  through  a  given  point : 
determine  its  motion.  Prove  that  the  varying  centre  of  gyration 
of  the  rod  with  respect  to  the  fixed  point  will  describe  areas  uni- 
formly about  that  point. 

^2.    If  a  body  rail  to  the  Earth  to  the  time  i'',  the  deviation 
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io  the  east  of  the  point  from  which  it  fell  will  be  igoit^  eos  /^ 
where  I  is  the  kticude,  and  a  the  angle  described  by  the  Earth 
in  i'\ 

03*  IF  the  naass  of  the  Earth  increase  slowly  and  uniformly, 
find  the  resulting  equation  of  the  Moon's  place  i(t  any  given  time, 
the  orbit  being  nearly  circular. 

84,  Explain  briefly  the  optical  experiments  and  theories  to 
which  the  tallowing  terms  refer :  Fits  cf  easy  transmission  and 
reflexion:  Polarization;  Plane  of  Polarization ;  Depolarization;: 
Depolarizing  Axis ;  Fringes;  interferences. 

25.  Mention  the  steps  of  the  proof  by  which  Newton  shewed 
that  every  particle  of '  matter  gravitates  to  every  other  particle 
with  a  force  which  is  inversely  as  the  sq^uare  of  the  distance* 

Saturday  Morning,  9  o'clock  to  1 1 • 

Firstf  Second,  Third,  and  Fourth  Classes, 

!•  Similar  triangles  are  to  one  another  in  the  duplicate  ratip 
of  their  homologous  sides. 

2.  If  a  straight  line  be  at  right  angles  to  a  plane,  every  plane 
passing  through  that  straight  line  ia  at  right  angles  to  the  same 
plane. 

3^    If  a,  &,  c,  be  the  sides  of  a  plane  triangle,  and  A  the 

a  *4^  u  "f"  c 
angle  opposite  to  (a),  and  5  zz  ,  prove  the  four  fol- 

lowing  formulae : 

sin  ^  =  ^^  \/S.(S  —  a)  {S  —  i)  {S  —  c), 

sin^  =  ,/iS-^).{S-cT 

'<"-  =  -/^^ 


1-  =  v/ 


«  ^         S.{S  —  a) 

State  under  what  circumstances  each  of  these  formulae  may  be 
used  with  the  greatest  advantage. 

4,  Sum  the  following  series : 

cos  a  +    cosaa-f      cos  ca  -f  •. .'.?       ,  . 
3  I     .  .     « .       1     .  r  to  (n)  terms, 

and  tan  a  +  2  tan  9.a  +  2^  tan  2*a  +  ••..>       ^ 

5.  If  ji,  JB,  C,  be  the  angles  Of  any  spherical  triangle,  and  [a) 
the  side  opposite  to  At  prove  that 

cos  A  +  cos  B .  cos  C 

cos  a  :Z  ■*     .      >> r—;; — —  • 

sm  jEi  •  sin  C 
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6.  The  sum  of  the  squares  of  any  two  conjugate  diameters  In 
an  ellipse  is  constant. 

7.  Investigate  the  rule  for  determining  the  greatest  common 
measure  of  any  two  quanititi^s^  and  apply  it  to  find  the  greatest 
common  measure  of 

x^ —  iiJc*H-39^  —  45,         and  3^' — 22^  +  39. 

8.  The  coefficient  of  the  second  term  of  an  equation  with  its 
proper  sign,  is  the  sum  of  the  roots  with  their  signs  changed ; 
the  coefficient  of  the  third  term  is  the  sum  of  the  products  of 
every  two  roots  with  their  signs  changed  ;  the  coefficient  of  the 
fourth  term  is  the  sum  of  the  products  of  every  three  roots  with 
their  signs  changed,  &c.  &c. 

9.  Solve  the  equation  x^  —  6x  =z  4,  by  Trigonometry,  and 
obtain  a  numerical  result* 

10.  In  how  many  years  will  a  sum  of  money  treble  itself  at 
4I  per  cent,  compound  interest  ? 

'og3  =  •477i2*3» 
log  1*045  =  'oigiies. 

1 1.  Find  the  least  whole  positive  numbers  which  will  satisfy 
the  equation  jx —  gy  zz  29. 

12.  Assuming  the  expansion  of  a*,  deduce  a  converging  se- 
ries for  the  logarithm  of  any  number;  and  apply  it  to  compute  the 
Naperian  logarithm  of  5  to  7  places  of  decimals,  that  of  2  being 
•6931471;  and  shew  how  these  two  logarithms  determine  the 
modulus  of  Brigg's  system. 

13.  Define  the  diflFerential  coefficient  of.  any  function,  and 

from  that  definition  ffnd  the  differential  coefficient  of   — -^ 

and  of  tan  x, 

14.  Investigate  Maclaurin's  theorem,  independently  of  Tay- 
lor's theorem,  and  apply  it  to  find  the  series  tor  a  circular  arc 
in  terms  of  its  sine. 

15.  If  (y)  be  a  function  of  (x),  determine  the  conditions  re- 
quisite for  (jy)  to  be  a  maximum  or  minimum ;  and  exemplify 
the  theory  when  y  zz  \x  —  a)",  both  when  («)  is  even,  and  when 
it  is  odd. 

i6.  Shew  how  to  determine  when  a  curve  is  concave,  and 
when  convex  to  the  axis.     Trace  the  curve  whose  equation  is 

a^y  —  x^  —  bx^  —  i'X«, 
and  determine  the  number  and  nature  of  its  singular  points. 

17.  Find  the  differential  of  the  arc  of  any  curve,  and  apply  it 
to  determine  the  length  of  the  common  parabola. 

18.  Explain  the  method  of  resolving  any  rational  fraction 
into  its  simple  or  quadratic  factors,  and  shew  the  use  of  such  re^ 
solution  in  the  integration  of 

ix 

{x^—x^)  (*»  + x+  1)' 


\ 


t.  The  equi?ibrium  of  the  screw  will'  take  plate  when  the 
power  is  to  the  weight  as  the  distance  of  two  contiguous  threadli 
to  the  whole  circle  4escribed  by  the  point  where  the  force  it 
applied*. 

3.  Find  the  time  of  a  body's  descent  dbwn  any  arc  of  a  cy- 
cToidV.and  shew  that  the  times  of  the  whole  oscillations  are  as  the 
square  roots  of  the  lengths  of  the  strings, 

3.  ff  any  number  of  t'orces  act  in  the  same  f|lane  upon  a  rigid 
body,  determine  their  resultant,,  and  the  equation  of  the  straight 
line  in  which  the  resuhantacts. 

4«     Prove  the  formula  for  the  place  of  the  centre  of  gravity 

of  any  body,  viz.  h  =  ^ -,  and> apply;  k  tD)fiad  the  centre 

pf  gravity  of  a  common  paj-^i^bola.- 

j^,    If  ai  rigid  boiy.  oscillate  about  a  horizontal  axis, .  find  the  . 

length  of  a  simple  pendulum  which  shall  oscillate  ia  the  same 
time*. 

6.  A' body  falls,  towar^ds  a  qexare  of  force  which  varies  as-         | 
tome  pow^r.of.  the  di&uoce,  determine  the  cases,  in  which  we 

can .  integrate  so^as.  tp  £Lnd  the  time  of  descent..  « 

7.  Knowing, the  force,  which  varies  aSv  -r-j^  and  the  velocity 

JJ 

of  piKDjecrion  from  a  glvea  pjoixis,  to  find  the  path  described. 
(Newton,  Prop.  17') 

8.  State  and  prove  Newton's  construction  for  the  paffeoB  9' 
bodyi  projected)  froni'  an^apse  wttlf  a  velocity  les«  thanr  that  ac- 
q»iifeA.by> failing  (roiiv  aft  iafifniie distance,  and>  actedt  uposii  by  a^ 
force  varying  inversely  as  the  cube  of  the  discswee«  (N^ewttinv 
Prop«  44^  Cwr.  3^) 

ft.    If  the  for^e  vat;y  as. --^  +  ---,  find  the  angle  betwectt 

the  apsides  by  Newton's  method.     (Prop,  45.) 

io«  Describe  the  variations  which  take  pjace  in  the  inclina- 
tion of  P'is  orbit  during  one  revolution  of  the  line  of  Nodes, 
(Newton,  Prop.  66.  Cor..  10.) 

11.  When  a  ray  ot  light  passes  through  a  prism  ia  a  plane 
perpendicular  to  its  axis,,  the  deviation  is  a  minimum  wheathe        j 
incident  and  emergent  rays  make  equal  angles  with  the  sides.  .  ,/| 

12.  Find'the  field  of  view  in  Galileo's  Telescope. 

1 3.  Find  the  longitudinal  aberration  of  parallel  rays  refracted* 
by  a  spherical  surface. 
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s.  Trantfprm  the  equation  afl  -^ ^x*  4t  1 1 4r  -^  |$  ;;::  o^  wfaoie 
roots  are  a,  /3,  y,  into  the  equation  whose  roots  are 

1  I  1 

3.  In  the  expression  y  =  ax*  —  i5Af^  +  361?^  find  for  what 
values  of  x^  y  is  a.  maximum  or  minimum,  and  in  each  case 
which. 

4.  Integrate  ^^^^^  •    "«»  r+1? ' 

5*  A  pendulum  is  taken  to  the  top  of  a  hill ;  how  many  te« 
conds  a  day  does  it  lose-? 

6.  Enunciate  and  prove  Newton,  Lemma  9. 

7.  If  diverging  rays  fall  upon  a  conclave  spherical  surface  of  a 
rarer  medium,  to  find  the  geometrical  focus  of  refracted  rays. 

8/  Construct  the  common  pump,  and  find  th^  )ieight  which 
the  water  rises  at  each  stroke. 

9*     Construct  a  vertical  south  dial  for  a  given  latitude. 

10.  Shew  how  a  planet,  superior  or  inferior,  may  have  its 
motion  direct  or  retrograde,  or  may  be  stationary. 


..      Tuesday  Afternoon,  1  o'clock  to  3, 

First  Class. 

U  Shew  the  method  of  integrating  Pp+fig'z;/?,  when 
neither  Tdy  — fii^mo,  nor  P dz  —  Bda:=  o,  are  integrable 
separately  and  independently,  and  explain  the  process  fully. 

2.  Define  conical  surfaces,  and  investigate  their  general 
equation. 

3.  Find  the  variation  ol  fVdx^  and  explain  the  uise  of  that 
part  of  the  result  which  is  without  the  integral  sign,  and  exemplify 
It  by  finding  the  shortest  distance  between  two  given  straight 
lines  not  in  the  same  plane. 

4*  In  a  lottery  of  (m)  tickets,  (n)  of  which  are  prizes,  if  (p) 
tickets  be  drawn  at  each  time,  what  is  the  probability  that  all  the 
prizes  will  be  drawn  after  (9)  drawings  ? 

5.  Give  an  analysis  of  the  reasoning  by  which  Newton  ex- 
plains the  theory  of  the  tides,  and  deduce  a  numerical  compari^- 
son  between  the  force  of  the  Sun  on  the  tides,  .apd  the  force  of 
gravity. 

6.  If  a  body  float  Qn  a  Quid,  determine  its  sts^bility  at  a  small 
angle  of  inclination  from  a  given  position  of  equilibrium;  and 
the  time  of  one  of  its  small  oscillations. 

VOL.  V.  a 
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7.  Fin4  the  general  equation  for  the  motion  of  a  vibrating 
cord. 

8.  Explain  the  method  of  determining  the  Sun's  parallax  by 
observation  made  on  the  transit  of  Venus  over  the  Sun's  disc. 


Tuesday  Afternoon,  i  o'clock  to  3. 
Second  and  Third  Classes. 

1.  From  the  equation  z  :=:  /  f  ?— ^^ — j  to  elimiifate  by  dif- 
ferentiation the  quantity  /  (  ? —  ) . 

,-.   .  •       .  I         L     ^ax -{- by  +  cz  z=  d) 

^.    If  the  equations  to  two  planes  be  j      +  ^v  +  A* 

'find  the  angle  made  by  the  planes* 

J.9 ^" 

g,    y*  ==  — -- — ;  trace  the  curve  and  draw  its  asymptotes. 

4.  If  tt  be  a  homogeneous  function  of  se.and  y  oi  m  dimen- 
sions, shew  that  »itt=:-7---.a?+  —  •??  *Dd   hence  .find  a 

factor  which  renders  M.  dx  -{-  N  .dy  :^  o  integrable,  M and  N 
being  homogeneous  functions.  , 

5.  At  points  of  greatest  and  least  curvature,  the  osculating 
circle  will  have  with  the  curve  a  contact  of  a  higher  than  the  se- 
cond order.  ^  ^  . 

6.  Find  the  velocity  acquired  by  a  cylinder  unrolling  and  de- 
scending vertically  through  a  given  space. 

J.     Compare  the  times  of  bodks  oscillating  in  a  hypocycloid, 
revolving  about  the  centre,  and  falling  to  the  same  centre*  the 
force  varying  as  the  distance.     (Newton,  Prop.  5a.  Cor.  3,). 
•     Find  the  attraction  of  a  spherical  shell  in  which  the  attrac- 

1 

lion  of  each  particle  a   tr==srr  according  to  Newton's  method, 

dist. 


and  analytically. 

9.  Find  the  aberration  of  a  given  star  in  R.  A.  in  terms  of  the 
R.  A.9  declination,  obliquity,  and  Sun's  longitude. 

IQ.  If  m  be  the  maximum  lunar  nutation'hi  N.  P.  D.,  (l)  the 
longitude  of  the  Moon's  ascending  node,  shew  that  when  the  lon- 
gitude =:  l\  the  nutation  =  m  .  cos  (f — I). 
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Tuesday  Afternoon,  i  o'clock  to  3,.. 

Fourth  Class. 

« 

]•    Find  the  cosine  of  the  angle  contained   between  two 
straight  lines  whole  equations  ire 

y  :=  ax  +  b^  and  y  zz  a^x  A-  b\ 
2.     Shew  how  to  determine  the  value  of  a  vanishing  fraction 
in  all  cases,  and  find  the  value  of 

lix 

,  when  *  =  —  , 

cotan  X  8 

,    r  x/dT—  \/F+  \/a  —  X       , 

and  of y •  when  ap  =;  a# 

a  —  \/2ax  —  x^ 

3^    Integrate  the  following  differentials : 

dx  x^dx 


^«     Sum  the  following  series : 

1-2       8.3       3,4       4*5^  ^o « terms. 
i3    +    2^    4.    gs    4.    ^^_^^  y 


5*  Divide  a  cylinder  filled  with  fluid  into  two  such  parts,  that 
the  times  of  emptying  the  fluid  contained  in  each,  through  a  small 
orifice  in  the  base,  may  be  the  same. 

6.  A  body  descends  ia  a  straight  line  towards  the  centre  ot 
force  varying  as  the  distance,  find  the  velocity  acquired  in  de- 
scending through  a  given  space,  and  the  time  of  descent,  (New** 
ton,  Book  I.  Prop.  38.) 

7.  Find  the  difference  of  the  forces  in.the  &X€4and  moveable 
orbit.     (Newton,  Book  I.  Prop.  44.) 

8.  Prove  analytically  that  the.  areas  described  by  a  body 
about  any  centre  of  force  are  in  the  same  plane,  and  proportional 
to  the  time. 

9.  Find  the  precession  in  north  polar  distance. 

10.  If  a  small  pencil  of  parallel  homogenial  rays  be  refracted 
into  a  sphere,  and  the  ratio  of  the  sine  of  incidence  to  the  sine  of 
refraction  be  known,  to  find  at  what  angle  the  rays  must  be  inci- 
dent, that  they  may  emerge  parallel  after  any  givea  number  of 
reflections  within  the  sphere. 


THE  SiENATE  HOUiSE  EXAMINATION. 


Moderators. 
Mr.  Jeffreys,  St.  John's.  •   Mr.  Bowstead,  Corpus. 

Examiners, 
Mr.  Whewell,  ^Trinity.         Mr.  1Cin6,  Queen's. 


Friday  Morning. — January  ii>  1829. 

9  o'clock  to  11* 

Iir$t^  Second^  Thirds  and  Fourth  Classed. 

1.,  In  a  circle  the  angle  in  a  semicircle  is  a  right  artgle:  but 
the  angle  in  a  segment  greater  than  a  semicircle  is  less  than  a 
right  angle :  and  the  angle  in  a  segment  less  than  a  semicircle  is 
greater  than  a  right  angle. 

2.  Extract  the  square  root  of  235.6  to  two  places  of  deci- 
mals :  and  the  cube  root  of  .000079507. 

3.  Having  given  two  sides  and  the  included  angle  of  a  plane 
triangle,  find  the  ^gles  at  the  base :  find  also  the  third  side  by 
^  independent  method,  and .  adapt  the  trigonometrical  expres- 
sions to  logarithmic  computation. 

4.  Prove  the  formula 


h 


sin  a  +  6  =:  2  sin  a— sin  (a— i)  —  4  sin  a  .  sin*  — , 

and  explain  fully  its  nie  in  the  construction  of  the  Trigonome- 
trical Canon. 

5*    In  an  ellipse  prove  that 

6.    Prove  that  the  chord  of  curvature  of  an  hyperbola  through 

the  focus  =      .^  * 

AC 

7*    Expand  a'  in  a  series  ascending  by  the  powers  of  x» 
8.     Prove  that  the  Napierian  logarithm  oi  If  +  z 

=  Nap.log.Ar  +  a^j^^+i=^.  +  &c.^ 

and  from  this  formula  shew  how  the  logarithm  of  a  number  of 
six  places  of  figures  may  be  found  from  a  table  computed  only 
to  five  places  of  figures. 
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9*  Prove  the  rule  for  finding  the  greatest  common  measure 
of  two  algebraical  quantities  and  apply  it  to  find  the  greatest 
common  measure  of 

x^T^Bx*  — 12^+  144,  and  3** — i6;r— ^12* 

1  o.    Prove  the  binomial  theorem  for  any  value  of  the  index* 

11.  A  ratio  of 'greater  inequality  is  aiminisbed  andof  !ess 
inequality  increased,  hy  adding  any  quantity  to  both  its  terms. 

12.  The  reciprocals  of  quantities  in  harmonical  progression 
are  in  arithmetical  progression. 

13.  Every  equation  whose  roots  are  possible,  has  as  many 
changes  of  sign  from  +  to— ,  and  from  —  to +,  as  it  has  positive 
roots ;  and  as  many  continuations  of  the  same  sign,  from  +  to 
^  and  from  —  to  — ,  as  it  has  negative  roots. 

^14.    If  the  equation  x^ — psc^  +  qx  —  r  =  o  has  two  equal 

roots,  one  of  them  is  f ^,  but  the  converse  is  not  neces- 

6q — 2p* 

sarily  the  case. 

1  j.  Explain  the  method  of  finding  those  roots  of  an  equa. 
tion  which  are  whole  numbers,  by  the  method  of  divisors^  and 
apply  it  to  solve  the  equation 

pC^  —  ^X^  +   22X  —  24  =  0. 

i6-  State  Napier's  rules  for  the  solution  of  right-angled 
spherical  triangles,  and  prove  them  when  the  complement  orthe 
hypothenuse  is  the  middle  part. 

17.  Find  the  equ3tion  to  the  curve  in  which  the  distance 
of  any  point  from  a  given  fixed  point,  is  equal  to  the  perpendicu* 
lar  drawn  from  the  same  point  in  the  curve  upon  a  given  line. 

18.  Find  the  present  value  of  an  annuity  to  be  paid  for  11 
yearf,  allowing  compound  interest. 

19.  Having  giyen  the  equation  to  a  straight  line,  find  the 
equation  to  another  straight  line  drawn  perpendicular  to  it  from 
^  given  point ;  find  also  the  length  of  the  perpendicular* 

2q.    Every  square  number  is  of  the  form  gn  or  ffi  +  i* 

Friday  Afternoon Half-past  12  to  3; 

First,  Second,  Third,  and  Fourth  Classes. 

1.  If  two  weights  acting  perpendicularly  upon  a  straight 
lever  on  opposite  sides  of  the  fulcrum,  or  two  forces  in  opposite, 
directions  on  the  same  sides  of  it,  are  inversely  as  their  distances 
from  the  fulcrum,  they  will  balance  each  other. 

8.  If  on  an  isosceles  wedge  of  which  the  angle  is  2a,  a 
power  P  acting  perpendicular  to  the  base,,  balance  a  resistance 


tt6  CAMBRIDGE    PROBLEMS,.. l829« 

K^acliiig  on  each,  of  the  sides  in  a  direction  making  an  angle  c 
ytiiih  a  perpendicular  to  the  side 

P  :  W  i\  sin  a  :  cos  s*    .  • 

3^  When  a  system  is  is  eqi>ilibrinm»  if  a  small  motion  be 
given  to  its  parts,  the  centre  of  gravity  will  netther  ascend  nor 
descend. 

4«  If  two  im{)ei:fectly  elastic  bodies  impinge  obliquely  on 
each  other  with  given  velocities  and  directions,  find  the  veloci- 
ties and  directions  of  their  motions  after  impact. 

5,..  If  a  body  acted  on  by  gravity  be  projected  from  a  given 
joint  A  with  a  given  velocity  so  as  to  strike  a  given  point  Q^  find 
the  direction  of  projection  :  and  if  AI  bisects  the  angle  which 
AQ  makes  with  the  vertical,  shew  that  there  are  two  such  di« 
lections  equally  inclined  to  AL 

6.  Explain  how  fluids  press  equally  in  all  directions ;  and 
horn  this  shew  that  in  all  tubes  communicating  with  each  other, 
a  ftuid  will  stand  at  the  same  altitude. 

^.  Shew  that  when  a  body  floats  in  a  fluid,  the  weight  of  the 
body  isequa!  to  that  of  the  fluid  displaced,  and  that  their  centres 
ef  gravity  are  in  the  same  vertical  line ;  and  hence  explain  the 
construction  and  use  of  the  hydrometer. 

8.  If  a  given  quantity  of  air  be  left  in  the  tube  of  a  barometer, 
find  the  depression  below  the  standard  altitude. 

9..  If  Q  and  g  be  the  conjugate  foci  of  rays  incident  nearly 
perpendicular  on  a  spherical  reflector  ;■  A  the  centre,  and  F  the 
principal  focus,. 

F£^  =  FQ  .  Fq. 

la.  A  convex  spherical  refracting  surface  of  a  denser^  and  a 
^ncttve  of  a  rarer  medium^  diminish  the  divergency  and  increase 
the  convergency  of  all  pencils  of  rays  incident  nearly  perpendi* 
eufarly,  unless  the  focus  of  incident  rays  be  between  the  surface 
9rA  centre  of  the  refractor. 

11.  Construct  Gregory's  telescope.  Draw  accurately  the 
course  of  the  extreme  ray.  Express  the  magnifying  power  in 
terms  of  the  focal  lengths  and  the  distance  between  the  principal 
foci  of  the  reflectors. 

12.  Prove  and  explain  Newton,  Lemma  II. 

13.  Enunciate  and  prove  Newton,  Lemma  J(. ;  and  if  the  force 
be  constant  shew  that  it  is  true  when  the  time  is  finite. 

14.  Find  the  law  of  Force  acting  in  parallel  lines  by  which 
a:  body  will  be  made  to  describe  a  portion  of  the  circle.  (Newt%. 
Vrop.  ^.)^ 

15.  Find  the  law  of  force  tending  to  the  focus,  by  which  2k 
body  may  be  made  to  describe  an  ellipse.     (Newt.  Prop.  1 1.) 

16.  ExpJain  the  nature  of  centrifugal  force,  and  shew  that  in. 
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^  body  revolving  about  a  centre  it  varies  inversely  as  the  t?ube 
of  the  distance. 

17.  If  a  body  be  projected  from  a  given  point  with  a  given 
veiocity  in"  a  jgiven  dfrection,  and  acted  on  by  a  force  w'Hich 
varies  inversely  as  the  square  of  the  distance ;  find  the  conic  sec* 
tion  described. 

18.  Explain  the  cause  of  chance  of  seasons,  and  of  the  dif- 
ferent lengths  of  day  and  niglit.  Shew  that  the  full  Moon  ift 
\vinter  is  longer  above  the  horizon  than  in  summer. 

19.  Explain  by  what  observations  the  path  of  the  Sun  ammig 
the  fixed  stars  is  determined. 

20.  Shew  that  the  aberration  of  a  star  takes  place  towards  sl 
point  of  the  ecliptic  90°  before  the  Earth's  place,  and  that  it 
varies  as  the  sine  of  the  angle  of  the  Earth's  way. 

21.  Explain  the  cause  of  twilight,  and  shew  how  its  dura- 
tion may  be  found  by  the  declination  of  the  Sun,  and  the  lati- 
tude of  the  place.  Find  also  on  what  day  it  is  shortest  at  a 
given  place, 

Saturday  Morninc*..  ..9  o'clock  to  ii. 

First,  Second.  Third,  and  Fourth  Classes. 

1.  If  two  triangles  have  the  sides  about  equal  angles  reci- 
procally proportronal,  they  are  equal. 

2.  If  a  straight  line  be  at  right  angles  10  two  straight '  lines 
at  their  point  of  intersection,  it  is  at  right  angles  to  the  plan« 
passing  through  them. 

3.  Investigate  a  true  rule  for  the  equated  time  of  payment 
of  two  sums  due  at  different  times.     Who  is  the  gainer  by  the 

common  rule  ?  «  .  , 

4.  Expand  the  n***  power  of  sin  A  in  terms  of  sines  and  co- 
s4ne8  of  multiples  of  ^,  and  write  down  the  last  term  with  its 
proper  sign  when  » is  of  the  form  4771  +  2. 

5.  State  the  construction  of  the  polar  triangle,  and  shew  that 
its  sides  and  angles  are  respectively  the  supplements  of  the  angle* 
and  sides  of  the  original  triangle. 

6.  If  a  line,  intersecting  an  hyperbola  in  the  point  P  and 
its  assymptotes  in  R,  r,  move  parallel  to  itself,  the  rectangle 
RP  .  Pr  is  constant. 

7.  The  section  of  a  right  cone  made  by  a  plane  will  be  an  el- 
lipsc,  hyperbola,  or  parabola.  PrcJve  this  and  determine  the  po- 
sition  for  the  plane  in  each  case. 

8.  Shew  that  any  recurring  equation  of  2m  or  2m  +  1  dimen- 
sions may  be  solved  by  an  equation  of  m  dimensions. 

9     In  the  solution  of  a  biquadratic  by  Des  Cartes's  method, 
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whatever  root  of  the  reducing  cubic  is  employed  the  same  values 
of  the  roots  of  the  biquadratic  will  be  obtained. 

N         P 

10.  If  -jrp  and  »  be  successive  approximations  to  the  va- 
lue of  a  continued  fraction, 

NP'—PN'=  ±u 

11.  Investigate  the  formulas  for  the  transformation  of  rect- 
angular co-ordmates  to  oblique  co-ordinates  in  the  same  plane ; 
and  hence,  having  given  the  equation  to  a  parabola  referred  to  its 
principal  axis,  find  its  equation  referred  to  any  other  diameter; 
the  abscissa  being  measured  from  a  point  in  the  curve,  and  the 
ordinate  being  parallel  to  the  tangent  at  that  point. 

12.  Find  the  limiting  ratio  of  the  corresponding  increments 

of  \/a*  +  x^  and  x ;  and  those  of and  x. 

13.  Expand  sin  x  and  cos  x  by  Taylor's  Theorem ;  and  find 
limits  of  the  value  of  the  terms  after  the  n***  term  in  each  case. 

14.  Find  the  rectangular  equation  to  the  conchoid  of  Nico-» 
medes^  and  draw  a  tangent  to  the  curve; 

15.  Trace  the  curve  of  which  the  equation  is 

J?—  a 

and  find  its  maximum  and  minimum  ordinates. 

16I  Define  the  differential;  and  hence  find  the  differential 
of  a  solid  of  revolution.  Also  apply  this  to  prove  that  the  sphere 
is  i  of  the  circumscribing  cylinder. 

17.  find  the  Sum  of  the  series 

i.3.4  +  2«4.5  +  3.5.6r|-  &c.  to  n  terms. 

and  of h   ~ — h  — 7^  +  &c.  in  infinitum*' 

1.2        3.4       5-6  ^ 

dx 

18.  Integrate  -j— — ;  and  shew  that  between  the  limits 

X  zz  Os  and  x  ==  1  it  is 

12  «r 


3  8V3 

Saturday  Afternoon,  Half-past  12  tog. 

1.  Find  the  ratio  of  the  power  to  the  weight  in  that  system 
where  each  pulley  hangs  by  a  separate  string ;  firsts  when  the 
strings  are  parallel ;  secondly,  when  they  are  not. 

2.  Find  the  resultant  of  any  number  of  parallel  forces  acting 
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Oh  &  rigid  body,  and  shew  that  they  cannot  in  all  cases  be  reduced 
to  a  single  force  which  shall  have  the  same  effect. 

^  3.    Determine  the  equation  to  the  catenary,  the  fotce  of  gra- 
vity being  supposed  constant. 

4.  Find  the  limit  of  the  velocity  commupicated  by  a  body  A* 
to  C,  through  an  indefinite  number  of  mean  proportionals  between 
-1^,  C,  the  bodies  being  supposed  perfectly  elastic. 

5.  Explain  D'Alembert's  principle,  and  apply  it  to  deter*- 
mine  the  motion  of  two  bodies  connected  together  by  a  wheel 
and  axle ;  the  inertia  of  the  n\achine  being  taken  into  account- 

6.  At  similar  points  in  similar  curves  described  round  centres 
of  farce  similariy  ..situated,  the  forces  are  as  the  squares  of  the 
velocities  directly,  and  the  distances  inversely. 

7.  Find  the  place  of  a  body  in  an  elliptic  trajectory  after  a 
given  time.     (Newt.  Prop.  31.) 

8.  State  and  prove  the  proportion  which  Newton  ba^  given 
in  Prop.  44,  Cor.  1,  for  determining  the  actual  value  of  the  dif- 
ference of  the  forces  in  the  fixed  and  moveable  orbit,  and  apply 
it  to  determine  the  whole  force  on  p^  when  the  fixed  orbit  is  an 
ellipse,  and  the  force  in  the  focus. 

9*  If  Pand  5  attract  each  other,  the  curve  which  P  describes 
relatively  to  5,  may  be  described  by  P  round  S  fixed.  (Newt« 
Prop.  5  8.) 

10.  Prove  that  the  pressure  upon  any  portion  of  a  vessel  fiJJ^d 
with  a  fluid  of  uniform  density  is  equal  to  the  weight  of  a  column 
of  fluid  whose  base  is  the  area  of  the  surface  pressed,  and  ^Jkitudft 
the  perpendicular  depth  of  its  centre  of  gravity  below  th^p  surface 
of  the  fluid;  and  find  the  whole  pressure  on  the  surface  of  a 
spherical  segment  filled  with  fluid. 

11.  If  a  floating  body  revolve  round  an  horizeifital  axis  and 
so  pass  through  all  its  positions  of  equilibrium ;  they  will  be  al-* 
ternately  stable  and  unstable. 

12.  If  the  distances  above  the  surface  of  the  Earth  increase  in 
arithmetrical  progression,  the  corresponding  densities  of  the  air 
will  decrease  in  geometrical  progression ;  the  force  of  gravity 
being  invariable. 

1 3.  Explain  the  formation  of  the  primary  and  secondary  Rain-< 
bows,  and  why  the  red  are  is  exterior  in  the  former  case  and  in- 
terior in  the  latter. 

14.  Convereine  rays  are  incident  upon  a  concave  spherical 
reflector;  find  tne  longitudinal  and  lateral  aberrations. 

15.  Explairi  Flamstead's  method  of  determining  the  ri|^t 
ascension  of  the  Sun,  by  observations  made  near  the  equi**- 
noxes ;  and  show  that  it  will  serve  to  determine  the  place  of  the 
cqainox. 

TOL  V.  .  X 
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i6«  On  a^ven  day  and  hour,  find  the  azimuth  of  the  ais- 
oending  point  of  the  ecliptic^  and  the  longitude  and  altitude  of  the 
nooagestmal  degree. 

vj.  Find  the  times  of  the  beginning  and  end  of  a  lunar 
'  i^tpie,  and  the  number  of  di^ts  eclipsed. 

i8*  Prove  that  the  stereographic  projection  of  any  eitcte  on 
the  sphere,  is  a  circle  ^  and  find  the  centre  and  radfios  of  the 
eircle.  * 

Evening  Problems. 

■r 

1.  Find  the  value  of  the  circulating  decimal  3*42753753  &cr' 
also  perform  the  same  operation  with  the  fraction  45^8534534 
&c«  where  the  radix  is  6. 

ft.  The  sides  of  a  triangle  are  in  arithmetical  progression, 
and  its  area  is  to  that  of  an  equilateral  triangle  of  the  same  pe- 
rimeter as  3  :  5*  Find  the  ratio  of  the  sides^  and  the  value  of 
the  largest  angle. 

3«  A  cone  and  sphere  of  given  weights,  support  each  other 
between  two  given  inclined  planes,  the  cone  resting  on  its  base* 
Determine  what  must  be  the  vertical  angle  of  the  cone^  that  the 
•qoiltbrium  may  subsist. 

4*  Trace  the  curve,  of  which  the  ec^uation  Is  y'=:  ajic*+ wr*  ; 
draw  its  asymptote,  and  determine  its  singular  points. 

5 .  An  hemisphere  with  its  base  downwards  is  filled  with  fluid, 
and  inclined  at  a  given  angle  to  the  horizon:  the  base  being 
moveable  about  a  tangent  at  its  upper  extremity,  find  the  force 
whicb  applied  at  the  ceatfe  will  J^eep  it  at  rest. 

6  •  If  tangents  be  drawn  from  a  given  point  to  each  of  a  gi  vc» 
syrstem  of  curves,  shew  generally  how  to  deteunine  the  curve 
which  iJB  the  locus  of  all  the  points  of  contact  >.  and  apply  the 
method  when  tangents  are  drawn  from  a  given  point,  to  a  system 
^  concentric  similar  ellipses. 

7.    Find  an  expression  in  terms  of  the  sides  of  a  spherical 

triangle  for  the  arc  drawn  from  one  angle  j[C)  bisecting  the 

opposite  side  (c),  and  adapt  the  expression  to  logarithmic  com* 

pntation, 

\&^    If  the  object  placed  before  a.Iens,  or  a  spherical  reflect- 

'  ing  or  refracting  surface^  be  a  conic  section,  of  which  the  focu» 

aim  axis  coincide  respectively  with  the  centre  and  axis  of  the 

reflector  or  refractor;    the  image  will    be  a  conic    section* 

Prove  it  in  each  case,  and  find  the  eccentricity  and  axes  of  the 

image. 

9.     Find  the  equation  between  the  angleand  radius  vector  in 
a  spiral,  au  which  the  radius  vector  is  always  equal  to  n  times  d^ 
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chord  of  curvature  drawn  through  the  pole.     Find  also  the  vahe 
of  the  radius  of  curvature  in  such  a  spiral. 

10.  The  style  of  a  horizontal  dial,  which  is  accurately  gra- 
duated  for  a  given  place^  rs  bent  through  a  small  given  angle 
(^) ;  if  (a)  be  the  hour  angle,  at  which  there  is  no  error  in  the 
time  denoted  by  the  diaU  find  the  error  in  the  time  denoted  at  any 
hour  angle  (ft),  on  a  given  day ;  and  shew  that  at  six  o'clock  the 
error  is  mdependent  of  the  latitude  of  ftie  place,  and  vanisheir 
at  sun-set. 

11.  To*  inscribe  the  greatest  ellipse  in  a  given  semicircle, 
one  axis  of  the  ellipse  being  parallel  to  the  diameter  of  the  semi^ 
(jrcle.  .1 

12.  If  there  be  n  bags  containing  each  (a)  white  and  {i\  blac]^ 
balls,  and  a  ball  be  drawn  out  of  each  successively,  shew  bow. to 
determine  beforehand  what  is  the  most  probable  number  of  white 
balls  that  will  be  drawn ;  and  apply  the  process  to  ih^  cuse  of.  ta 
bags  containing  each  2  black  and  7  while  balls. 

13.  Explain  the  use  of  the  Astronomical  Clock,  and  shew 
how  we  may  determine  whether  it  goeA,  uniformly  at  all  hours. 
Also  explain  clearly  why  ihQ  mean  daily  rate  determined  by  the 
assistance  of  tables,  differs  from  that  determined  by  direct  qbser* 
vations  on  the  transits  of  stars^^  and  state  for  wh^t  stars  this  ()b* 
agreement  is  perceptible. 

14.  A  body  urged  towards  a  plane  by  a  fo#ce  varying  a»  the 
perpendicular  distance  from  it,  is  projected  at  right  angles  to  the 
plane  from  a  given  point  in  it  with  aigiven  velocity.  Find  what 
force  must  act  at  the  same  ^in^e  oik  the  body  parallel  to  tbe  plioie, 
that  it  may  describe  an  arc  of  a  given  paraoola  having  its  axis  till; 
the  plane  \  and  determine  the  circ^i9|s^m0e$'of  the  motion. 

15.  If  the  distance  CP  in  an  ellipse  be  a  mean  proportional 
between  the  semi-axes,  prove  that  the  $ekni-coniugate.  CD  di- 
vides the  quadrant  of  the  ellipse  into  two  area,  wnose  difference 
is  equal  to  t^be  difference  of  the  seti^i^axes.  ,; 

i6.  AM,  MN9  NP  being  the  co-ordinates  to  the  point  P 
in  a  curve  surface,  find  the  equjEition  to  the  surface  when  the- 
foot  of  tbe  noi^nal  lies  always  ^n  the  centre  of  gravity  of  the 
triangle  XtfM 

17.    thtegrate  the   fpllovving  differentials    and   differential 
equ'atioris:  .  ' 
dx                                 dx 

\/j  +  4?  +  VT+^    (^'  4  * j\/F^^  * 

^^  •  sin  xdos  from 

4f  =:  o  to  «  =:  -  t 

2 

t  a 
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dz  dz 

and  ^  -^   T-^  -h  y  =:  o,  in  a  rational  forai^ 
and  sum  the  ^eri^      * 

a-3*4       3-4-5^8       4*5*^'3 
to  n  terms  and  to  infinity. 

18.  Find  the  whole  longitudinal  aberration  when  a  pencrf 
of  parallel  rays  passes  through  a  piano  convex  lens  of  incon- 
siderable thickness,  the  rays  being  incident  on  the  convex  side 
in  a  direction  parallel  to  the  axis  of  the  lens. 

19.  If  a  solid  hemisphere  rests  on  its  base  wholly  immersed 
in  a  fluid  of  less  specific  gravity  than  itself,  whilst  the  fluid  flows 
horizontally  against  it  with  a  given  velocity,  find  the  whole 
pressure  of  the  hemisphere  against  the  bottom  of  the  vessel,  the 
solid  being  kept  at  rest  by  the  friction. 

20.  Find  the  attraction  on  a  particle  placed  within  an  hete- 
rogeneous spheroidal  shell  of  small  eccentricity ji  the  density 
bemg  the  same  throughout  concentric  spheroidal  surfaces  of 
different  eccentricities,  and  the  internal  and  external  surfaces 
bein^  of  given  eccentricity,  and  the  density  uniform  through- 
out 5xtm.  * 

ai»  A  uniform  rod  is  oscitkting  about  one  extremity ;  find 
the  tendency  of  the  vis  inertia  in  any  given  position  to  bend  the 
rod  at  any  point,  and  determine  at  what  pomt  that  tendency  ia 
the  greatest 

2a;  A  body  is  oscillating  in  a  cycloid,  in  a  medium  where 
thereMiitance  varies  as  the  (vel.)S  and  the  density  varies  inversely 
as  the  arc  measured  from  the  lowest  point :  prove  by  a  method 
^itnihr  to  Newton's  in  Book  II.  Prop.  26.  that  the  time  of 
descent  to  the  lowest  point  wili'^be  the  same  from  all  altitudes^ 
and  apply  the  integral  calculus  to  find  the  whole  time,  sup- 
posing the  resistance  at  the  highest  point  corresponding  to  any 

velocity  (v),  to  be  less  than  -j- ,  where  (/)  is  the  length  of  the 

pendulum. 

23.  If  a  straight  line  DCPbe  made  to  revolve  about  C^ 
and  cut  the  curve  PP^  P^  in  as  many  points  as  it  has  dimen. 

sions  J  and  if  /rg^be  made  always  equal  to  ^jj-   +  Tpr    + 
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&€.^  the  locus  of  the  point  D  will  be  a  conic  section  whose 
centre  is  C 

24.    Prove  that  the  motion  of  a  body  P  round  Twhen  dis- 
turbed by  a  body  S  is  detemrined  by  the  equation 

d'x,  ^P^T       ^  dR 

TTT    +     i •  *    +     -J —    =  O. 

at*  r'  ,  dx 

together  with  two  similar  equations  in  jr^md  z,  where  r  =  PT, 
and 

Rtz^.  cos  z^STP^^l 

and  by  me^ns  of  them  exemplify  fully  the  method  of  deter- 
mining the  variation  of  the  elements  of  P's  orbit  arising  from  the 
disturbanoe,  when  that  disturbance  is  small. 


Evening  PjaoBLEMs. 

|.  A  banker  borrows  money  at  3}  per  cent,  per  annum, 
and  pays  the  interest  at  the  end  of  the  year :  he  lends  it  out  at 
the  rate  of  5  per  cent,  per  annum,  but  receives  the  interest 
qiiarterly,  and  by  this  means  gains  «£aoo  a  y^ar.  How  much 
does  he  borrow  ? 

2.  Given  tan  ^A  =  n  tan  jf.  Find  A  in  terms  of  n :  iSnd 
also  the  value  of  n  that  ^  may  be  15^ 

3.  AP  is  the  arc  of  a  conic  section,  of  which  the  vertex.is  Am 
PG,  the  normal,  and  PK  a  perpendicular  to  the  chord  APf 
meets  the  axis  in  G  and  K*  S}iew  that  GK  is  equal  to  half  the 
latus  rectum. 

4.  ^11  objects  froi^  the  zenith  to  tlie  horizon  are  visible  to 
an  eye  under  water,  and  appear  to  be  bounded  by  &  conical  sur« 
face  of  which  the  eye  is  the  vertex.  Explain  this,  and,  having 
given  the  refracting  power  of  water^  find  the  vertical  angle  or 
the  conical  surface.  State^also  what  i^  seen  beyond  the  limits 
of  the  conical  surface* 

5.  The  equation  to  a  conic  section  is 

5y*  +  2*y  4- 5»* "— ia»  *^  lay  =  o. 

Find  its  centre,  and  the  magnitude  and  position  of  its  principal 
axes.  ' 

'6;  A  weight  ^is  suspended  from  a  point  P  of  an  uniform 
catenary  APA'.  0  and  0'  are  the  lowest  points  of  two  uiiiforai 
catenaries,  of  which  AP  and  A^P  are  parts.  Shew  that  Wv^ 
i^qual  to  the  difference  or  sum  of  the  weights  of  the  portions 
QPt  O'Poi  the  catenaries  accordm^  ^&  Af  dJX^fA,' P  9X^  one^ 
i}r  i^p/A  less  than  a  semi-catenary. 
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f.    The  ooei&cient  of  jr*'  in  tfadexpanftoii  of 

(^1  4-  a?  +  2ar«  +  3*'  + ad  inf.)* 

,,    11?' +  irt 
IS  equal  to  — \j       ♦ 

8«  A  body  revolving  iiVa^yen  ellipse,  force  in  focus,  leaves 
the  higher  apse ;  and  wbieh  it  arrives  at  the  lowe^  apse  A,  the 
absolute  force  it  suddeqiy  altered,  so  that  the  body  oescribes  ar 
similar  ellipse,  of  which  A  is  the  higher  apse ;  and  a  like  alte- 
ration takes  place  when  the  body  arrives  at  the  lower  apse  of 
the  new  ellipse :  and  so  on  at  each  Successive  apse.  Find  the 
time  to.^e  centre  of  force.  . 

3\  The  height^  of  the  ridjge  ahd'eaves  of  a  hoiise  are  B  and' A, 
the  roof  is  inclined  at  30^  to  the  horizon.  Find  where  a 
sphere  rolling  down  the  roof  nrbm  the  ridge  will  strike  the  ground, 
and  also  the  time  of  descent  from  the  eaves* 

ID.  liA^,A^....Aig&ndB^iB^..*.BnhtXvfoseTiesofpo%i' 

tive  numbers  arranged  in  order  of  magnitude,  of  which  2<^  and  B^ 

A         A  A 

are  respectively  the  greatest^  shew  that  -^  +  -jX  +  . . .  +  -jA 

ii less, and  4^  +  -^^+  ,,..  +  :^  greatehhanif  the  dc- 

nominators  B^  B^*  • » *Bn  be  at'ranged  in  any  other  ortler  uo^ 
cler  A^j  ^i  *  *  *  *An» 

It.  A  hettiispherical  vessel  filled  with  fluid  revolved  iroandita 
veVKcal  diameter  with  such  an  angular  velocity  that  half  the  fluid 
is*  throWn  out :  required  the  pressure  on  the  surface, 

12.  The  first  of  February  of  the  present  year  (1899)  falls  on 
a*  Sunday.  Find  generally  ^hen  thia  will  happen  again  ;  and 
wtitedown  aH  the  years  in  ttrhich  it  will  occur  during  the  pre. 
sl^titeetitury. 

1 3.  The  content  of  any  segment  of  a  right  or  oblique  pris^ 
ihiatic  solid,  is  equal  to  the  area  of  one  end  of  the  segment  muU 
tiplied  into  the  perpendicular  let  fall  upon  it  from  the  centre  of 
gravity  of  the  area  of  the  other  end; 

14.  A  rive?^  of  which  the  breaddi  is  a,  flows  with  a  velocity 
9,  and  a  swimmer  whose  velocity  is  nu,  always  aims  at  a  maric 
on  the  farther  bank  directly  opposite  to  the  place  where  he  en- 
tered the  river.  Find  the  curye  in  which  he  sw^ms,  and  shew 
that  the  time  of  his  arriving  at  the  mark  is  equal  to 

a         h 
u      n»  — 1 
1^.    Two  vesstls^^  of  which  th^  capacities  aM'a  and  B^  ar< 
filled^  the  one  with  wine  and  the  other  with  wate^^  equal^ujui- 
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ties  c  are  taken  from  each  and  pojiured  into  t^  Qther :  9fid  .this 
operation  is  repeated  n  times.  Find  the  quantities  of  wine  and 
water  remaining  in  each  vessel. 

i6.    Prove  th^t  the  int^ral  of    ^  .  ■  ■  bieiwiren  Ae  limits 

X  =  o  and  or  =  a ,  is  equal  to ,    n  being  greater 

n  sin  —  AT 
n 

than  m. 

17.  A  uniform  rod,  of  .which  the  elasticity  is  e,  falls  upon 
a  smooth  horizontal  plane :  given  the  dtitude  from  .which  it 
falls,  and  its  inclination  to  the  horizon^  find  its  motion  after 
rebounding. 

i8.  Irrays  are  incident  upon  a  common  looking  glass  in  an 
oblique  direction  from  a  candle,  one  faint  image  b  observed 
before  the  principal  image,  and  a  row  of  them  behind  it.    £x* 

i|lain  this ;  and  find  the  caustic  formed  by  the  rays  emergent 
rom  the  glass  after  reflection  at  the  quicksilver^  the  thickness 
of  the  glass  and  its  refracHng  power  being  given. 

19.  A  and  B  sit  aown  to  cards,  the  former  having  p  shillings 
and  the  latter  f»  and  they  agree  each  to  stake  a  shilling  on  eyeiy 

?;ame,  and  to  play  till  one  nas  lost  all  his  money.    Find  the  va« 
ue  of  the  expectation  of  each  before  they  begin  to  play,  sup- 
posing the  skill  of  A  :  that  of  ^  : :  i»  :  »c 
so.    Integrate 

dx  d» dy  _^  10  +  6y  —  j^x 

(a" -!-«•)**  tf  +  i'sin^  +  c  cosop*  35  ""   6x  — gy+s   * 

and  sum  the  series 

ivir^2  +  ^rZJ*  +  6^^«  +  . . .  .to  « terms,  and  to  infinity; 
1  •  3  sind  -f  3*  j  •  sin3d  +  5  .7  .sin  59  +  ».*.to  11  terms. 

m.  If  d?  J ,  y  1 9  s  1 ,  be  the  dislances  from  the  origin  of  the  co* 
ordiaat^g^at  which  a  tangent  plane  to  a  curve  surfoce  cuts  the 
axes  ir,  y,  z,  and  i{x^^  -f  yi**  -|-  Zj^^^i",  prove  thai  the  eqna« 
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lidn  to  the  surface  touched  is 

•."■*"*  ^  «»+^  -1.  J^^  ^  /.*+* 

X      +y      +*      zzfl     • 

sa.  He  •  ti«^«=  a(i^  t^x4««*)  Give  a  complete  solution  of  this 
eauation,  and  determine  the  particular  value  of  the  constants 
wnen  it  is  the  equation  to  a  cbnic  sectibn  about  the  focus. 

8g.  If  1^19  »£)  be  values  of  u  which  satisfy  the  diflferential 
equation 

M  and  N  functions  of  t,  shew  that  the  integral  of 

84*    The  parallax  of  the  Moon 

=:  P  $  1  +  «  cos  (r9— a)  +  w*  cos  (2  —  8wt  1  B  +  2/3) 

+  -^««^C0S(2  —  T.m  —  cB  +  2/3  +  «)^ 

,       -.  ,,  Sun's  mean  motion     ^     ,     ' 

where  P  =  mean  parallax,  m  zr  -rs i -. — i^ — ,  0  =:  long. 

^  Moon  s  mean  motion  ® 

of  Moon^.  a  =-lojig.  of  perigee,  —  iS  =:  Sun*s  meah' long,  when 
6  z=  o.  Explain  fully  the  effects  of  the  several  terms  in  the 
above  expression  on  the  Moon's  orbit. 

MoRKiMG  Problems. 

1.  Transform  the  equation  a?'  — px^  4-  9x  —  r  =s  o,  whose 
roots  are  a^  b,  c,  into  one  whose  roots  are 

c  b  a 

a  -\-  b  -^c     d  +  c  —  b     b  +  c  '^  a 

2,  If  I  have  9  half  guineas  and  6  half  crowns  in  my  purse, 
how  may  I  pay  a  debt  of  .£4  s  %s.  6d*  ? 

*  3.  irfrom  two  fixed  points  in  the  circumference  of  a  circle, 
straight  lines  be  drawn  intercepting  a  given  arc  .and  meeting 
without  the  circle,  the  locus  of  their  intersections  is  a  circle. 

4.  Given  the  equations  of  two  straight  lines,,  find  the  equa« 
tion  to  a  third,  which  shall  pass  through  their  ^int  of  intersec- 
tion^ and  make  equal  angles  with  them ;  and  shew  from  the  result 
that  there  are  two  straight  lines  at  right  angles  to  each  other, 
which  satisfy  the  question. 

5.  If  three  parallel  forces  acting  at  the  angular  points  A^  H9 
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C,  of  a  plane  triangle  are  respectively  proportional  to  the  oppo*- 
site  sides  a,  b,  c;  prove  that  the  distance  of  the  centre  of  pa- 
rallel forces  from  ^ 

2hc  A 

cos  — . 


6.  In  the  ellipe  if  the  distances  CP,  ^2  be  drawn  at  right 
angles  to  each  other^  prove  that 

^  7.  If /{  and  r  be  the  radii  of  the  circumscribed,  and  inscribed 
circles  of  a  regular  polygon  of  m  sides,  and  R\  r'  ihe  corrc* 
sponding  radii  for  a  regular  polygon  of  2m  sides  and  of  the 
same  perimeter  as  the  former,  then  Rr'  -  ii^*,  and  R -l- r  •=:  sr'. 

8.  The  chord  of  curvature  at  any  point  (a:,  y)  of  a  curve  drawn 
through  a  point  whose  co-ordinates  are  «•  /3, 

-  g(i+g'J^(y-/J-^^^)     where/.=  ^^^=:  --?. 

9.  A  body  acted  on  by  a  centripetal  force  varying  partly  as 
yvj,  and  partly  as  jrg-,  is  projected  with  the  velocity  which 

would  be  acquired  in  falling  from  infinity  at  an  angle  with  the 

distance,  whose  tangent  —  v/2,  the  forces  being  equal  at  the 

point  of  projection.     Required  the  orbit  described,  at  the  time 
of  descent  to  the  centre. 

10.  An  imperfectly  elastic  body  slides  down  a  smooth  plane 
of  given  length,  and  is  reflected  from  the  horizontal  plane* 
Find  the  inclination  of  the  plane  that  the  range  may  be  a  maxi- 
mum, and  find  the  range. 

11.  If  6n  represent  the  co-efficient  of  x^  in  the  expansion 
of  any  funciion  of  x  by  Maclaurin's  Theorem,  and  a„  in  a 
similar  expansion  of  the  hyperbolic  logarithm  of  that  function* 
prove  that 

— V  •   1  —  «— 161  tf 4-1  —  w  —  262 ii„-«—  &c.—  Ji^-ifli  +  ni„ 

and  apply  this  theorem  to  determine  the  relation  between  the  co- 
efficients in  the  expansion  of  hyp.  log.  cos  x. 

12.  The  shadow  cast  by  an  oblate  sphcoid  resting  on  its 
vertex  in  the  Sun,  on  an  horizontal  plane,  is  an  ellipse;  aud  the 
sptiferoid  stands  in  its  focus. 

13.  Integrate 

^ ,   -rr-''^^^-,.  and  if  ^  =  i  +  ;ry, 

VOL.   V.  # 


a.  = 
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tthew  that 

'  V  =  1  +  +   +  &c.  between  a?  =  o,  sxidxzz  1* 

^  1-3        1-3-5 

Also  integrate ax  — ^  dz  —  ^ — 5 —  dy  zr  o, 

mf  if 

by  applying  the  criterion  of  integrability. 

14.  What  is  the  least  depth  of  fluid,  in  which  a  given  cone 
can  rest  permanently  with r  its  axis  vertical,  the  vertex  of  the 
cone  resting  on  the  base  of  the  vessel,  and  the  specific  gravities 
of  the  cone  and  fluid  being  given. 

tg.  If  at  a  place  between  the  tropics,  (c)  be  ihe  zenith  dis- 
tance of  a  known  star,  when  the  ecliptic  comes  upon  the  zenith 
of  the  place  of  observation,  and  (6)  the  longitude  of  the  Fanh', 
when  the  corresponding  aberration  in  zenith  distance  vanishes, 
prove  that  6  is  determined  by  the  equation. 

,  ,a       rx  sin*^.  .  cose 

cot  (6  L)    ZZ  y    .  .  , 

v/sm  (c  +  X)  .  sin  (c  —  x) 

where  L  and  X  represent  the  longitude  and  latitude  of  the  star. 

16.  Find  the  ratio  of  the  height  to  the  diameter  of  the  base  of 
a  cylinder,  that  the  moment  of  inertia  may  be  the  same  about 
any  axis  whatever  passing  through  its  centre  of  gravity. 

17.  Find  the  length  of  the  tide-day,  the  Sun  and  Moon  be- 
ing in  the  equator,  and  shew  how  the  densities  of  the  Sun  and 
Moon  may  be  compared,  by  observing  the  lengths  of  the  greatest 
and  least  tide- days. 

18.  Slate  the  general  nature  of  developable  surfaces.  Inves- 
tigate the  partial  diflerential  equation  of  the  second  order,  which 
belongs  to  them,  and  integrate  for  the  partial  diflerentials  of  the 
first  order.  Shew  also  bow  such  surfaces  may  be  obtained  from 
given  curves  of  double  curvature. 

Monday  Afternoon,  1  o^clock  to  3. 

First  and  Second  Classes. 

1.  Integrate  the  differentials  e^ .  s\n*^xdx,  and  the  differen- 
tial equation 

x^dy  =  X-  —  ay'  .  dx. 

2.  Draw  a  tangent  plane  to  any  curve  surface,  and  determine 
the  angle  it  makes  with  the  plane  of  xy. 

3.  Find  2x^  in  a  series  proceeding  according  to  the  descend, 
ing  powers  of  x* 

4.  In  a  common  pump  find  the  height  through  which  the 
water  ascends  at  apy  stroke. 

5.  A  spherical   surface  being  constituted  of  particles,     the 
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forces  of  which  vary  as  jr^;,8hew  that  the  attraction  of  the 

whole  surface  oh  a  particle  without  it,  varies  inversely  as  the 
square  of  the  distance  of  the  particle  from  the  centre.  ( Newt. 
Prop,  71.)  - 

6.     If  a  body  oscillate  in  a  medium  in  which  the  resistance 
varies  as  the  square  of  the  velocity  ;  the  difference  between  the 
•times  of  oscillation  in  the  medium  and  in  vacuo  are  proportional 
to  the  arcs  nearly.     (Newt.  Book -I  I.  Prop.  27.) 
•  7.     The  elevation  of  the  summit  of  the  spheroid  produced  by 
the  attraction  of  the  Sun  or  Moon  on  a  fluid  sphere  is  double  of 
the  depression  of  the  equator  below  the  sphere. 
'     8*     Investigate  the  motion  of  the  pole  of  the  Earth  produced 
by  the  Moon  m  one  sidereal  revolution. 

9.     If  V  be  any  function  of  x,  y,  p,  9,  &c.  prove  that  when 
fVdx  is  a  maximum  or  minimum, 

^       rfP   ^    d»Q       5 

Monday  Afternoon,  io*clockto3« 

First  and  Second  Classes^ 

Trace  the  curve  of  which  the  equation  is 

y^{x  —  a)  =r  J?'  —  6',- 

when  a  >  6  and  when  a^b.  Find  its  asymptotes  and  singular 
points. 

Monday  ArT£RNOON»  i  o'clock  to  3* 

Third  and  Fourth  ClasseSm 

u  Having  given  the  equation  to  a  plane;  find  the  equations 
to  a  straight  line  perpendicular  toit^  and  passing  through  a  given 
point. 

2.  If  the  observed  angular  distance  of  two  points  be  a,  their 
observed  elveations  above  the  horizon  being  H  and  h^  and  0  the 
angular  distance  reduced  to  the  horizon,  shew  that 

i.  —  «"  \  [a  +  H  —  h)  .  sin  i(a  +  h-  H) 

2  "~  cos  H  .  cos  A 

3.  Integrate  .-g-^^j  f(^^Q)2>   *^^  *^  following  «lif. 

ferential  equation  dy  -h  ydx  =  ax^dx. 

4.  Explain  the  method  of  summing  any  recurring  series, 
and  sum  the  series  2,  5,  13,  35,  &c.  to  n  terms, 

5.  A  body  being  acted  upon  by  any  number  of  forces  in  the 
same  plane ;  find  the  equations  of  equilibrium, 

0  2. 


sin* 
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6,  When  a  body  is  acted  on  by  forces  X  and  Y  in  the  direc- 
tions of  the  co-ordinates  x  and  y, 

prove  -^^,  =  ;:  and   ^J   =  Y. 

7  Find  the  specific  gravity  of  a  body  lighter  than  the  fluid  in 
which  it  is  weighed. 

8.  In  Newton,  Prop,  66,  explain  the  eflect  of  the  disturbing 
force  of  S  in  producing  a  motion  of  the  nodes  of  f  s  orbit,  and 
a  variation  of  the  inclination. 

9.  Find  when  the  altitude  of  a  known  star  increases  fastest. 

10.  If  a  small  pencil  of  parallel  homogeneal  rays  be  refracted 
into  a  sphere;  find  at  what  angle  the  ra>^  must  be  incident  that 
they  may  emerge  parallel  afier^any  given  number  of  reflections 
within  tne  sphere. 

7'UESDAY  Morning,  9  o'clock  to  ii« 

First  Class* 

1.  Explain  Newton's  rule  for  discovering  impossible  roots  in 
any  equation. 

2.  Assumine  the  ordinary  expansion  of  ^JVdxt  determine 
the  rcquibite  addition  to  be  made  to  it  when  V  involves  the  limit- 
ing values  «»f  x,  y,  p,  &c.  and  apply  the  method  to  find  the  posi- 
tions of  the  curve  of  quickest  descent  from  one  curve  to  another^ 
when  the  motion  commences  from  the  first  curve. 

3.  Shew  that  the  solution  of  the  equation  of  differences 

«.+»  -I-  i^^M^+»_l  -I-   &C.    :     P^tta:  =   fir 

may  be  made  to  depend  upon  the  solution  of  the  equation 

^xAn  +  A^u  ^  _i  +  P^u^  =  o. 

4.  Investigate  the  general  form  of  the  equation  to  cylindrical 
surfaces,  and  apply  it  when  ihe  directrix  is  a  curve  of  which 
the  equations  are 

X*  -I-  y*  =  r*  and  z  =  ex* 

5.  Apply  Lagrange's  theorem  to  determine  the  least  root  of 
the  equation 

a'  —  5AfH-7  =  o, 

6.  A  bi»dy  moveable  about  a  fixed  axis  is  acted  upon  by  a 
single  force  in  a  plane  perpendicular  to  the  axis:  find  the  pres- 
sure on  the  axis  arising  from  that  force^  and  thence  determine 
fully  the  co-ordinates  of  the  centre  t>f  percussion. 

7.  Find  the  horary  motion  of  the  nodes  in  an  eliptic  orbit. 
(Newt.  Book  iii.  Prop.  31.) 

8.  Determine  the  attraction  of  an  oblate  spheroid  on  a  par- 
ticle situated  in  its  equator. 

9.  Explain y^Mif/y  the  method  of  determining  the  Sun's  paral- 
lax by  the  transit  of  Venus  over  the  Sun's  disk. 
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Tuesday  Morning,  9  o'clock  to  ii. 
Second  and  Third  Classes. 

1.  If  there  be  a  chances  for  an  event  happening  and  ft  for  it» 
failing  in  one  trial,  find  the  proi)ability  of  its  happening  /  times 
at  least  in  n  trials. 

2.  In  the  equation  x^ — px  [-  f  =  o,  find  the  sums  of  the 
n^**  powers  of  the  roots  in  terms  of  the  coefficients. 

3.  In  the  general  equation  of  the  second  degree 

ay*  +  hsi/  -;-  ex*   ;-  ex  -'rfy  J-  g  jl  o, 

shew  in  what  cases  the  curve  will  be  an  dlipse«  hyperbola,  and 
parabola;  and  find  the  co-ordinates  of  the  centre  in  the  former 
case. 

4.  Investigate  the  conditions  requisite  in  order  that  a  func** 
ticn  of  two  variables  x,  y  may  be  a  maximum  or  minimum. 
Apply  them  to  find  when 

u  -  AC*  4-  y^  —  4«^y* 
is  a  maximum  or  minimum. 

5.  Shew  that  in  a  small  spherical  triangle,  if  J  of  the  spkefi^ 
<ai  excess  be  subtracted  from  each  of  the  angles,  the  resulting 
angles  will  be  those  of  a  plane  triangle  having  the  same  sides  as 
those  of  a  spherical  triangle. 

6.  When  a  body  moves  upon  a  surface  of  revolution,  find  tlie 
re-action  of  the  surface. 

7.  If  a  body  be  acted  upon  by  any  forces,  the  motion  crf'tlie 
centre  of  gravity  will  be  the  same  as  if  all  the  forces  were  ap- 
plied at  that  point:  and  the  motion  ol'  rotation  will  be  the 
same  as  if  the  centre  of  gravity  were  fixed  and  the  same  forces 
applied. 

8.  Explain  accurately  what  is  meant  by  the  equation  ofiime; 
and  shew  that  it  vanishes  four  times  in  a  year. 

9.  Find  the  horary  increment  of  the  area  described  by  tie 
Moon ;  and  compare  its  values  at  quadrature  and  syzygjr. 
(Newt.  B.  iii.  Pn)p.  26.) 

10.  Define  the  vtetacentre  of  any  floating  body  ;  and  investi- 
gate a  formula  for  its  position. 

Tuesday  Morning,  9  o'clock  to  11. 

Font  ill  Class, 

J.     If  J,  bf  c,  &c.  be  the  roots  of  an  equation,  find  ihe  value  of 

a^b  -;-  a*c  .;-  ft^a  -;-  &c. 

2.  Invcsticate  the  polar  equation  to  the  hyperbola,  the  focus 
being  the  pole  (given  that  SP  —  HP  zz  2^0,  and  draw  the 
asymptote  by  means  of  this  equation. 
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3,  Trace  the  curve  whose  equaitott  is  y  x  --i?— ^  ♦   »»« 

find  the  number  and  nature  of  ita  singular  points. 

T  ,        .  dx  xdx  d»        '       ,     ' 

4.  Integrate  3--;===.,    -/-jrrr-r^^^  7^^* 

5«     Define  the  radius  of  gyration  of  any  Vody  or  system  of 
bodies  moveable  about  a  fixed  axis,  and  irivesligate  &n  ex^es- 
sion  for  determining  its  magnitude:  apply  aJso  *thts  expressioh 
to  a  sphere  revolving  about  a  diameter.  ;  * 

6.  Determine  by  the  principles  of  Newton*s  seveiiih  Section 
the  spaces  due  to  the  velocity  externally  and  internally  in  an 
ellipse,  the  force  being  in  the  centre. 

7.  Find  the  effect  of  the  disturbing  force  of  the  Sun  on  the 
apsides  of  the  lunar  orbit  during  oue  revoluiiou  of  iki  Moon. 

(Newt.  Prop.  66.  Cor.  7O - 

8.  Explain  the  construction  of  the.  fire  engine,  and  shew  the 
use  of  the  air  vesseL 

g.  Find  the  causiic  when  the  reflecting  curve  is  a  logarithmic 
q)iral  and  the  luminous  point  in  the  pole,  .     ' 

10.  Construct  a  vertical  south  dial,  and  determine-how  much 
ef  it  must  be  graduated. 

Tuesday  Afternoon,  1  o*clock  to  3. 

First  Class*  ^ 

t.    Prove  that 

2.  In  any  surface  of  the  second  order  which  has  a  centred  the 
sum  of  the  squares  of  any  system  of  conjugate  diameiei^  is  equal 
to  the  sum  of  the  squares  of  the  principal  dia^etcrt* 

3.  Shew  under  what  condition  the  equation  ■ 

Pdx-\-  Qdy+Rdz  :i  o  .  -         -' 

is  integrable.     Find  also  the  factor  which  will  tender  it  inte- 
grable  when  homogeneous. 

4*  Explain  the  method  of  integrating^the  partial  difTerential 
equation  Pp-l-fi— i?;  when  Pdy  —  ^dx  rr  o^  and  Pdz  — 
Rdx  =:  o  are  integrable  separately.  Appiy  the  method  to  the 
equation  py  -^  qx  z=.  z. 

5*  Find  the  angles  which  the  axis  of  instantaneous  rotatioii 
makes  with  the  co-ordinates  x,  v,  z.  \    • 

6.  If  an  incompressible  fluid  contained  in  any  vessel  flow 
through  an  orifice  k  with  a  velocity  u,  %'  being  the  vertical  co- 
ordinate of  the  upper  surface,  and  y^  its  are»,  z,  y  the,8ame 
quantities  for  any  other  horizontal  sectioii,  p  the  presaji^e  <^  a 
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unit  of  this  section, 

where  11  is  theatmosphericJ^rtssure  on  the  surface.  Also  from 
this  expressioa  find  ihe  vel(^;ity  of  the  issuing  fluid  when  the 
orifice  is  smalK         •       .      ^ 

7.  If  a  pgint  move  thropgh  one  or  more  spaces  bounded  by 
parallel  plah'ies,  arid  be  acted  upon  by  a  force  which  is  perpendi- 
cular to  the  planes,  and  which  is  the  same  at  the  same  distance 
from  ibem  J  the  angle  of  incidence  is  to  the  angle  of  emergence 
in  a  give©  ratio.     (Newt.  Piop,  94.) 

8.  lu  a  homogeneous  spheroid  attracting  a  point  on  the 
surface,  the  effect  of  the  force  parallel  to  the  equator  is  as  the 
distance.from^ the  axis.  ^ 

9.  Having  given  thtee  geocentric  places  of  a  comet ;  find  the 
corresponding  helijocentric  and  geocentric  distances- 

Tuesday  Afternoon,  1  o'clock  to  3. 

Second  and  Third  Classes. 

u  Find  the  sutu  of  them^^  powers  of  the  roots  of  ap  equa- 
tion in  terms  of  the  coeflSciehls  ^nd  the  sums  of  the  inferior 
po>yer8.  ' 

•  2.  If  a  curve  have  as  many  asymptotes  as  it  has  dimensions, 
and  a  right  line  be  drawn  which  cuts  them  all,  the  parts  of  the 
line  mei^sured  from  the  asymptotes  to  the  curve  will  together  be 
equal  tq  the  parts  measured  in  the  same  directionfrom  the  curve 
to  the  asymptotes. 

3.     3hew   the  method  of  extracting  the  cube  root  of  the 

binomial  siud  a  -\-\/  by  and  apply  it  to  the  solution  of  the  equa- 
tion a;5^  00?,-—  18  =  o  by  Cardaii's  rul^, 

•  4.     Exftand    — --^— —  into  a  series  of  the  form  A  -{■  B 

ftos  X  +  Ccos  2x,  and  explain  the  law  of  the  coefficients, 
.  j»     Elipiiti^ite    by    differentiation     the   constants   from   the. 
equat»n  y*,=  a«  +  6a:%   and   shew  how  tusLny  derivatipes  ot 
the  m*^  ofder  there  arc  tp  an  equation  containing  n  arbitrary 
constants. 

6.  rind  the  horary  variati&n  of  the  inclination  of  the  lunar 
orbit  t(|ibe  plane  of  the  ecliplic, ;  and  thence  by  Newton's  con- 
struclion  deiermioe  its  meap  monthly  value. 

7.  Explain  the  nature  and  use  of  the  Ballistic  pendulum^  and 
perform  the  requisite  calculations  in  the  ex[)eriment* 

8.  Find  Ac*  Moon  s  parallax  by  observations  made  out  of  the 

£lane  of  the  Bri^idian^  and  shew  how  the  eflect  of  refractioq  may 
•  avoided.    ;';.        ' 
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9.  If  a  body  move  in  a  surface  of  revolution  acted  upon  by  a 
centre  of  force  situated  in  the  axis ;  the  areas  described^  projected 
on  a  plane  perjiendicular  to  the  axis^  are  prii^orlional  to  the 
times.    (Newt.  Pi'p.  5^.) 

io«  Find  the  attraction  of  a  homogeneous  spheroid  of  small 
excehtricity  on  a  particle  situated  on  its  poIe« 

Tuesday  AfternooKi  1  o'clock  to  3^ 

Foiirih  Class. 

1  •  If  a  circle  be  described  on  AM  the  axis  major  of  an  eTlipse^ 
and  if  an  ordinate  to  the  axis  meet  the  ellipse  in  P  and  the  circle 
in  Q ;  S  being  a  point  in  the  major  axis,  the  areas  ASP^  jISQ 
are  in  a  constant  ratio. 

9.    Solve  by  Cardan^s  rule  x'  +  ^x^  -{-  ja?  —  13  *—  o, 

3.  If  5*  +  fliy  =  2000,  find  X  and  y,  aiKl  the  number  of 
positive  integer  solutions  which  the  equation  admits  of. 

*"  '  5. 

4.  Integrate  dx  .  (a^H-*^)  #  and  dd  .  shimO^.  cos  «^  .  cos  j^. 

5.  Shew  that  when  a  body  moves  in  an  inverievi  cycloid,  the 
force  by  which  it  is  .urged  along  the  curve  varies  as  the  arc 
to  the  lowest  point ;  and  hence  shew  that  the  oscillations  are 
isochronous. 

6.  Construct  the  air  pump,  and  shew  that  the  quantities 
of  air  expelled  by  succestnve  strokes  are  in  geometrical  pro* 
gression. 

7.  A  person  can  see  distinctly  at  the  distance  of  four  inches ; 
iBnd  the  focal  length  and  nature  of  a  lens  which  will  enable  him 
4o  see  distinctly  at  the  distance  of  sixteen  inches. 

8.  It  the  velocities  of  two  bodies  at  any  equal  distances  from 
the  centre  of  force  be  the  same,  and  if  one  body  move  in  a 
straight  line  to  or  from  the  centre  and  the  other  in  a  curve; 
their  velocities  will  be  the  same  at  ail  other  equai  xlistances, 
(Newt.  Pn»p.  40.) 

9.  If  S  and  P  revolve  round  their  common  centre  of  gravity 
by  their  mutual  attraction,  shew  that  each  will  move  in  the  same 
manner  as  if  a  bixly  were  placed  in  thecentre  of  gravity  exerting 
a  force  varying  according  to  the  same  law.  What  is  the  magni- 
tude of  this  body  for  each  of  the  lwi>  S  and  P,  the  force  varying 
inversely  as  the  square  of  the  distance  ? 

10.  Find  the  length  of  the  longest  day  in  htitude  52**  13'  the 
obliquity  of  the  ecliptic  being  23^  28'. 

Having  given  10.1105786  =  log  tan  52^  tg', 

9.6376106  ::::  log  tan  23^  2 S'', 
9.7481230  -  log  cos  55°  57% 

9  7483099  =^  t^S  ^^^  55^  56^ 


